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G eom etria  d ifferen zia le . —  Union Curvature Tensors and Union 
Correspondence between two Hypersurfaces o f a Finster Space. Nota (#) 
di M a n j u l a  V e r m a ,  presentata dal Socio E. B o m p ia n i .

SUNTO. ■—■ Si studiano le proprietà di una corrispondenza puntuale fra due ipersuperfìcie 
in uno spazio di Finsler in relazione alle loro « union curves ».

I. In t r o d u c t io n

Let us consider two hypersurfaces and ¥n immersed in an (n +  i ) -  
dimensional Finsler space Fn+1. These hypersurfaces are associated with a 
coordinate system ua. The coordinates x * of the space are such that x  =  x ' (ua) 
and X* =  x { (uT) (where, i == 1 , 2 ,  •••,** +  1 ; a =  1 , 2 , • • •, w) hold for 
Fn and Fn respectively.

Consider a unit vector field X* tangential to a congruence of curves in
F«.f ì* At the points of Fn and Fn we m ay write

( i.i)a X* (x , x r) =  t*a (u , u ’) X£ +  C* (u , u ’) n ** (u , u ’)

and

(i.i)b X‘ ( x , x ') =  t*a(u , Ur) Xa -F C* (u , Uf) lU  (u , uf) ,

where

y y . f i '__ d.37* /a   d u a  y »    d x *  - y i  __  <$Xl

ds U  di' » Aa ~  3̂ « J Aa 9««

and n* 1 , n*f are the secondary normals to F^ and respectively (Rund [2]).

2. U n io n  c u r v e s  f o r  a  h y p e r s u r f a c e  Fn 

The first curvature vectors q* and p a of a curve C of Fn are such that 

(2.1) ?  =  p * x i  +  a $ ,(* ,u ’) ^  ^  »*«■,

where are the components of the second fundamental tensor of the hyper
surface. Tf(e differential equations of the union curve of the hypersurface

(*) Pervenuta all’Accademia il 12 ottobre 1971.



33§ Lincei -  Rend. Se. fis. mat. e nat. -  Voi. LI -  novembre 1971 [236 ]

are given by

(2.2)

where

since

(2-3)

0* dua du® 
y ds ds

p  = ------- ----------
d uy\
~ds~ ’

i* =  go£ (u , u') t*a d «ß 
ds ’

y  ds2 +  I V  ( u , u') diß duT 
ds ds

(where is the induced connection parameter). Therefore union curve of 
the hypersurface Fn relative to X* can be written as

(24)

where

d2ur . jy*Y du^ duY 
~ds^ U(3t ~dT ~dT o

(2-5)
k*r *Y " n /$vY S>s

ßT “ VT ( O q 0ß ' « .*0
t  g r e

3. U nion correspondence between Fn and F,

T h e o r e m  (3*1). The differential equations of the union curve referred 
to an arbitrary parameter t are given by

(3-0. — ä“ iß =  (Use0 — Ufe“^0) Ä 6 ,

where

u* = dua 
d t üi d2ua

dt2

Proof. It is easily seen that when we perform parametric transformation 

t  =  I (s) I with =j= oj equation (2.4) becomes

(3.2)  # + U g  ( £ ) / ( £ )  =  o

from which the equation (3..1) follows immediately.

DEFINITION. The hypersurfaces Fn and Tn with the metric tensors 
ga$ (g'j P) ) âß (pc ì %) are said to be in union correspondence (more precisely 
in ^-correspondence) if their union curves relative to the congruence X* are 
the same.
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Putting

(3-3) A |“ =  ^ ( S ^ ; 3 - S ^ e e) ^ V rE

we get after contraction

(3.4) =  o and Aj£ =  (n — 1) 4 -

In order to study the properties of hypersurfaces in union correspondence 
we introduce

(3-5) A ^  =  0 ^ - U ^

Defining Tß =  T̂ ß and using the equations (3.4) we get 

(3.6) A“ß =  Tß — Tß =  <p(1)P (suppose)

and

/  K* K* \
(3-7) Aßa =  <P(pß +  (n  —  1) ( —  4  —  4 J =  9 (2)3 (suppose)

where g  =  \ga$\, g — | £<xß| and K*, K* are normal curvatures to Fn and 
in the direction of a curve C.

T heorem  (3.2). The necessary and sufficient condition that the two hyper
surfaces Fn and ¥n ;{^ =j=3),; be in Ux~correspondence is that

(3.8) O E - u s  +  ) ^ * m  +  ij f ^ ( f U . \ f I

_L  ̂ 1 m _  2 (n— l) I ?* _  j C  * \ } *a
+  | (* +  i) 9(i)P ■ (ä + i)(ä _ 3 ) ^ *  h  c * h J ^ - r -

Proof. From (3.1), it is clear that the hypersurfaces are in ^-correspon
dence if and only if

(3.9) (Ü |e — Use) — (Üse— Use) ù*ù*ü® =  o ,

which in view of (3.5). becomes

(3.10) (A |e 8? — Afe S“) ziYu u* — o .

Since this equation holds for arbitrary id  i we have

(3-10  Ase SÇ +  AeY Ss +  AYs Se =  Ase SY -f- AeY S$ T~ AY$ Se .

Contraction of ß and y in (3.11) yields

(3-12) (n — 0  Ase +  2 Aes =  9(i)e S§ +  9(2)8 ê •
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Interchanging S and 0 in (3.12) and solving for A£e from the two equations 
we get

C3 -13 ) -A-se =  çn_3) (ra+i) {^0)0^8 (w 0  2 9(2)e8«+ ( « — i) 9(2)8Se—  2 9(1)S Se}-

Simplifying (3.13) with the help of (3.6) and (3.7) we obtain

(3 .1 4 ) Ap.■ßy ‘ (* +  I) 9(1)r +  ( f - i )  (n — 3) +
k : < A l

2 (n— 1)
v r n r  ■ # * K *  •

1 : k :  A l * °

Substituting in (3.5) the value of ApY from (3.14) we deduce the required 
equation (3.8) as required.

For n =  3, the equation (3.12) determines only the symmetric part 
of AßY. However, we shall assume that n - [=3.

Suppose, in particular, that the congruence V  is normal to the subspace Fn . 
We have then =  o and the union curve of Vn is a geodesic of the hyper
surface (M ishra and Singh [1]). The Theorem (3.2) will, therefore, take the 
form,

THEOREM (3.3). A  union curve of the hyper surf ace Fn w ill correspond to 
a geodesic of Fn i f

(3-15) -p* a
J-ßy : U ^  +

+

9(l)y —
.) I

\ (» + 1)

V 1 I “ v
J ( * +  I )  ? ( 2 >3 +  T ^ + T )

( n - i f A  A *
(n + i){n — 3) ç* h  ( ô(

2 (n— 1) IA* )
_f_ t* (

(» +  !)(»—3)

Proceeding as in the case of Theorem (3.2), we can deduce that in order 
that the spaces F„ and F,( m ay be in geodesic correspondence (that is, a geodesic 
of F„ m ay correspond to geodesic of F J  it is necessary and sufficient that

(3.16}

Putting

^  +  7 ^ 7  f 9 a)Y§3 +  9(1)3s?} •

USr =  I *  +  A&

and corresponding equation for F„ in (3.8) we get

(3-!7)
'p*a p*a
1 ßy 1 ßy '

I
(» + 1 ) (9(1)y <*3 +  ?(i)3 S“)

v3r' ■A|? + (» — !)
.(«■+!)(» — 3) \\ ( n  —  I ) ( . | r  $  - £ 8 2  —

K*
K I .

S—  2
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THEOREM (3.4) a. A  necessary and sufficient condition that the uy^corre- 
spondence between the hypersurfaces F n and Fn may yield the geodesic correspon
dence between the spaces is that the tensor

Ba
ßY =  A *a

ßY ----
( y —  I)2 

(« + ! ) («  — 3)
2 (n— l) ,* v̂a

(n+i)(n — 3) C* ß Y’

is invariant relative to Uy—correspondence.
The following Theorem is an immediate consequence of equation (3.8).

Theorem (3*4) I f  the hyper surf aces Fn and Fn are in Uy^correspondence 
then the connection parameter

v £  =  u £ (n + i) r: + { n - i ?  
(» — 3)

k :
<  Sb- u + 2 (n — 1)

(» — 3)

is invariant.

4. U nion curvature tensor

It is obvious from (2.5) that Uß“ is an asymmetric connection, called union 
connection parameter. The connection UßY will be used in defining the 
following two methods of co variant differentiation of a tensor of the type 
T%(u , u') (Verma [3]).

(4 - i )
'T'®
A ß,Y =

3T?
duy +

9T“ 
3 u,s

du' 8

duy +  Tg U p  “ - npa X T*p-  I p  U ß Y

and

(4-2) npa
x ß;Y  =

®Tg
did +

3T“ 
3 u’s

du' 8

dill +  T ß  U * “ -
»-pa y x*a  

"  AP U Yß

Suppose &a ai'e the contravariant components of a vector field of the hyper
surface. The above two methods of covariant differentiation yield the 
commulative formulae

(4-3) x T>a ,Yß —■ & -K-SYß 1
and

(4-4) a® a< XT' ; ßy — -ir;Yß =  R.Syß 
2

where

(4-5) R°xaß
1

II

« 
c -t
t

+

_  (™ *î ,
\  du

3UT*ß° Su,s \  
3u’s du« I

% a /T T*e y T*ex

du'  ̂ du^

t*o t t *y t t *cjt t * y
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and

R'
2

3U£

0
- TOCß

. 3Uïx° du'8
\  3zzß + 3z/8 3«ß

+
3z/8 3«“ 7

+  U ß“ t j*y^  ax • u:*0
ay u (3t

are called the union curvature tensors of the first and second kinds of the 
hypersurface.

Let us suppose that

(4-7)a ^3 -  ?(i)3 +  -^-+ i)(L 3) **

and

(4-7)b _ I 2 (n •— 1)
VT ~  ( »+ ! )  ^(1)T (»+!)(

7*    *

\ c *  T C*" T

Thus the equation (3.8) can be written in the following form —

(4-8) Ü Tg =  U*3 4- f̂ 3 S° -f-- S3 •

Using the expression for RaTa0 and substituting the value of Ü*ß from (4.8)

in the corresponding expression for R°Ta3 (the union curvature tensor of the 
_ 1 

first kind of J;„) and noting the fact that

(4 -9) CJ-rß

we obtain after some simplifications

K!
U S  — U t  =  —  (8g /*— % $ )

(4.1°)

where

(44°) a

and

(4-io)b

R % » =  +  Sx (M ß a---- M œg) —  S ° N Tß +  S ß N TO ,

-M-aß JAx,ß [Ax H*ß ~~ * {Ax ß̂
1 , C

N xß - v.
k :

'T.ß ■ ■V VT*ß

and where we have also used the fact

TT*a
UßY ' - u r A*a A*a   ŝ cc * ,*>>

iVßy A y ß ----- (Òy Oß t y )  •; yß iLßy JVy  ß

Further we have

(4.I I) R°-rao -  Rra =  R ra +  (M Ta— Mat);-+■(«— ü) Nra .
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THEOREM (4.1). The union curvature tensors of the first kind fo r  the 
spaces Fn , are given by (4.10). and the union Ricci tensors fo r  the two spaces 
satisfy (4.4).

A similar calculation based on the equations (4.6) and (4.8) yields the 
following Theorem.

THEOREM (4.2). The union curvature tensors of the second kind fo r  the 
spaces Fn , Fn are given by

(4 .1 2 ) R°,ao -  R°r«a +  (Nßa —  N aß) —  S °M Tß +  %  M T0(.
2 2 2 2 2 2

where

K*
(4*13)a M aß. =  —  [Ax (*ß +  — (Ax h

2 c

and

K*
(4. ï 3)b NTß =  vT;ß ■—  vT Vß -f- vt H ì

2 C

and the union Ricci tensors of the second kind fo r  the two spaces satisfy

(4.13) Rw =  R°raa =  R,a +  (NT0C — NaT) + ' ( * — l) MTa .
2 2 2 1 1 1

The proof of this Theorem is similar to that of the Theorem (4.2).

5. Invariants arising out of ^ - correspondence

In order to obtain an invariant involving R°Taß and R°Taß several relations 
which are given below will be used. 1 2

Let us - suppose that

(S-i)a

and

(s.i)b

l t +  (" ...1)2(n +  i )(n — 3) c'
K

K1 p* ï («— I)2 _____
( « +  I) 3 (« +  i) («  — 3) Q

~n j*
h  ■

Subtracting ! (S-i)a from (5.1 )b and making use of the equations (3.6) and
(4.7)a we get

(5-2) >3

Further suppose that

(5-3)a X(2)g =

— — ^(Dß-

p *  2 (n —■ 1) K* f
3 ( « + ! ) ( «  — 3)
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and

(5-3)b X(2)ß —
I

{n +  I)

V7*
2  ( f t —  I )  J*

( n + i ) ( n — 3) c*  3

Subtracting (S-3)a from (5.3)b and using the equations (3.6) and (4.7)b 
we obtain

(5*4) v3 =  A(2)3---X(2)ß .

Using the equations of the type (2.5) we get (after some simplifications)

(5 .5) [*Y (U i -  Uga) =. - f  (W t l  -  ^  tl)

and

(5-6) h  =  (̂ ci)ß — (̂2)ß) •

Using the equation (4.8) and denoting by X(i)aTß and X(2)aTß the covariant 
differentiations of the type (4.1) with respect to the connection parameter 
Üß“ , we get after some simplifications

(S*7)a X(i)ocTß — X(i)a,ß -- [Xß X(i)a +  Va X(i)ß

and

(S*7)b X(2)T7a =  X(2)t7a --- (Ax X(2)t +  X(2)a •

T heorem  (5.1). The tensor S "rocß defined by
1

($ .8 )  S 9Taß =  R°raß +  { \ l ) a , 0 ----\l )0 ,a  +  ^  ( \ l ) a  X(2)0----X(1)0 X(2)a) | 8®----

---I \2)T,a +  ^  X(2)t \ 2)a.----- ^  >Kl)a j Sß +

+  I (̂2)T,ß +  j )  X(2)t *<2)3  *(2)-c *<1)0 j ,

is an invariant with respect to ux~correspondence.

Proof. Using the equation (5.5), (S-7)a and (S-7)b and (4.8) we deduce

(5 .9 ) M aß M ßa =  (X(i)aT3   X(i)3 7 a) —  (X(i)a,ß  ^(l)ß,a) +

+  \ i ) y  ( ü £  -  ü S )  -  X(1)Y( U |I  -  u 2 )
and

(5 .1 0 ) N T0£ S3 N Tß Sa =  S3 ( X(2)t T a X(2)t T a) +  (X(2)t X(2)a X(2)T X(2)a)----

( X(2)t7 a X(2)T,a +  X(2)T X(2)« X(2)T X(2)a)  X(2)T (Ü « ß  Ü ß«) +

+  W T O — U^°) .
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Substituting the expressions (5.9) and (5.10) in (4.10) and using (4.9), 
we get

S~n   qo
Taß —  Taß >1

which proves the Theorem.

THEOREM (5.2). The tensor STa defined by
1

(S * 1 1 )  S Ta =  R Ta 4 “ ‘ ^(1)t ,oc H ^  ^(l)a  A(2)t -----

ln __ !)  A(2)a (p  0  A(2)T,a 2  ( n ------2 )  A(2)t A(2)a ,

is an invariant with respect to Uy-correspondence.

Proof. In the above RTa =  RaTao is the union Ricci tensor of the first kind. 
1 1

Contracting a and ß in (5.8) we get the equation (5.11).
A similar calculation based on the equations (5.2), (5.4), (5.5), (5.6), 

(4.8), (5.7)21 and (5-7)b yields the following Theorems.

Theorem (5.3).. The tensors SaTaß and  STa defined by .
2 2

( 5 - 1 2 )
c °  __

Taß —
2

R °
2

Taß +  S ?  j X(2)a ; ß -----A(2) ß ; a —
(n
{n

__ ^

_  ( V ) *  ^ 2)3 \ l )3 ^ (2)a )

+ S a 4 ( i)T ;ß  +  ( n _ \ l ) T  V )3 — ( »  —  3 ; 

( « — I)
A(1) t  X(2)ß j  ------

— S 3 | x (i ) T ; a +  { n _ >> sT 1 ( »  —  3 >

( »  —  I )
A(1) t  A(2)a j

and

( 5 - 1 3 ) S Ta
2

= R-Ta +  A(2)a ; t  ~  
2

~ A(2) t  ; a -----
in — 
(n —

" 3 ) X
_ ! )  A(2) t A(l)a  +

+  .!) (̂2)a — (n — 1) X(1)T ; a — 2 (n — 2) X(1)T X(1)b .

+

are invariant with respect to u^-correspondence.
Rtoc — R-°Tao is the union Ricci tensor of the second kind in the above
2 2

Theorem.

The Author is thankful to Dr. U. P. Singh for his encouragement in the 
preparation of this paper.
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