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SEZIO N E II
(Fisica, chimica, geologia, paleontologia e mineralogia)

F isica  teorica . —  On the SO (3) xSO(3) symmetry in hydrody- 
namical problems. Nota di F r a n c e s c o  P e g o r a r o ,  presentata (#) dal 
Corrisp. L. A. R a d i c a t i  d i  B r o z o l o .

RIASSUNTO. —  Di alcuni problemi idrodinamici viene indicato un equivalente mecca­
nico. Di questo vengono riconosciute le proprietà di invarianza e ad esse ricollegato un Teo­
rema di Riemann. Si presenta inoltre una generalizzazione di questo Teorema.

I.

In  this paper .we exam ine the sym m etry properties of closed, dissipation 
free hydrodynam ical systems whicli are therm odynam ically characterized 
by  a relation between pressure and density.

The fact th a t the system is closed implies the constancy of the total angular 
m om entum  and therefore invariance under the SO(3) group. From  the vorti- 
city one can construct another operator which, under suitable conditions, 
forms with the angular m om entum  a basis of the SO(3).XSO(3) algebra. 
The suitable conditions referred to are:

(1) the existence o f a linear relation between the Euler and Lagrange 
variables which is equivalent to the assum ption th a t the position of a fluid 
element at tim e t  is a linear function of the position at time t0 .

(ii) the validity of D edekind’s duality  principle.

Following Dyson [1] we will use the correspondence between the class 
of hydrodynpm ical problems under consideration and a m echanical system. 
To describe the latter and to show its SO'(3)xSO(3) invariance we will find 
it convenient to use a L agrangian formulation. A nother problem, already 
considered by C handrasekhar [2], will be shown to possess the same sym m etry.

W e will then show th a t R iem ann’s Theorem  [3] follows directly from 
thè conservation of the SO(3) X SO(3) generators.

F inally we will prove a generalization of this Theorem  by considering 
the consequences of the conservation of the generators under m ore general 
assum ptions than  those of R iem ann’s Theorem. (*)

(*) Nella seduta del 15 gennaio 1972.
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II.

W e will consider a hydrodynamical system, closed and dissipation free, 
w ith a prescribed relation between pressure and density.

Let x  — (xx , x2 , xs) be the Euler coordinate of a fluid element and 
a — (ax , a2 , a3) be its corresponding Lagrange coordinate.

W e shall consider only solutions of the Euler equation that:

(i) are linear, i.e.

(1) x  — F (t) a

where F is a non singular 3X 3 m atrix;

(ii) satisfy D edekind’s duality  principle which states th a t if x  is a
solution also x '  =  (t) a is a solution

T he m atrix  F can be canonically decomposed as

(2) F =  TD 'S

where T and S are orthogonal matrices and D is a diagonal one: D, which is 
uniquely determ ined by F, gives the shape of the density distribution of the 
fluid; T and S are defined modulo the intersection of the isotropy group of 
D with the orthogonal group; S and T specify respectively the orientation 
of the fluid with respect to the Lagrange and Euler coordinates.

(in)  W e assume th a t D is positive definite.

Solutions satisfying (i) are called uniform  motions; they are specified 
by the dilation velocity D, the angular velocity &  — T  i  and the vorticity 
£ — 2 û  +  Tg' *T, where g' =  — DAD"1 — D"1 AD, with \  =  S*S. All these 
quantities depend only upon t  but are independent of x.

, U niform  motions of a fluid are completely determ ined by the know­
ledge of F as a function of time: the hydrodynam ical problem  can thus be 
reduced to a m echanical one with, in general, nine degrees of freedom. 
U nder suitable conditions the latter can be described by a Lagrangian 
L  =*= L  (F , F).

Because of (ii) L  (*F , *F) =  L (F , F).
To analyze the sym m etry of a system satisfying (i), (ii) and (Hi) we 

begin by considering the special case discussed by Dyson [1] nam ely an iso­
therm al non-interacting gas whose density is constant on ellipsoidal surfaces

/  x\ x \ x\ W2
and is gaussian in the radial variable I —-  -|--  +  — -̂J <2h It m ay be

\ A ^2 ^3 /
shown th a t the evolution of the corresponding mechanical system can be

(1) The superscript t denotes transposition.
(2) dx are the ellipsoid semiaxes.
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derived from the L agrangian

(3) L  (F , F) =  y  tr  (F *F) • ■ U

where U , which is determ ined by the equation of state, depends upon det 
F and corresponds to the internal energy density of the hydrodynam ical 
problem.

The canonical Poisson brackets are 

{ . Fw} =  o

(4) {F*.,F„} =  o

{ F ìj , F « }  =  —  8tk Sy/

where F y- and F,y are the m atrix  elements of F and F and are respectively 
the coordinates and m om enta of the mechanical system.

T he L agrangian (3) is invarian t under SO(3) X SO(3) when its action 
on F is defined by

( 5 )  F - ^ O i F ' O a

where Ox and 0 2 are orthogonal 3X 3 m atrices. T he corresponding action 
on the Euler and Lagrange variables is

(6) x  —> Ox oc a -> 0 2 a .

It then follows from N other’s Theorem  th a t the two screw sym m etrical 
matrices

J = F F — F F
(7) ( •

K =  FF •— *FF =  — F3"F

are conserved. It is easy to see th a t J is proportional to the angular m om ent.
U sing Eq. (4) one can readily  prove tha t J and K satisfy the SO(3) X SO(3) 

algebra.
From  this example one sees th a t (i) and (ii) are sufficient to guarantee 

SO(3) xSO (3) , invariance. Indeed (i) ensures conservation of J. U nder 
F -> F , J and, K are interchanged and therefore K is also conserved.

A nother interesting case satisfying (/), (ii) and (iii) but different from 
D yson’s iss the one studied by C handrasekhar [2], i.e. a homogeneous incom ­
pressible finite fluid which interacts gravitationally  with itself.

T he equation of state and the boundary conditions are:

a) the density does not depend on x  and t\ 
ß) the free surface is an ellipsoid;
y) the pressure vanishes at the surface and is given by: 

p{pc) =  p c ^1—  2 ,-  where p c is the pressure at the center of the fluid.

6*



76 Lincei -  Rend. Se. fis. mat. e nat. -  Vol. LU -  gennaio 1972 [4]

The fluid is equivalent to an eight-dim ensional m echanical system  (notice 
th a t the volume is now fixed) and its evolution is derived from the L agrangian

(8) L  (F , F) =  — tr  (F'F) —  2 tt G tr  DAD +  X tr  log D

where X is a L agrange m ultiplier arising from  the condition det F =  const; 
A =  A (D) is a diagonal m atrix  and G is the gravitational constant.

T he kinetic term  of the L agrangian (8) is the same as in D yson’s pro­
blem. T he second term  arises from the gravitational interaction and is a 
function of D. I t is im m ediately verified th a t the second and th ird  term  in 
Eq. (8) are SO(3)xSO(3) invariant.

II I .

As we have proved assum ptions (i) and (it) im ply SO (3)xSO (3) inva­
riance of the hydrodynam ical problem. This invariance leads to the two 
equations:

o =  j  =  T (— 2 DAD — 2 DAD +  2 DÏXS +  2Ì2DD +  2Ì2DAD +

— 2 DADIÌ +  D2422 — û 2D2 +  D2ß  +  ß D 2 2 DÀD) T
(9 )

o =  K =  S (—  2 Di2D —  2 D iiD  +  2 DDA +  2 ADD +  2 ADÌ2D +

— 2 D42DA +  D2 A2 — A2D2 +  D2À +  ÀD2 — 2 DI2D) S

where ß  =  T^T and A =  S^S.
L et us consider the case

D =  Ù, =  À =  o .

From  Eq. (9) we get

o =  2 ÛDAD -  2 DADÌ2 +  D2 û 2 -  û 2 D2
(10) 2 2  2 2

0 =  2 ADLJD —  2 D<2DA +  D2 A2 — A2D2

W e w ant now to show the equivalence of these equations to R iem ann’s 
Theorem: if a hydrodynam ical system  satisfies (z), (it) and (in)  and o — D =  
=t=' Ù A <=> g '=  o then either Û  'is parallel to g' and they  both lie on a 
principal axis, or it is not parallel to £' and the plane they form is a principal 
one.

jRiemann’s Theorem  is a necessary condition only as it does not involve 
the interaction.

C handrasekhar has given a proof of R iem ann’s Theorem  for the system 
described in [2] using the nondiagonal elements of the second order virial.
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To prove the equivalence of equations (io) to R iem ann’s Theorem  let 
us write them  for the (2 , 3)-com ponent:

2 d1 dz 0 12 A13 2 d± dg Q13 A12 (d3 d2) 0 12 £213

2 3̂ ^12 ^13 2 d±d% A13 û 12 =  (̂ 3 d2) A12 A13 .

L et us suppose th a t the com ponents of ß ,  Ü12 and Ü13 say, are different from
' +  d\

zero. U sing the relation X̂ik = ------ %~d:dk— ^ ik we a *̂er some algebraic
m anipulations:

(12) d \  +  d \  +
* d \d \
d\ + d\

i l l
fil3

2d \ d \  ^
dl + dl

+  •
7 2 7 2 7 22 ö'g

(d î+ di,  (dt+dt) 1̂3 ^12 O

* 4 4  4  

4  +  4  Ql3
=  4  +

_ t2 t2 r '2 d g ^12

4 + 4  ßl3

Solving (12) for Kul&13 we get:

(.3) ( ^ + < 4 4 - 4  +  4 ) ^ | 5 k
fil3 +

If  also Q23 were different from zero, we would obtain with a sim ilar p ro­
cedure d x =  d 2 =  d 3 .

Hence, excluding the trivial case, D proportional to the identity, only 
two pairs , fì/*) can be different from  zero: this is an equivalent form u­
lation of R iem ann’s Theorem .

U sing Eq. (9) we can discuss cases which are more general than  the one 
considered in R iem ann’s Theorem . For example let us suppose th a t only 
D vanishes. Equations (9) are a system  of six equations for the fifteen q uan­
tities ß  , ß  , A , À , D .

W e exam ine in particular the case where:

(14) A ( / ) = / [ A ( / ) J  and & ( t ) = g [ Q ( t ) }

and we restrict our attention to the special subcase when ß  and A preceed 
around a common axis, the th ird  say. This means:

Q12 =  const A 12 == const

( 1 5 )  ^ 1 3  =  ^ 0  c o s  ( ^ 1  0  -^-13 =  A ß  COS (C0 2 t  -j -  9 )

ß 23 ^  ^0 sin (^ i  0  7V23 == A0 sin (co21 +  9) , A0 >  o .

W e shall prove th a t as a consequence of the SO(3) xSO (3) sym m etry:
1) the precession velocities <ù± and co2 are equal and the phase diffe­

rence 9 is zero;
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2) the ellipsoid reduces to a spheroid w ith axial sym m etry around 
the precession axis;

3) the quantities d x dg 0 12 A12 ü 0 A0 co =  <ùx =  co2 satisfy Eq. (22).

To prove this let us consider the component of Eq. (9) on the rotation 
axis ( 1 , 2 )

o =  2 (d2 dg Q0 A0 cos (cù! t) sin (co2 t  +  9) —  d ±dg Q0 A0 sin t) •

• cos (co21 9) T" (ĉ I —  df) Oq cos (co-̂  /) sin (cô  /))
(ï6 )

o =  2 (d2 ds Q0 A0 sin (cox t) cos (co2 t  +  9) —  d x dg Q0 A0 cos (cox t) •

• sin (co21 -f- 9) +  (d \—  df) Ao cos (co2 t  +  9) sin (co2 t  -f- 9)).

Since these equations m ust hold every t , the coefficients of the term s 
w ith different frequencies m ust vanish independently. T he following cases 
can occur:

( 0  T he two eigenvalues of D , d 1 and d 2, are different. This implies 
c*>i =  =b co2.

(i') I f  coi =  co2 =  co then

(17) o =  d 2dg Ci0 A0 [sin (2 co/ +  <p) +  sin 9] —  d x dg D0 A0 •

• [sin (2 00/ +  9) —  sin 9] +  (d\ — df)  fio sin (2 co/ +  2 9)

which implies 9 =  0.
However from (17) and the second equation (16) we have Ao =  fio and 

therefore

(18) 2 ds =  — (d2 - \-dx)

which is incom patible with the positive definite character of D.

(i") If  cojl =  —  co2 =  co w ith a sim ilar procedure we get

(19) cp =  o A0 =  fio > 2 dg =  d x d 2

iii) The two eigenvalues d x and d 2 are equal. This implies

C0X =  C02 =  CO .

As bpfore 9 =  0 but d x , dg , Ù0 , A0 rem ain arbitrary .
W ith  a sim ilar argum ent we can derive for the subcase (/") from the 

components of Eq. (9) on the plane orthogonal to the rotation axis the two 
conditions:

fil2 ( 1̂ — 3 ^3) +  0̂ 3 +  ^l) to — O00
^12 0^2--- 3 ^3) +  0̂ 3 +  ^2) to — 0  •

I t is easy to see th a t (21) and (19) lead to d 2 =  — dz which is absurd. 
In  this w ay we have proved th a t case (/) is excluded.
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W ith a sim ilar technique we can show tha t case (zi) leads to no contra­
diction provided th a t the variables satisfy the equations

o — 2 d 1 (d% ß 12 A0 —  di  A12 ßo) +  (dl —  df) Q12 £20 -f-

(fii -j~ dl) 6)Oq —  2 di d$ coAq

o — 2 d1 (d% A12 Qq — di 0 12 A0) -f- (dl — df) A12 A0 +

-f- (d i  -j- dg) coA0 —  2 d i  d§ coQq Q.K.D.
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