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Algebra. — Lattice characterizations for codes . Nota di CorRINA
REerscuEr e DaN Simovici, presentata “? dal Socio B. SEGRE.

RIASSUNTO. — Si assegnano una condizione necessaria e sufficiente affinché un sotto-
gruppo generato da un insieme finito di parole provenienti da un semigruppo’ libero ammetta
la proprieta di decifrabilita unica, ed una caratterizzazione per i codici.

A necessary and sufficient condition that a subgroup generated by a
finite set of words from a free semigroup, has the property of unique deci-
pherability is obtained. Moreover, a characterization for codes is established.

1. Let G= {x,, -+, %,} be a finite set of symbols, let S be the free
semigroup generated by G, and let SK (S) be the set of complexes of the
semigroup S.

The set SK (8) can be organized as a semigroup using multiplication
of complexes, namely

VK1,K2€SK(S), Ki Ky = {,él 3&16K1,3k2€K2,k= ,él,éz}.
We shall admit further that
(1) OK =K = o , VKeSK (S),

where @ is the empty complex.
It is easy to see that

K:(KoUK3) =KiK:UKi1Ks , (KoeUK3) Ki =K K; UKsK;.

Hence SK (8) is a multiplicative lattice in the sense used in [1], with respect
to the multiplication of complexes.

Let Ki,Kz€SK(S). The right-residual Ki:Ks of the complex K;
by the complex Kz is the largest complex R, satisfying the condition

RK:; CK;.

In the same manner, the left-residual, Ki:: Kz is the largest complex L
satisfying, the condition
K:L CK;.

For any two complexes Ki and Kg, the residuals Kj:Ks and K;::Ks
always exist. Indeed, if the order relation between complexes in SK (S)
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is inclusion, and (1) is taken into account, it is clear that

Ki: Kg = U H
HK,CK,

and

2. A complex K€ SK (S) has the property of unique decipherability
(PUD) iff the equality

’

Bre-hy=Fe ke,

with £Z;, k€K , Fi ) ko Z=e implies £; = b and 7 = s; here ¢ is the null
word of S.

A code [2] is a subsemigroup Z C S, generated by a finite set of words
W = {w;,---,w,} which has the PUD.

We remark that the semigroup S always has the PUD. Let us consider
the free semigroup W" generated by the set of symbols W = {z, ,- - Wy}
We shall assume that every subsemigroup of the semigroup S contains e.

Let us suppose that we have defined a mapping ¢ : W—S. Then, by
a well-known property of free semigroups, ¢ can be extended to a semigroup-
homomorphism [1] ¢:W*— 8 (the encipherment homomorphism).

THEOREM 1. W* is a code iff the encipherment homomorphism is
injective.

Proof. A symbol w; € W has two interpretations as a generating symbol
of the subsemigroup W*, and as a word in the semigroup S. If W* has the
PUD, this is just the property of the semigroup-homomorphism ¢ of being
injective.

Conversely, if ¢ is injective and the words w; - - - @, and w; - - w, are
equal in the semigroup S, then they have the same inverse image by ¢ in
the subsemigroup W", which means that they are composed of exactly the
same set of words, hence W* has the PUD.

3. By using the right-residual and left-residual of two elements from
SK (S) we shall give a characterization for codes.

THEOREM 2. Let Z be a subsemigroup of S generated by a finite set of
words, and let K € SK(S). Then Z is a code iff

(2) Z:K\NZEo4=Z::KYNZ  implies K={c}.

Proof. Let Z be a code and let K€SK(S) with Z:K)NZ=Fo=
F@Z::K)NZ
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Then for any £€K, taking into account the antiisotony property of
the operations “:” and “::”, we have

Z:{£}DZ:K and Z::{£}DZ::K;

hence
Z:{tY)NZFo=FZ::{)NLZ
Therefore
3 b k=2,
@ kpy = 2y,

where 2, 9,,2;, p, € Z. Relations (3) and (4) imply
Zbi by, = ﬁ]_ .Pf; .

It follows from the PUD that p, = p; and p, = p,. Comparison with (3)
or (4) yields Z=¢, therefore K= {¢}.

Let now Z be a subsemigroup of S, such that condition (2) holds.
Suppose that

pl,...,pr’pi’...,piez
and

’

() Pyb, =0y,

If p,== pi, then we may assume that p, = p,4;; hence from (5) we get
hy Py b, = p,-p.. Therefore

@Z:{mHNnZst+oFZ::{h)NL.

Taking (2) into account, we have {4} = ¢, hence 4 = ¢ and p, = p].

Dividing (5) by p,, we have
pz...pr=pé...p;.

If p,==2,, then p,==p, % and as above we obtain %, = ¢ and Dy = 2y-
Continuing in the same manner we have p, = 2, and 7 = s, therefore
Z has the PUD.

Remark 1. Let 81 be a subsemigroup of the free semigroup S.
If KCS;, then

S::KDS; and S$;:: KD Si;

hence
(6) (81:K>('1813QCSl=(SlttK)ﬂsl.

But if the subsemigroup 8; is a code, then S; has the PUD; hence the only
complex KC8; with the property (6) is the complex K = {¢}.
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Remark 2. Using the encipherment homomorphism ¢, Theorem 2 can
be restated as follows:

The semigroup-homomorphism ¢ : W* — 8 is injective iff
@ (W):K)noW)=fo 4= (¢ (W) :: K)n o (W
implies K = {e} for every K e SK (8S).
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