
ATTI ACCADEMIA NAZIONALE DEI LINCEI

CLASSE SCIENZE FISICHE MATEMATICHE NATURALI

RENDICONTI

Ronald H. Dalla, A. Duane Porter

A Consideration by Rank of the Matrix Equation
AX1 · · ·Xn = B

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche,
Matematiche e Naturali. Rendiconti, Serie 8, Vol. 52 (1972), n.3, p. 301–311.
Accademia Nazionale dei Lincei

<http://www.bdim.eu/item?id=RLINA_1972_8_52_3_301_0>

L’utilizzo e la stampa di questo documento digitale è consentito liberamente per motivi di
ricerca e studio. Non è consentito l’utilizzo dello stesso per motivi commerciali. Tutte le
copie di questo documento devono riportare questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)

SIMAI & UMI
http://www.bdim.eu/

http://www.bdim.eu/item?id=RLINA_1972_8_52_3_301_0
http://www.bdim.eu/


Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche, Matematiche e
Naturali. Rendiconti, Accademia Nazionale dei Lincei, 1972.



t 195] R. H. D a lla  e A. Duane P o rte r , A Consideration by Rank, ecc. 3OI

Algebra. — A  Consideration by Rank of the Matrix Equation 
PCRX • ■ • X„ =  B. Nota di R o n a l d  H. D a l l a  e A . D u a n e  P o r t e r , 

presentata n  dal Socio B. S e g r e .

RIASSUNTO. —- Si determina il numero delle soluzioni di certi tipi dell’equazione ma­
triciale AXi • • • X« =  B sopra un campo di Galois, nonché il numero delle partizioni di 
una data matrice B in una somma di matrici ottenibili ciascuna sotto la forma AXi • • • X*.

i. Introduction

Let GF(ÿ) denote the finite field with q =  p f  elements, p  a prime. 
Elements of GF(^) will be denoted by Roman letters a , b , c , • • •. Matrices 
with elements from GF(q) will be denoted by Roman capitals A , B , * * . .  
A (n , s) will denote a m atrix of n rows and s columns, and A (n , s ; r) will 
denote a m atrix of the same dimensions with rank r. l y will denote the identity 
m atrix of order r, and I (n , s ;r) will denote a matrix of n rows and  ̂ columns 
having l r in its upper left hand corner and zeros elsewhere.

Let A =  A (i*, m  ; r) and B =  B (s , t  ; co) with co <Ç r. John H. Hodges 
[3] determined the number of matrices X =  X (m , t) over GF(^) such that 
AX =  B. A. Duane Porter [8] found the number of solutions Xi (s , s{), 

(st - i  > *0 ) I <  i <  a , X a (ja_i , t) over GF(^) of the m atrix equation 
AXi * • • X a — B, with A , B defined as above, a >  2, and where , 1 < i <  a 
represents an arbitrary positive integer. We are considering the same type 
of problem as A. Duane Porter did in [8], but we are finding the number 
of solutions of fixed ranks. John H. Hodges considered similar problems 
of fixed ranks in [4] and [5].

We seek the number N (A , B , kx, t2, • • •, 4 -1, K) of matrices Xi (m , h  ; &), 
X*- ( 4 -1 , 4  ; 4) > 2 < i  < n  — I , X„ (4_! , t ; kn) over GF(^) such that

( i *0 AXi . . .  X„ =  B ,

where A = A (s ,m ;s ) , B = B  (s,t ; co), n >  2, and co< min 4 , .  . • ,4 _ 1,/§J. 
As a corollary to our main result we will also obtain the number 
M =  M (C , D , k\ , tz , • • •, 4-1 , kH) of solutions Yi ( t , 4 _ x ; kn), 
Y,* (4 -z-fi ? 4 - i  ; 4-2+1), 2 <  I <  n — 1, Y„ (4 , m  ; k\) over GF(^) of the 
m atrix equation

(1-2) Yx . . .  Y ,C  =  D ,

where C—C (m .S '.s), D = D  ( t , s ; co), n >  2 and co<m in (s, &i, 4 ,  • • •, 4 _ x, kn).

(*) Nella seduta dell’i i  marzo 1972.
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First (Theorem 1) a formula is proved which gives N(A,B, kx,4 ,  • • - , tn_Xf kn) 
as a sum involving the numbers N ' ( I , , Bo , rx , 4  , • • • , tn_x , , where
s =  rank (A) ; Bo is the canonical form for B under equivalence of m a­
trices and rx runs from max (co , kx —  m  +  s) to min (kx , s). Then (Theo­
rem 2) the number N ' ( I , , Bo , rx , h  , • • •, 4-1 , &n) is found in terms of certain 
exponential sums H (s , t , co ; z) whose explicit values are known [2, § 8]. 
We then combine Theorems 1 and 2 to obtain the main result, which is the 
value of N (A , B , kx , 4  , • • •, 4 - i  , Æ*). Finally, in § 5, we consider the 
number of partitions of a m atrix B into a sum of h m atrix products, where 
each product is in the form of the left side of (1.1).

The methods employed here are similar to those used in [8] and [9] 
in the treatm ent of problems that are similar to the ones that we are now 
discussing.

2. N otation and  Preliminaries

If A  =  A (n , n) =  (a,J)y then g (A) =  2  aH is the trace of A. It is easily
i  — 1

shown that if A =  A (n , «), B =  B (n , n) and C and D are such that CD 
is square then g  (A +  B) =  a .(A) +  g  (B) and g  (DC) =  <7 (CD).

For c e GF(^), we dehne

(2.1) e (c) =  exp (2 1 ; t(c) =  c +  cp +  • • • +  cpf~l,

from which it follows that

(2.2) (c +  b) =  e (c) e (b) and 2  e ic^) ~
ç ,(c  =  o)

o > (p >

where the sum is over all b e GF(^). By use of (2.2), we m ay show that 
for B =  B (m , n)

qmn, (B =  o ) ,
(2-3)

where the sum is over all C =  C (n , m). The number of s X t  matrices of 
rank r  is given by Landsberg [6] to be

(2.4) g  (S , t  ,r )  =  qr(r-W  f ] ( / " ’■+1-  I) (9‘t - i + i •I)
i  ( f - i )

g  0  , t , o) =  X .

, r >  I ,

In particular the number of nonsingular matrices of order m  is given by 

(2.5)

Following [2, (8.4)], if B =  B (s , t  ; co), we dehne

H (B , #) =  — a (BC) },
c

(2.6)
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where the summation is over all C =  C ( t , s ; 2). This sum is evaluated 
[2, Theorem 7] to be

(2-7) H (B , 2) =  2  (— i)J q i U -20-W
J=0

CO
j

g ( s  —  o) t «  . * — J) »

where the bracket in (2.7) denotes the ^-binomial coefficient defined for
nonnegative integers co and ;  by

’ co j co
. O .1 1 ’ j .

/ —In2=0
(I
(I -  ?+*)

if if j  >  (Ù ,

and g  ( s — <0 , t  — a ,  2 — j )  is given by (2.4). From (2.7) it is clear that 
H (B , 2) depends only upon the integers s , t , <ù and 2 so we write H (B , 2) =  
=  H (j , t , cù ; 2).

Let A = A (n ,n ). Then, in view of the definition of trace — <j(A)=c?(— A). 
Therefore, by (2.6), for B =  B (s , t  ; at) and C =  C ( t , s ; 2),

2  « (BC)} =  2  « { -  (— o(BC))} =  2  * BC)} =c c c

=  Ç  * { - * ( ( - B)C)} =  H ( - B , * ) .

But — B =  — B (s , t  ; co) and since from (2.7) it is clear that H (— B , z) 
depends only upon the integers s , t , co, and z, we get that H (— B , z) =  
=  H (B , z). Therefore,

(2.8) 2  e {a  (BC)} =  H (B =  H (s , t ,  ; *),
c

where the summation is over all C =  C ( t , s ; z).

3. S ome useful results

The following results are necessary to some of the proofs of this paper 
and are included for completeness.

Lemma i . Let D =  D ( t , s) be partitioned as D — col (D i, D2) where 
Di =  Di (k , s) and  D2 =  D2 it — k , s). For 1 <  i  <  n —  2 let S,. be a 
nonsinguldr matrix of order t i+x. For 1 < i  < n  — 3 partition  Sf. as (Sn  , S*2) 
where S*i =  S*i (4 + 1 > 4+2 ) 4 +2) ccnd S **2 =  S *2 ( 4 + 1 , 4 + i  ■— 4+2 > 4 + i  — 4 +2)* 
Finally , partition  S„_2 as (S^_2, i , S^_2>2) where Sw_2,i =  S*_2fi (4 - i  , k  ; k) 
and  Sw_2,2 “  S^_2,2 (4 — 1 , 4 —1 — k ; 4 —1 •— F). Then

col (Sn • • • S*l.2,1 D i, o) =  I (4l, 4  ; 4 ) Su • • - I (4 - 2, 4 - i  ; 4 -i) S* _2 1 (4 - i , * ; k) D,

where o denotes a zero matrix of size (4 — 4 )X.r.
The proof of Lemma 1 is given in [1, Lemma 2].

23. — RENDICONTI 1972, Voi. LII, fase. 3.
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Lemma 2 . For any matrix A  (s , t0 ; k) ,

2  e {a  (AZi • • • Z„)} =  ( 

2  e {g  (ARi I (t0 , h  ; k{)

n  g  (?i- 1, t{ , k{)
i=1 i f .

ity=o g*n '

^1 * * ’ —1 I (ßn—1 , 4  j ^«) Q« ) }■ ,

where the summations are over all Zz (/,•_! , 4 ; >èt-) , I <  z <  ?z, Ri (t0 , /0 ; t0), 
Sy (4 , 4 ,  4), I L: j  2̂  z# I , and Qn (tn , tn , t )̂. R i , Sy , I j  zz I , and 
Qn are determined by writing  Zi , Z? , I <  z <  n ■— I , and Zn , respectively, 
z?z canonical form s under equivalence [7, Theorem 3.7]. z /̂zz£ of
g  (s , t , r) is given explicitly by (2.4).

The proof of Lemma 2 is given in [1, Lemma 3].

Lemma 3. Let D and S t- , 1 < i  < n  — 2, be as in Lemma 1. Then

2  • • • E  E  e { °  (Zi col (S11 • • • Sn_2.i Dl , o))} =  ( f l g t)  H ( t i , s , r  ; fa) ,
Si s„_2 zx \»= 2 /

where r  =  r̂ zz>£ (Di) , o <  r  <  ram (>è , 4), the summations are over all
Zi =  Zi (j , t± ; yèi) <2// nonsingular S,- of order ti+i , 1 <  i •< n  — 2.
H (t± , s , r  ; k{) is given by (2.7) and (2.8). value of g t . is given explicitly
by (2.4) and (2.5) and o denotes a zero matrix of size (t\ — t£)Xs.

The proof of Lemma 3 is also given in [1, Lemma 4].

4. The main Theorems

If A = A  (s, m  ; s) and B =  B (s, t ; co), let N = N  (A , B , k\ , 4  , • • •, 4 _1 , kn) 
denote the number of solutions Xi (ra , t± ; ki)} X.- ( 4 _ i , ti ; 4), 2 < i  < n  — 1, 

(4-1, t ; with co <  min (s , k\ , 4  , • • •, 4 - i  , £w) and « >  2, of the 
matric equation (1.1). If we take A and B in their canonical forms under 
equivalence [7, Theorem 3.7], we obtain the equivalent equation

(4.1) RI (s , ra ; s) Xi • • • X* =  I (s , t ; co) =  B0 ,

where R is a fixed nonsingular matrix of order s. Partition Xi as 
Xi =  col (X n , X12) where X u =  Xu (s , 4) and X12 =  X12 (ra — s }ti). 
Then (4.1) simplifies to

(4.2) RX11X2 ••• X , =  Bo,

which is clearly independent of X12. A detailed consideration of (4.2) and 
its relationship to (4.1) and thus to (1.1) leads us to the next Theorem.

T heorem  i. Let A = A  (s , ra ; s) and B =  B (s , t ; co). Then the number 
N =  N (A , B , k\ , 4  , • • •, 4 -1 , hn) of solutions Xx- , 1 <  i <  n , with
co <  m in (s , k i , 4  , • • •, 4 - i  , hn), of (1.1) is given by the reduction form ula

min ( s , ki)

N =  2  " g  (ra — s , t x —  rx , k± — r x) N ' ,
*i=pi

(4-3)
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where Bo — I (s , t ; co), p! =  max (co , k± — m  +  s), n >  2, and X 2-, 1 <  i  <  
is as defined above (4.1). N ' =  N ' ( I , , B0 , rx , t2 > * • • > 4 - i  > A ^  number 
of solutions Xu , X,-, 2 <  i  <  n — 1 ', X*, of (4.2) of fixed  ranks rx , tiy 
2 <  i  <  n — I , kn , respectively, ze/z/A pi <  <  min (j*, é̂i). Xu A defined
above (4.2) and g  (s , t , r) A given explicitly by (2.4).

Proof '. Let rx be an arbitrary integer such that px <  r\ <  min {s , £1)
with px =  m ax (co , k\ — m  +  s), Let X n ,'X,-, 2 <  i <  n, be an arbitrary 
solution of (4.2) of ranks r l y tiy 2 <  i <  n — i , k n, respectively. Then 
the number of associated solutions Xi =  col (Xn , X12) , X,., ’ 2 <  i <  n f 
of (4.1) of ranks k l y t-y 2 <  i <  n — 1 , kni respectively, is just the number 
of choices of X12 (m — s , t±) for which Xi has rank k\. The number of choices 
of X12 is given by A. Allan Riveland [10] to be

(4.4) qy' g  (m — s-% t± — rl y k  1 — rx) .

Every solution X,-, 1 <  i <  n, of (4.1) is associated with a unique 
solution X n , X,-, 2 <  i  <  n} of (4.2) and the number of X,-, 1 <  i  <  ny
produced by a fixed X n , X t-, 2 <  i  <  n , is given by (4.4), the latter expression 
depending only on the rank of Xn. Thus, if we multiply the number of 
solutions of (4.2) of fixed ranks rx , ti , 2 <  i <  n — 1 , kny respectively, by
(4.4) and sum over all px <  rx <  min (s , k{), we obtain the number of solu­
tions of (4.1) and so equivalently of (1.1). The resulting formula is (4.3) so 
the Theorem is proved.

In view of Theorem 1, to find N we must be able to find the number 
N ' =  N ' ( I , , B0 , rx , t2 • • ■, , k„) of solutions X n  ( s , tx ; r{), X,. , t,. ; tt),
2 <  i <  n —  I , X« (4 - i  , t ; kn) of (4.2). Since R is a fixed nonsingular 
m atrix of order s, then if we let R X n  =  Zn  ( s , 4  ; rx), (4.2) is equivalent to

(4.5) Zn X2 • • • XÄ =  I (s , /  ; co) =  Bo .

THEOREM 2. Let Bo =  I (s , t ; co). Then the number N ' =
=  N ' ( I , , B0 , n  , t2 , • • •, 4-1 , kn) of solutions X u  (s , 4  ; r±), X- ( 4 _ i , 4 ; 4), 
2 < i  <  » — I, - X „ (4 - i , t ; ^ ) ,  of (4.2), where co <  min (s, rx , t 2 ,• • -, 4 - i  , &n), 
is given by

(4.6) N ' =  [g (t — co , t — kn , t —  k„)!gt q K\ g  (tn_x , t , kn) ■
n- 2 V  min (4 »f)

• r ii"  (^ .^+1.^+1) n  (^ — 2  H , J-, r ; rx) H (j , ; r) ,
y=i «=i ^=0

where g  (m , t , r )  is given explicitly by (2.4) and H (s , t , co ; z) is given in terms 
of g  (m , t  ,r )  by (2.7) and  (2.8). The product over j  is defined as 1 i f  n — 2 
and the product over i is defined as 1 i f  kn =  o.

Proof, In [1, Theorem 1], we found the number of solutions Yi (s , t\ ; k±), 
Yi ( 4 -1 , 4  5 2 <  i <  n — I, (4_! ,  ̂; ^ ) ,  of the m atrix equation
Yi • • • Y„ =  B, with B =  B (s , t ; co) and co <  min {k\ , 4  , • • •, 4 - i , >£*)• 
But if we make the substitution k x =  r r , Z1X =  Y ± and X2- =  Y -, 2 <  i <  n, 
then (4.5), and hence (4.2), is equivalent to the m atrix equation Yi • • • Y n =  B.
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Therefore we have found the number of solutions of (4.2) and (4.6) is the 
result that [1, Theorem 1] gives us.

Now, by combining the two previous Theorems, we obtain the desired 
result.

T heorem  3. Let A =  A  ( s , m  ; .s*) and B =  B (s , t ; co). Then the number 
N =  N (A , B , ki , fa , • • •, 4 - i , kn) of solutions Xi (m , fa , ki), X,. (4 - i  , 4  ; 4), 
2 <  i < n  — I , X n (tn- \ , t , k„), with co <  min (s , k\ , 4  , * • •, 4 - i  , >&*) <2%̂  
n '> 2 ,  of the matrix equation (1.1), is given by

n - 2

(4.7) n
y=i *=i

min (s ,k  1)

• Ê1—Pi

min (&n ,s)

çn(m-s)g (m  — s , t x —  rx, k x — rj) 2  H (*i> H(s,k„,0)  ;r)
r —0

where px =  max (co , — m  +  s) and rx is the rank of X u with <  rx <
<  min (s , ki). X11 is as previously defined in the sentences following  (4.1). 

g  (m , t , r) is given explicitly by (2.4) and H (s , /  , co ; z) is given in terms of 
g  (m , t , r) by (2.7) and (2.8). The product over i is defined as 1 i f  kn =  o and 
the product over j  is defined as 1 i f  n =  2.

Now we will determine the number M =  M (C , D , k± , fa , • • •, 4 - i , kn) 
of solutions Yi ( t , 4 _i , £„) , Yz- (4 — 2 + 1 > ljt — i j In — H-l), 2 < / < ^ — I,
Y„ (ti ,m  ; ki) of (1.2), with C =  C (m ,  ̂ ; s), D =  D ( / , ,?;  co), n >  2 and 
co <  min (i*, k\ , 4  , • • - , 4 _ i , Equation (1.2) is equivalent to the m atrix 
equation

(4.8) C ' Y ; - - -  Yi =  D ' .

But (4.8) and (1.1) are equivalent so the following corollary is a direct con­
sequence of Theorem 3.

C o r o lla r y  i. Let C =  C (m , s ; s) and D =  D ( t ,  ̂ ; co). Then the
number M =  M (C , D , k \ , 4  , • • •, 4 - i , kn) of solutions Yi ( t , 4 _ i ; k„)}
Yt- (4 -^+ 1 ,4 -* ; 4 -*+i)> 2 <  i <  n — I, Y n (h , m  ; ki) o f the matrix equation
(1.2), with co <  min (s , k 1 ,4  , • • •, 4 - i  , kn) and n >  2, is given by (4.7).

5. The general partition

Let B =  B (s , t  ; co). For 1 <  k <  h, let A k — A k (s , mk ; j) , X*,i =  
— X^j ) 4 ,i > jk,i) ? =  X^+ (4,2—1 > 4 ,* > 4 ,/) ? 2 z ^  I , and

=  X ^  (4 ,^_ i, /■; p,). We seek the number of ways B (s , t  ; co) may 
be partitioned as

2  (A, X,,! • • • X *,+  =  B ,
k — \(5-1)
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where the matrices appearing in (5.1) are such that the matrices can satisfy 
(5.1). If we take Ab I <  k <  h, and B in their canonical forms under equi­
valence [7, Theorem 3.7], we obtain the equivalent m atrix equation

h
(5-2) 2  (R* 1 0  » ; s) X itl ■ ■ • X k,„k =  B0 ,

k = \

where Bo =  I (s , t ; co) and where for each k  , 1 <  k  <  hi is a fixed non­
singular m atrix of order s. For each k , 1 <  k <  h, partition X ^i as X &}1 =  
=  col (Zk,i, Zk>2) with ZktX =  ZkA (s , tkt 1) and Zk>2 =  Zk}2 (ynk — .s*,
Then (5.2) m ay be simplified to

(5-3) S  (R-i Z^;1 X*>2 • • • X k,„^ — B0 ,
k = l

which is clearly independent of Z^2 for each k i 1 <  k  <  h. A detailed con­
sideration of (5.3) and its relationship to (5.2) and thus to (5.1) leads us to 
the following Theorem.

T heorem  4. Let  B =  B (s , t ; co). For 1 < k < h, let A k and Xk,i ,
I <  z <  % , be as defined above (5.1). Then the number N of ways B can be 
partitioned as in (5.1) is given by the reduction form ula

/ r h

(5.4) N =  2 ) I l  <fk'x (mk~s) S  — s , tk, 1 —  rk, i ,  j t ,  1 — rky 1)
rk , l ==Pk , l \ l M

where fo r  1 <  k  <  h , pi l  =  m ax (o yj k — mk ■ +  s). For 1 <  k  <  /z yrk x 
is the rank of Zk, \ , with pk x <Lrk x <L min 1 , j). A the number of solu­
tions o f 5.3) of fixed  ranks rk , tk i  ,2  <  i <  nk —  1, <2^ p,, fo r  1 <  k <  h. 
g  (s , / ,  ß) A given explicitly by (2.4). 7%£ summation in  (5.4) indicates a
summation over all possible rk x with pk x <  rk 1 <  min (j , j k x) and  1 <  k  <  h.

Proof : For each k  , 1 <  k <  h, let rk l  be an arbitrary integer such
that p̂  x.<  x <  min (j ,7^ ) with pk 1 as described in the theorem. Let 
Z^i , Xk,i , 2 <  i <  nk — I ; Xk,nk , I <  k  <  A, be an arbitrary solution of 
(5.3) of ranks rk l >tk i , 2 <  i <  nk — 1 ; p., 1 <  k <  h, respectively. Then 
the number of associated Solutions X */i, X^* , 2 <  i <  nk — 1 ; Xk,nkJ 
I <  k <  h, of (5.2) of ranks j k l , tk . , 2 <  i <  nk — 1 ; p., 1 <  k  <  h , 
respectively, is just the number of choices of Z^,2 for which X ^i has rank 
j^>x, I <>ê < h .

Fix >è , I <  k <  h. Then, proceeding in the same m anner as A. Allan 
Riveland [10] did to obtain a similar result, we find that the number of 
X Â>1, X k}{, 2 <  i  <  nk — I ; Xk,nk produced by a fixed Zkt l , X kti , 2 <  i  <  
< n k —  1; is given by

(S-S) =  qrk,i(mk-*)g  (mk _ s t tiX  _  ri>1,7^ !  — ^ ,0  ,

where ^  (V , t , ß) is given explicitly by (2.4).
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Therefore, the number of X i r l , X i t i , 2 < i  <  nk — r; X ki„k , 1 <  k <  k, 
produced by a fixed , X^(i, 2 <  i <  nk— 1 ; Xk,„k , 1 <  k  <  h, is given by

(5-6) I l H , .
k = l

Thus, if we multiply (5.6) by the number M* of solutions of (5.3) of fixed 
ranks rk>1, tk i , 2 <  z <  % — i ;  j j . , i  < k  <  h, and sum over all rktl such 
that pktl <  rktl <  min (s , j kf i  and 1 <  k <  h, we obtain the total number 
of solutions of (5.2) and so equivalently of (5.1). But if we do this the resulting 
formula is (5.4) so the Theorem is proved.

The next Theorem gives us the value of M*.

_  T h e o r e m  5. Let Bo =  I (s , t  ; co). Then, fo r  1 <  k < h ,  the number 
of solutions Zk, i (s  , tk i l ; ritl) , X iti (4 ,*-i , tk<i ; tk> •), 2 < i < n t —  1,

X*,K>5 {tk,nk- i , t  ; p) of (5.3) is given by

min (.?,£) h

(5-7) =  q~st 2 } H (s , t , <0 ; z) J J  g  1 , t , f )  •
z = 0  k = l

f t -2 \
(?*,i> h,i+1 .4 ,*+i)j H J , t* , rk>])  ,

p4ii <  rktl <  min (f , / j . j )  and  p4il =  max (o , j kil — zzz* +  j). ^  (s , t ,  to) 
zr given explicitly by (2.4) and  H (e , f  , j  ; p) is given in terms o f g  (s , t , c0) 
by (2-7) and  (2.8). The product over i  is defined as 1 i f  n k =  2, fo r  1 <  k <  h.

Proof. Let B0=  I (s,tj_a). For 1 < k < h ,  let P ,(X ,)= R , ZM X*,„ • • • Xif,4. 
Then, in view of (2.3), M* m ay be expressed as

m ,  =  2  2
zk,\*k.

2 P* (X ,)j — Bo C

where the sum over Z4>1, X kj  indicates a summation over each , X^ -, 
2 <  y <  % , I <  k  <  h, as these matrices are defined above, and the sum 
over C is over all C =  C ( t , s). By use of the properties of the exponential 
function and the trace of a m atrix given in Section 2, by (2.2), and since the 
sum over Z itl , X ; j - is distinct for each i , i < i < h ,  we obtain

M, =  < r " E  e { a(B 0 C)} J T  2 v * {a(R*Z4>iX 4>a • • • X ,^ C ) }.
C k==1 Zk , l ’Xk,2 >"->Xk,nk

Now for each k , i  <  è <  h, is a fixed nonsingular m atrix of order 
For each k,  i < k < h ,  as Zkrl runs through all Zktl (s , tk%1 ; rk}1), RkZk>1 
also ifuns through all Zktl (s , tk)1 ; r^}1) in some order. Therefore, since 
g (AB) =  a (BA) for AB square, we have that

M* =  q-«  2  ̂ ^ (Bo C) } f l  7 ■'L e { a (CZ,;1 X lA • • • X t , J  } .
ü ^=1 ZJÏ,l’XZ,2’---’Xk,nlk
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For I <  k <  h, le t

U* =
nb- 1 1 nb-  2

g  ( t k ,nk - l  , t  , [ L ) l g t JJ g t k , j
J = 1

n g  (4,8 , 4 ,8+1 ,4,8+1) •
8=1

Then, by Lemma 2 and the fact that g  (AB) =  g  (BA) for AB square, we 
obtain

M4 = ̂ S«{-®(BoC)}IIU4 2 e{a(Zkt lTk}1
C k = 1 Z&,1>TÂ,1>SÂ,1> ' ' SÆ,W£-2>Q*,»£

* I ( 4 , i  > 4 ,2  5 4 ,2) 1 (4,^-1  >  ̂ ; p*) Ç 4 ,^ C )}  >

where is a nonsingular m atrix of order tk)1 and S^- is a nonsingular 
m atrix of order 4,?+i for 1 < i  < n k — 2. is a nonsingular matrix
of order t  that is determined by writing ^k,nk in its canonical form under 
equivalence [7, Theorem 3.7]. For fixed nonsingular T k>1 of order tkil , as 
Zktl runs through all Zktl ( s , 4 ,i ; rk,i)> ZÂtlT ktl also runs through all 
24,i 0?, 4,1 î 4 ,i)  in some order. Let U i =  U kgtk l - Then, since there are 
gtkx such T ^ ’s, we are led to

M, =  ^ 2 ^ { - ^ ( B o C ) > n U +
C k = \

e (^4,1 i- (4 ,1  ) 4 ,2  ) 4 ,2) *4,1 * * * 2 1 (4 , 1  J t  Î P*) Q æ ,^C )}.

We now divide the sum over C into successive sums over all C ( t , .$• ; 2) for 
o <  z  <  min (s , f),  and obtain the following for M*.

min (s, if) h

=  q~st 2  2  « { — o ( B0C ) } n U i . -
2=0 C(*, *;) £=1

^ (^4,1 i- (4 ,1  > 4 ,2  ) 4 ,2 ) ^ , 1  * * * 2 I ( 4 , ^ —1 > t  j P*) C)}.
4 ,1*4 ,1» • • •

For fixed nonsingular of order t, as C runs through all C ( t , s ; z)}
Qk,lk C will also run through all C ( t ,  ̂ ; .s’) in some order. Let L4  =  U &gt . 
Then, since there are gt such Qk,n^s, we have that

min(j,/) h

(5.8) M, =  q-«  2  2  « I “  <» (Bo C)} J !  U Ï •
2=0 C (t,s ; 2) £=1

2  ^ { ^ (2 ^ ,1  I (4 ,1  > 4 ,2  î 4 ,2) S Â}1 • • • S ^ _ 2  I (tk,nk- l  , t ; p*) C)} .
4 ,i»4 ,i> - • - »s4 ,^ -2

Fix C (£ , j.; #). Then for each >é, 1 <  k <  h f partition C ( t , j  ; #) as
C (t y s \ z) =  col (Ck>1, C ,,2) with Ck)i ~ C k)1 ([/,, s) and C^>2 — 0^,2 ( f — P* > s)•
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Then, by Lemma 1, for each k  , 1 <  k <  the inner sum on the right of
(5.8) is equal to

(5*9) 2 ) 21 2 )  * M Z m  *c°i (Si, 1,1 • • • s ^ - 2 , i  c , f l , o ) )} ,
Sk , l  Sk,nk - 2 Zk , l

where, for I < i < n k —  3, Skti =  (S*,,.,, , S ,̂ .,2) with S*,,.,, =  S ^ .a  (tk>i+1, 
tk.i+z ; h,i+2) and where S^,^_2 =  ( S ^ - 2 ,1 , $*,»^2,2) with Sk,„k-2,\ =  
=  S^jMjè_2,i (tt,nk- i , [a ; H-)- O denotes a zero m atrix of size (ti t l —
Now it is clear that

(5.10) rank (col • • • S*,,4_2j1 C*,j., o)) =  rank (C4>1).

Let rank (C^;1) =  xk , o <  t* <  min (z , fx). Then, by Lemma 3 and (5.10),
(5.9) is equal to

1 r) (  I I  itk  #) H fe .i - * . T, ; ^ ,i)  •
W =2 /

Thus, by substituting (5.9) and (5.11) into (5.8), we obtain the following 

for Mh, where U*' =  U ï ( J  •

M i
min (s , t )

r *  20=0 C(/,j;0)
2  e { — o (BoC)} LI Ui" H (tkA , s ,  t , ; r,fJ) .

>6=1

In view of (2.6) and (2.8),

min (.?,/) h

(5-12) Mi =  r '  s  H (B o,0)
0=0 £=1

min (.$•,/) h

=  q~*t 2  H (j , / , 0  ; *) flU i"  H ft,! , j , t, ; r^j) .
0=0 Æ=1

Thus, if the value of \J'k' is substituted in (5.12), we obtain (5.7) so the Theorem 
is proved.

The desired result is an immediate consequence of Theorems 4 and 5.

THEOREM 6. Let B =  B (j , t  ; to). For 1 <  k < h , let A k and
X,„-, I < i < n k , be as defined above (5.1). Then the number N of ways B 
can be partitioned as in  (5.1) is given by the form ula

(S-I3)
min l)

N =  2
% 1=P£,1

I I  s)g (m k — S , tit 1 — rkA , j i}1 —  rt>1) ■
k =  \

min(j,/f) h r

2  H (j,^,co;^)][I L-s i

k = l  l_
£  1 ) t) tO

' V 2
1 J > h j + i  j
y= 1

H  ( ^ ,1 , s,
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where fo r  1 <  k  <  h ì pk>1 =  max (o , j k> 1 —-mk +  s) and pkil <  rk>1 <  
<  min (s , j k) 1). g  (s , t , ß) is given explicitly by (2.4) and H (e , f  , j  ; p) is 

given in terms of g  (s , t , co) by (2.7) and (2.8). The product over j  is defined 
as I i f  nk ~  2, fo r  1 <  k <  h. The first summation in (5.13) indicates a 
summation over all possible rk>1 fo r  1 <  k <  h.
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