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G eom etria differenziale. —• Curvature invariants associated with 
fundamental form s o f a F ins 1er hyper surf ace. N ota di U. P. S i n g h ,  

presentata (#) dal Socio E. B o m p ia n i .

RIASSUNTO. — H Rund ha definito c i ]  n forme fondamentali per una ipersuperficie 
in uno spazio di Riemann ^-dimensionale.

Analoga ricerca è qui fatta per le ipersuperficie di uno spazio di Finsler ^-dimensionale 
nel caso siano soddisfatte ulteriori condizioni semplificatrici.

i .  F u n d a m e n t a l  f o r m u la e  

Let a hypersurface Fn_i given by the equations

x l — (u*); z =  1 , - - -, n  ; a =  1 , • • •, ^  —- 1

be immersed in a ^-dim ensional Finsler space Fn. The com ponents x*
and ù a of a vector [of m agnitude F  ( x , Æ)] tangent to Fw_i are related 

■ ■ ■by x  — Ba ûa, where . The unit vector V along x  (or x  itself)
is taken  to be the element of support. T he metric tensors g {j (x  , x)  and 
g ^  j d) of Fn and Fn_i are related by

(1.1) g a$ (u , û) =  g ÿ  (x  , x ) Ba Bp.

T he norm al vector N ' {x , x) of the hypersurface satisfies the conditions

(1.2) gij (x  , x) Ny Ba =  N t- B« =  0 and ^  (x  , £) N'' Ny =  1.

For a displacem ent vector d x l and a vector-field X*, both tangent to Fn_l y 
we m ay write

(1.3) dx* =  B'a du  , X ' =  B Ì X a .

If  D X ' stands for the C artan ’s covariant differential, then the ‘ induced ’ 
differential is defined by

(1.4) DXa =  B“ D X '

where
B? =  0  , d) g {j (x  , £) Bi .

T he connection param eters I'm , F*$ and tensor Iaß (defined in [2] pages 68, 
160 and 193 respectively) m ay be used in defining

(1.5) Üaß =  N , 4 .

The tensor Qaß is called the second fundam ental tensor of the hypersurface.

(*) Nella seduta del 15 gennaio 1972.
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We quote the following results (R und [2] pages 158-165) for reference 
in the later sections of this paper.

Defining

(1.6) N;- =  N 'N y , A «  =  FCL , C«pY =  g fe CaY =  C,y, B„ Bg By

and

(1-7) r î ï  =  r^ y — q 8 r* y « e

it has been shown

(1.8) D /‘ —  B« D/a =  H 'd « *

and

(1.9) DX‘ — B„ DX“ =  Ĥ g Xß duy +  Ny Ait Bg By Xß D/T

where we have taken

(I- IO) F H ; =  (B^y —  Bj Tgy) Û* +  By Y\k £

and

(I . I I) H ; ß =  (B^y -  B„ f ß “ +  TVk Bß By +  A l ,  Bß Hy)

(the symbols C ^  , Fßy have their usual meanings [2]).
R und [3] has introduced certain tensors which vanish identically in any 

locally Euclidean (or R iem annian) theory of hypersurface. These tensors 
and associated quantities are defined by

(1.12) =  , M,- (x , £) — Cijk N ' N 1*

and

(1.13) =  C,y,  (x  , x ) K  BÌ N* , Ma =  Cÿ,  (x  , ±) BÌ Ny N^.

The following relations are obvious.

(1 • 14) M,y (x  , x) x j  =  0 , M { (x ,£ )£ *  =  o ,

Maß (u ,û )ù P  =  o and Ma (u , u) ù* =  o .

2. n  F u n d a m e n t a l  fo r m s  o f  F„_i

Let Ç, \ ua =  u* (X) be a curve (not in the direction of ^ a) of the hyper­
surface. T he components in x* and u a of the tangent vector of this curve 
are such th a t

dx* _dua
“dT “  •ba “dT  *

(2.1)
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This vector is norm alised by the condition

/ _ \ _ / . \ dxl dxJ * . v dua du^
(2-2) S v i?  - x ) dx- i i r  ~~g<*Cu  > x d t  ~dT =  1 •

Considering the displacem ent d ^Y in (1.9) along C and putting  X “ =  weQÀ
obtain

(2-3) ^  =  H i  («  , «) f  r  +  FN ; (« ,  *1) f  ,

where for brevity  we have taken Ç* =  It m ay be verified

with the help of equation (1.4) th a t ----------- ^  j  is along the norm al

to the hypersurface and this m ay be used in obtaining

M  k ( » , * , £ )  =  n , ( ^ - b ì | Ì - ) _

=  H vß (u , ù) e  e  +  FM ßY (* ,

where in view of (1.11), (1.10) and relations TßY i f  =  Tßy i f  ; Y lhk x h =  I* /  x  ,

(2*S) Hßy =  N,- Hßy =  Dßy “f" My Qßg

A n expression for induced m ixed co variant derivative Nfjy has been obtained 
by R und [3]. This expression when substituted in D N *== Njjy d i f  will 
reduce it to

(2.6) D N ‘ -  —  Oar ̂ °£ Bi dur +  (N* M l —  2 Mt) 4  d«Y.

In  view of this relation and equations (1.5), (1.13) we obtain

(2.7) — gij DN* d xJ =  [£iyS +  2 M s 0 OY w°] d*Y du8.

U sing the equation (2.6) once again and simplifying w ith the help of (1.2), 
(1.12) and (7.13) we obtain

(2.8) DN DN^ =  [Qey Qp§ ^ p0 +  4 M e Q,org os Qps i f  -f-

+  (4 M f- M* —  3 M 2) lQar Qps i f  ûp] d i f  du

where

M =  M f N*.

T he expressions (2.7) and (2.8) are too complicated to m ake further study 
possible. Wé, therefore, assume th a t at x* the element of support x? satisfies 
the condition

(2.9) M,y (x  , £) =  Cm (x  , £) N* (x  , £) =  o .
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This implies M,- =  o , Maß =  o , M a =  o. The equations (2.7) and (2.8) will 
now reduce to

(2.10) — g.y (x  , x)  D N ‘ d xJ =  C(2)aß (u , u) du d i i  

and

(2 .11) g ij (x  , X) D N ‘ DNy -  C (3)aß (u , Ü) du d i i  

where

(2 *12) C(2) aß — £̂ aß and C(3) aß =  C(2) as £̂ ß •

U sing the above equation and following the m ethod of R und [1] we write 
down the recurrence formula

(2- ï3) C(i>)aß (u  , u) — C ^ _ 1)a£ (u , u) Dß (u , u)

G(̂ )aß (u , u) will be , called the coefficients of the p -th  fundam ental form 
of ¥ n_x .

3. P r in c ip a l  d ir e c t io n s

The conditions M - (x  , x) =  o and equations (2.4), (2.5) yield 

(3.1) K ( « , « >Ç) =  ÛpY( « ,« ) Ç 0 Ç\

Since K  (u  , ù , Ç). is a quadratic expression in the equations determ ining 
principal directions will be linear. T hey will therefore yield (n —  1) principal 
directions of the hypersurface. It is now possible to extend the theory 
developed in [1] to the hypersurface of a Finsler space.

In  particular, if , X2 • • • \ t - i  are principal curvatures of the hyper­
surface then we define p - th  curvature of in the form

(3-2) ¥Lp =  X2 • • • \ p =  Sum  of products (taken p  at a time)
of the principal curvatures

(P =  i y  - i n  —  1).

ìfhe p - th  associated m ean curvature of Fn_x is defined as 

(3.3) M ^ = ^ C (̂ +1)a3.

U sing the m ethod of [1] we deduce

(3-4) H i = ^ p Oaß== M i ,

(3-5)
r  =  l  s =  1

(no sum m ation with respect to r  and s) and 

(3.6) 2 H 2 =  M i —  M 2.
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4. In d u c e d  a n d  in t r in s ic  c u r v a t u r e  t e n so r s

In  view of the results obtained above, it is possible to express the cur­
vature invarian t H 2 defined by (3.2) in term s of the curvature tensors of .F„ 
and Fn_ i . In  the existing literature two types of curvature tensors have been 
defined for a Finsler hypersurface (R und [3]). These are called induced 
and intrinsic curvature tensors. T he generalised equations of Gauss have 
been obtained for both the curvature tensors. The generalised Gauss equation 
for the induced curvature tensor K aßys is given by (R und [4])

(4*0 K aßys =  K ijhk Ba Bß By Be fi- (Qay Qßs —  Oas Oßy) -f-

+  2 Cju BÌ N* ( 4  Ciay —  4  Qae) û° +

+  g ÿ  Bf, Bl. (dT*d!d±l) ( 4  By — 4  Bf) «»,

where Y îjhk is the curvature tensor of Fn .
T he intrinsic curvature tensor K aßys has been obtained with the help of 

intrinsic connection param eter fß y which is defined with respect to the 
m etric of Fn_x in a m anner form ally identical with the mode of definition of 
Thk in term s of the m etric of Fn. W riting

2 GS =  Yaß U

we have the definition (R und [3])

K 8 _
ays —

dFZ
duY

Gv SGs

dTòCCI
dû*

Gy I + rîe ray- piS pX 
Xy as

(y®ß being the Christoffel’s symbols of the second kind for Fn_i). T he Gauss 
equation for intrinsic curvature tensor is now given by ([3])

(4.2) Kaßys — K ijhk Ba Bß By Bs -j- (Qay Oß£ —  Oas Oßy) -\-

+  2 My/ Bß (Oay Jos - Oas Joy) Û -f- (Aaßy Aas---Aaßs A°y) +

+  (AaßY/E —  Aaße/y) +  gij Bfj - 4  B i ( 4  By -  4  Bf) ù \

where

(4*3) Aaß — faß r aß , Aayß — Aaß,

(4.4) Jaß =  Baß--- Bf f„ß +  4 /  Ba Bß =  l£ß--- Bf A«ß ,

and Aayß/S is the intrinsic co variant derivative of AaßY. In view of the 
fact ([3])

(4.5) AaY0 =  Chkj Ny [(Bt By Qao +  B« By Dßo -  Bp B i 0 Ya) ù° -

—  (Cßy B i B i  +  4  B i B i — CjL B i Bi)] QoX ü° üx
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and the condition (2.9) we deduce

Aayß — o , f  aß =  r ap and J aß =  Iap .

A  comparison of equations (4.1) and (4.2) now reveals th a t if the element of 
support satisfies the condition (2.9) then each induced and intrinsic gene­
ralised Gauss equation will reduce to

(4*6) Eaßye — Eaßye ■— Kj-jhk Ba Bß By Bg -)- (Oay fiße--- ^ßy) ~f~

+  g,y Bi  B„ ^ 4 - N '  (Ö « Br —  On- BÎ)0X

This shows th a t (2.9) is a sufficient condition for the equality  of induced and 
intrinsic curvature tensors.

T he equation (4.6) will be used in finding a relation between the curva­
ture invarian t H 2 defined by  (3.2) and the curvature tensors of Fn and Fn_ i. 
In  order to obtain this relation we m ultiply (4.6) by g®s g**. The left hand 
side reduces to

(4 -7) g &* g x'< I W  =  g*-< K ay =  K,

where K and K ay are respectively the scalar curvature and Ricci tensor (both 
intrinsic and induced) of the hypersurface. For sim plifying the righ t hand 
side we shall use the relations

(4 -8) B70 BÏ =  g jt  —  Ny N* ,

and

(4 -9) E ijhk * ' ^ F-yhk %

(R und [2] page 105).
T he above two equations the condition (2.9) and the skew-sym m etry 

of K ijhk in h  and k  yield

(4.10) (K ** B ‘a BÌ  By Bs) g T g *  =  (K * —  K tJU Ny N*) (g a  -  N ‘ NA) =

=  K  —  2 K * N ‘ N 4,

where K  and K.ih stand for the scalar curvature and Ricci tensor of Fn . 
Further, in view of equations (2.12), (3.3) and (3.6) we have

(4-10 / V Y (ÛaY Û„, -  Ü3y) =  M ï — M a =  2 H 2 ’

The last term  in (4.6) on being m ultiplied by g ^ g ay gives

(4.1a) g  a B i  B« - 4  N ; (0 os By—  QOY B $ g » g * r üa =
dx‘

^jhk
d r dxl +

art.
3ji‘
A~ N y N*) Q* B" u ,
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where we have used the condition (2.9), the equation (4.8) and the relations

=  i  , B ÎB Î =  (SÎ — N*N,)

in simplification. A fter differentiating g jkg {j =  8* and using (2.9) we deduce

This relation helps in getting

(4-13)
dT)I*/

dxl
■N ' = ? jk d̂ hjk

dx‘
N

Com bining (4.7), (4.10), (4.11), (4.12) and (4.13) we obtain

9r*
(4.14) K =  K  —  2 K,y N ’‘ Ny +  2 H 2 +  2 — !a ±  {gjk—  Ny N 4) N ' Ü“ B&a û°

dx

where
_  I /  ^Bjhk __ dT^

dx1 ~  "ä \  dx1 dx1
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