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Equazioni differenziali. — Bowndedness Theorems for some
systems of two differential equations. Nota di H. O. TEjumoLa,
presentata @ dal Socio G. SANSONE.

RIASSUNTO. — Si dimostrano due Teoremi di definitiva limitatezza per le soluzioni
di un sistema di due equazioni differenziali ordinarie del primo ordine, non lineari.

1. INTRODUCTION

The systems of real ordinary differential equations considered here are
of the form

(r.1) rt=hr(y), y=—f@x,9y—g®+plt,x,y),

where # = dx/d# and the functions f, g, % and p depend only on the argu-
ments explicitly displayed in (1.1).
When % (y) =y, (1.1) becomes

(1.2) i=y, y=—Ff@.Ny—gx) +pt,x,y),
a system which is derivable from the second order equation
(13), EA+flx, DE+ex) =p0C, 7, %)

by setting # = y. A large number of boundedness Theorems (for example
see [1], [4], [5]) are already available for equations of the form (1.3) or for
systems, such as (1.2), derived from such equations. Very little seems to have
been done for general systems of the form (1.1). In particular see [3].

The object of this note is to investigate conditions under which solutions
of (1.1) are uniform-ultimately bounded. Our results extend some of the known
results ([2], [6] for example) for (1.3).

It will be assumed throughout the sequel that the functions f, g, /%
and p in (1.1) are continuous. Our first result is as follows.

THEOREM 1. Lef a y0,L,F and A be positive constants such that:
(1.4) lp @, 2, M| <A forall t,x and v,
a5 DlfEwNZza (2L, Y@=mx|fEn], a>At,
19 Ayzé (y[=D), F=max|hG).
Suppose further that

(1.7) g@)sgnx—LALF +1)y(@®) »-4o00 as |x|—>oco.

(*) Nella seduta dell’rr dicembre 1971.
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Then there exists a finite positive constant K whose magnitude depends only
on the constants a,b,L ,F and A as well as on the functions g and v such
that every solution (x(2),y (2) of (1.1) ultimately satisfies

(1.9 FOI<K , [y@I<K.
The restriction @ > A 41 in (1.5) can be dispehsed with altogether if f
satisfies the stronger condition f(x,y)>a (]y|=L). It will be seen from

our next result that, in this case, the above condition on % (y) can also be
considerably relaxed.

THEOREM 2. Let a,L ,F and A be positive constants such that:

(1.9) f#x,»)=a (Jy|=L), Y(x>=r’§1]a<>i|f(x,y)l,
(1.10) yh(y) >0 (ly|=L), F=lr;1ff§l/¢<y)|,
(1.11) [p(t,x,9)| <A for all t,x and y.

Suppose further that g satisfies (1.7) and that
(1.12) ayh () — A + 1) |2 (y)] > + oo as |y| —oo.

Then there exists a finite positive constant K whose magnitude depends only
on a,L,F and A as well as on the functions g,h and v such that every
solution (x (£),y (%)) of (1.1) ultimately satisfies

=OI<K , |y®|<K.

2. PROOF OF THEOREMS I AND 2

Our method of proof, which makes use of an adaptation of the well
known Yoshizawa technique, is the same as in [2]. We start with the
proof of Theorem 1. g

Let 'the continuous function U = U (x, ») be defined by

(2.1) U=0U; —I-Uz-I—I,
where
(22) U= [A(m)dy+ | g€)dE
Jrons]
and
+ , <L
(2.3) U2=S LR Iyl‘ ) if x| >1
? sgnx sgny, |y| =L S
or,
o , <L
(2.4) Uz=S L lyl 2 if |x]<1.

szgny, [ylzLS
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Since by definition, |Uz| < 1, (2.1) yields U >Ui, so that by (2.2)
and hypotheses (1.6) and (1.7), )

(2.5) U(x,y)—>oo as x2 4 y%2 — oo.
For any solution (x (¢), » (¢)) of (1.1), let
U" = Limsup {U (x ¢+ 4,7 ¢+ m)—U @@,y O,
U* exists since U = U (x, y) is at least locally lipschitzian in x and y. We
shall show that there are finite constants Ko > 0, Kiy > o such that
(2.6) U< —Ko if 22()+12() =K.

From this and (2.6) it will then follow, just asin [2; § 5], that there is a constant
K > o such that every solution (x (¢), ¥ (¢)) of (1.1) ultimately satisfies

2@+ <K,

and this verifies (1.8).
To verify (2.6), observe from (2.1) to (2.4) and (1.1) that

(2.7) U* =U; + U3,

where

(2.8) Ur=—yh)fx,0)+20)pE,x,)
and

S‘“%(f(x,y>y+g(x)-p)sgnx, IJ’ISLQ

if |x|>1

(2.9) U; =
o . ly=L]
or,
2z x, +e@®) —p)+Lr(y), <L
(2.10) I’J3‘=s Ve AyTe@ AT TAC), rls 2 if |x]<1

?h(y)sgny , ]ylzLS

Thus, if |y| <L, U; satisfies

(2.11) U;g——%g(x)sgnx—{—]f(x,y)l—l—%lﬂ
or,
(2.12) G?g—{—g(x)Jrlf(x,y)H-%!pl

according as |x| =1 or |x|< 1. Butif |y| =L, then-

- x o , |z] =1 (
(2.13) , Uz = k(y)sgny, x| <1V
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In obtaining estimates for U* we shall consider points outside of the
closed bounded set defined by |x| <1 and |y| <L. It will be convenient
to consider the following three regions in turn: (I) |x| >1 and |y| <L, (II)
|x]<1and |y| =L, and (II) [x|>1 and |y| = L. For the case (I), we
have from (2.7), (2.8) and (2.11) that

U< —yh(30) f(x,9) + 5 () p— 18 @) sgnz+ | f(x, 9] +1 | 5]

so that, by (1.4), (1.5) and (1.6),
(1) U'<— Llg@sgnr—L@LF+10y@] +2 LF+1),
since |y| < L. Thus, in view of (1.7), there exists a finite constant Kz (> 1),
sufficiently large, such that
(2.15) U*<—1 provided |[x|>=Ka.

As for the case (II): |x| <1 and |y| =L note first that by (1.6),

yh(y) = |y[|2 ()| and A(y)sgny=|k()| for |y|=L.
Hence (2.7), (2.8) and (2.13) together show that

U'<s— o[ |2 f(x, ) + A+ D]2O)]
and, in view of (I.5),
U< —(@—A—1)|2®)].

If we set ¢, = a — A — 1, then, by (1.6),
(2.16) U< —1  if |y|=max(L,a; 6" =Ks.

The case (III): |x|>1 and |y| =L follows from case (II) since Us=o0
if |x] >1 and |y| > L. The two results (2.15) and (2.16) together imply that

U< —1 provided 22 —{~y2 > Kg - K?),

This verifies (2.6) and Theorem 1 now follows.

The arguments for the proof of Theorem 2 is the same as that for
Theorem 1 except for some modifications which we now outline. We
make use of the same function U =U (x,y) (2.1) which, in view of (1.7)
and (1.12), satisfies (2.3).

Turning now to (2.6), observe that the estimate (2.15) still holds. As
for the case (II): |x| < 1 and |¥| <L, it will be clear from (2.7), (2.8)
and (2.13) that

U < —yh () f@x,9) +420)(gny +2),
so that by (1.9), (1.10) and (1.11),
U< —ayh () + (A + 1) |2 ()]
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Thus, by (1.12), there exists a constant K4 (> L), sufficiently large, such that
U'<—1  if |y|>Ka.
As before, we have that
U< —1 provided 2 +y2 > Kg + K}

and Theorem 2 now follows.

3. A REFINEMENT OF THEOREMS I AND 2

The hypothesis (1.7) may seem rather too restrictive in that it admits
only of unbounded functions g (¥). There is, however, no difficulty in
extending Theorems 1 and 2 to the case where ¢ satisfies, instead of (1.7),
the slightly weaker conditions:

(3.1) Lim {¢ () sgnx— LF +1)7 ()} > A LF +1),
(3:2) Lim [ £€)dE = +co.

((3.1) and (3.2) allow for bounded as well as unbounded functions g (x)).
Indeed the use of (3.2) together with (1.6) or (1.12) still shows that
U= U(x y) satisfies (2.5). The need for further use of (1.7) in § 2
arose only in the proof of (2.13). Since (3.1) implies the existence of finite
constants Ks > o0, K4 > o such that

|*| = Ks=g @) sgnx — (LF + 1)y (x) —A LF + 1) > K,
it will be clear from (2.14) that U* satisfies
U*<—Kg provided |2| = max (K4, 1),

and this verifies (2.15). The rest of the arguments in § 2 are unaffected by
the use of (3.1) and (3.2).
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