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Geometria differenziale. — Union Curvature Tensors and Union
Correspondence between two Hypersurfaces of a Finsler Space. Nota ®
di ManjuLa VERMA, presentata dal Socio E. BompianT.

SUNTO. — Si studiano le proprieta di una corrispondenza puntuale fra due ipersuperficie
in uno spazio di Finsler in relazione alle loro «union curves ».

I. INTRODUCTION

Let us consider two hypersurfaces F, and F, immersed in an (% + 1)~
dimensional Finsler space F,.;. These hypersurfaces are associated with a
coordinate system #*. The coordinates x* of the space are such that x = x* (%)
and %' =Xx'(«*) (where, 7=1,2,---,24+1; a=1,2,---,7) hold for
F, and F, respectively.

Consider a unit vector field A’ tangential to a congruence of curves in
F,11. At the points of F, and F, we may write

(1.1)a N, x) = (u, u') X+ C* (u, ) n* (u, o)
and
(1.1)b N(r,x) = u, u') Xo 4+ C*(u, w) 7 (u, u')
where

' dx? o de® i oxt i 2%

x p—ri = — [ ——— —
’ ds ’ ds ! 7w ? T duo
and 7%, 7** are the secondary normals to F, and F, respectively (Rund [2]).
y n n TESP

2. UNION CURVES FOR A HYPERSURFACE F,
The first curvature vectors ¢* and p* of a curve C of F, are such that
. ; du® duP .
(21) ¢ = 7 Xo + Qg (u, ) - g7

where Qug are the components of the second fundamental tensor of the hyper-
surface. The differential equations of the union curve of the hypersurface

(*) Pervenuta -all’Accademia il 12 ottobre 1971.
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are given by

L dut aid
(2.2) = P A & ii d (zf*Y— £* i—f) ,
where
1 gy e 2
since
3) A (R

(where T is the induced connection parameter). Therefore union curve of
the hypersurface F, relative to A’ can be written as

%Y xr di® da? .
(2.4) o TUe 45 g =0
where
*Y P*Y K: SY 83 SY 85 *0
(2.5) Ug: = ET?(B 8— 08 00) £ gre .

3. UNION CORRESPONDENCE BETWEEN F, AND F,.

THEOREM (3.1).  7he differential equations of the wumion curve referved
to an arbitrary parameter t are given by

(3.1), 4 i — i P = (Usga® — UlgaPy a®u®
where
du® 2y
. dx _
W= ae

Proof. It is easily seen that when we perform parametric transformation
. dzs .
t=1(s) (Wlth 4 °F o) equation (2.4) becomes

G2) U — () () =o

from which the equation (3.1) follows immediately.

DEFINITION. The hypersurfaces F, and F, with the metric tensors
&up (%, %), Zup(x, %) are said to be in union correspondence (more precisely
in #)—correspondence) if their union curves relative to the congruence A’ are
the same.
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Putting
K, *0
*o ” oL QE o QE
(3-3) by = ox (308 — 3 80) g,

we get after contraction

(3-4) gr=o0 and pr =

In order to study the properties of hypersurfaces in union correspondence
we introduce

(3-5) by = Gg:r‘ ——UB?

Defining I's = I'y§ and using the equations (3.4) we get

(3-6) Al =T —TI% = eap  (suppose)
and
¥ % K*
n o n ¥
(3-7) Age = Fwp + (e —1) (ﬂe e — x fﬂ) = Pe@p  (suppose)
where & = | gu|, # = | G| and K, K, are normal curvatures to F, and F,

in the direction of a curve C.

THEOREM (3.2). The necessary and sufficient condition that the two hyper-
surfaces ¥, and F, (n:{: 3), be in wy—corvespondence is that

Tr¥o *a (%—1)2 K: ¥ K: ) 3

(3.8)  Upy = Ugy + 2 (”+ o for T o=y (”ET h— o) %+
S I 2(n—1) K: ¥ K: * ? o

TUEE P T Gy b )%

Proof. From (3.1), it is clear that the hypersurfaces are in wy—correspon-
dence if and only if

(3.9) (U6 — U 4P ad 4 — (U3 — Ups) P4 = o,
which in view of (3.5) becomes

(3.10) (A% 85 — A% 3 Wit =o0.

Since this equation holds for arbitrary #Y, we have

(3.11) ASy 8% + AGy 8 4+ A% 0 = A% 8% + A, 85 - A% S5,
Contraction of § and ¥y in (3.11) yields

(3-12) (n—1) A% + 2Afs = Pyo 05 + P23 36 -
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Interchanging & and 6 in (3.12) and solving for Aj from the two equations
we get
(3.13) A% = m {P1)eds (n—1) — 2 Pa)pd5+ (2 —1) P@885 — 2 Pqys 33}-

Simplifying (3.13) with the help of (3.6) and (3.7) we obtain

n+1) (n—3)

C
L I _2(r—1) K: % K: *
I TR AT ey y ooy

o —* (K s K\
(3.14) Agyzsai—l)%)yﬁ—(——m—i)——(%;tj-— *l‘$>239+

Substituting in (3.5) the value of A, from (3.14) we deduce the required
equation (3.8) as required.

For n =3, the equation (3.12) determines only the symmetric part
of Agy. However, we shall assume that n==3.

Suppose, in particular, that the congruence A’ is normal to the subspace F,, .
We have then Agy = o and the union curve of F, is a geodesic of the hyper-
surface (Mishra and Singh[1]). The Theorem (3.2) will, therefore, take the
form,

THEOREM (3.3). A union curve of the hypersurface ¥, will corvespond to
a geodesic of F, if

Toxo *0r \ | —1)° . %

(315) BY:UﬁY —l-; (nfl—l) Pay — (n——g—”;ﬁnl)——:;) li%&%‘*_
) n—1) K al
T ot ey

Proceeding as in the case of Theorem (3.2), we can deduce that in order
that the spaces F, and F, may be in geodesic correspondence (that is, a geodesic
of F, may correspond to geodesic of F,) it is necessary and sufficient that

(3.16) Ta =Tey +

Putting

@‘jr—; {Pay % + Pwpdy} -

o K¢ *o
Uy = Tay + Agy

and corresponding equation for F, in (3.8) we get

(3.17) ‘ Iiy— iy — (7375 (Paye 3 + P O7)
_ =0 o, (K K
= A=At ey | U(G* b o )98

K, K}
_2<_" iy d té)Sﬁ%- ;

@)
@)
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THEOREM (3.4) a. A necessary and sufficient condition that the uy—corre-
spondence between the hypersurfaces ¥, and ¥, may yield the geodesic correspon-
dence between the spaces is that the tensor

} %

BE, — A —u  Ki ryr oy 20— K

* Qo
0 —3) o =3 o % %

is invariant relative to wu,—corvespondence.
The following Theorem is an immediate consequence of equation (3.8).

THEOREM (3.4) 6. If the hypersurfaces ¥, and ¥, are in uy—correspondence
then the comnection parameter
)

oL *0L - - K
VgY :UBY‘*——*‘(,Z_‘I_I) K +— (n I) C* ZY>89 (Pﬂ‘f‘z(n I)) c*

is invariant.

4. UNION CURVATURE TENSOR

It is obvious from (2.5) that Ugy is an asymmetric connection, called union
connection parameter. The connection Ugy will be used in defining the
following two methods of covariant differentiation of a tensor of the type

Ta (e, u) (Verma [3]).

STg ATy 5,8

o g /2 *0L *0
(4I> B,y = SuY + 3%’8 auY + Tg Upy — T:UB‘Y
and
oT% T 3
g g ou o T T*
(4-2) Tv=—r+_5 L+ TTHUE-T;

Suppose §* are the contravariant components of a vector field of the hyper-
surface. The above two methods of covariant differentiation yield the
commulative formulae

(4-3) '9"?13\' - B?‘YB =9 li?‘SYB + 9% (UYB - U )
and
(4.4) iy — 9%yp = 9° lzlsws + 9% (Ugy — Uyg)
where

R (U 4 2
(45) ) o — Sue 3%'8 P —

( 3UXs AU

16
¥
2 ) s ugun vy
\ U
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and-

e _ (P aUx g
el o ' P

. SUES SUES ou'®
o\ e w?®  a®

) +ug Uz — vz ug

are called the union curvature tensors of the first and” second kinds of the
hypersurface.
Let us suppose that

o I (n—1)? K: % K: *
(4-7)a e = 7oy Pwe + D (r—3) <E* to— % %
and

_ 1 _2m—n (K K] &
(4-7)b Vo = (”+ I) CP(l)‘r (ﬂ+l)(ﬂ~*§ (C* t-r C* 2

Thus the equation (3.8) can be written in the following form —

«8) 0% = U5 + 2 4 9.5

Using the expression for R°,s and substituting the value of Uk from (4.8)
1

in the corresponding expression for R%,s (the union curvature tensor of the
1

first kind of F,) and noting the fact that
K, ‘
*o c 7 G ¥ c ¥
(49) UTB _qu,- = —CT <SB te— 8 fﬂ)

we obtain after some simplifications

(4-IO> Rc-mc = RG‘E(ZG + 8: (Mﬁa _'Mo:B) - 82 I\IITB + 33 lfm ’
' 1 1 1 1 R
where
K*

” *
(4.10)3_ : l\i{uﬂ : Mo, = Mo g — F Yo 28
and

*
(4.10)b ‘I;ITE, = V3 — Vo Vg — C—: Ve g

and where we have also used the fact

K
C

*
*0L *o *0 *0L ”n o ¥ o %
Ugy — Ui = Agy — 3 = % <8Y %5 — 3 ty) -

Further we have

(411)

= =
a Q
§

I
H?I
B

Il
= %

‘r‘a‘ ~+ (l}/-[m_“'l\{lai:)“i‘ (7& ey I) 1?10‘ .
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THEOREM (4.1). The union curvature tensors of the first kind for the
spaces ¥, | F, are given éy (4- Io) and the union thcz tensors for the two spaces

satisfy (4.4)
A similar calculation based on the equations (4. 6) and (4. 8) yields the
following Theorem.

THEOREM (4.2). The union curvature tem‘ors of the second kind for the
spaces F,,F, are given by

(4.12) Rz T — Rc‘mc -+ 80 (NBoc - NaG) - 86 ‘rB + 88 MTO(
where
K*
(4.13)a Maﬁ‘"“‘a e Ua Zg
and
K,
<4I3)b 1§TB:VT;B—_VTVQ+C—*VTZ‘§a

and the union Ricci tensors of the second kind for the two spaces satisfy

<4I3) Rw = Rc-;ac == R-m + (Nw - Noc‘r) + (% - I> M‘m .
2 2 2 1 1 1

The proof of this Theorem is similar to that of the Theorem (4.2).

5. INVARIANTS ARISING OUT OF #;—~CORRESPONDENCE

In order to obtain an invariant mvolvmg R s and R g Several relations
which are given below will be used.
Let us: suppose that

- ‘ *
_ 1 * (n—1? K, o«
(5.1)a o= Gy Tt oy o
and :
= (n—1? K o
(5.1)b Mop = oy D + Gt —3) T B

Subtracting  (5.1)a from (5.1)b and making use of the equations (3.6) and
(4.7)a we get

(5-2) te = Aae — A -
Further. sup;pose that

1 e 2(n—1) K o«
n+1 P n(n—3) C*

(5-3)a Agp =
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and

¥
= 1w 2(n—1) Ko g
(5-3)b M= G Y~ Grnm—a o #

Subtracting (5.3)a from (5.3)b and using the equations (3.6) and (4.7)b
we obtain

(5-4) vp = Agp — Aa -

Using the equations of the type (2.5) we get (after some simplifications)

K,
(55) oy (Ude — Ul) = & (o 2a — ta75)
and
K % (n—
(5.6) o b= (n_,l ) L e — heam) -

Using the equation (4.8) and denoting by Aqwse and Agasps the covariant
differentiations of the type (4.1) with respect to the connection parameter
Uiy, we get after some simplifications

(5-7)a X(Docﬂs = X(Doua — MB7\<1>u + Vﬁ(l)ﬁ
and
(5.7)b 3:(2)1:Ta = X(2)r?oz - Ll'u—7_\(2)r + Vri@)a .

THEOREM (5.1). The tensor S’u.p defined by
1

(5-8) %qwﬂ = R%up + {Apa,s — A0gia + ( (7\(1>a A@e — Awe A@y) { 07 —

— 3 Agye,a 2(”71__?12)) A2yr A@w. — F—— 33 A2yr My % 3 +

(n—1
+ 37«2)1 B+ &T Aaye Mg — Ean; A2y Awe % 8

is an invariant with respect to wuy—correspondence.

Proof. Using the equation (5.5), (5.7)a and (5.7)b and (4.8) we deduce

(5.9) 1\1/1043 “‘1\1/1&: = (Atars — Appre) — As — Ame,a) -
+ Ay (Taad — U2) — Ay (Ui — U
and

(5. 10) ll\Tm 3 — 11\1-:3 3 = 8 (7\(2)T Ta —Agyya) + (*7-\(2)1 ~7_\(2)a — A2y A@)o) —
— (7-\(2)170: — A2)r, —!-7\(2)7 i(?)oc — A@)r A2)e) '—7\(2)1 (Uee—Uge) +

+ )\(2)-:' aB - )
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Substituting the expressions (5.9) and (5.10) in (4.10) and usmg (4.9),
we get

g Taf = S Tof
1
which proves the Theorem.

THEOREM (5.2). The tensor S., defined by
1

(5.11) §m = le + Ave,r — Apye,a + —(—T Ao A@yr —
5 3) haye Agye — (7 —1) Agye.a — 2 (2 —2) M@y A@pa »
1)
s an invariant with respect to w,—correspondence.
Proof. In the above Ilim = l}t’mc is the union Ricci tensor of the first kind.

Contracting ¢ and B in (5.8) we get the equation (5.11).
A similar calculation based on the equations (5.2), (5.4), (5.58), (5.6),
(4.8), (5.7)a and (5.7)b yields the following Theorems.

THEOREM (5.3). The tensors S’y and S, defined by .
2 2

[+ o Lo} ( _' :
(5:12)  Shwp =Rl + & % Aga; 8 — Mpia— (—Z:—f;— e A2 — Aws Aya) % +

n—22

(
+ 32 %Nl)r s + ——I)) Aays A — Tn——%— Aaye Ao %*-

— 3 %Nm «t -(—)> Aaye Apye — (7:—?; Aaye Ay %
and
<SI3> Szw = I}ra + 7\(2)05 A 7\(2)1 s T H 7\(2)1 7\(1)0; -+
+ ;ii_;z—_)) My A — (7 —1) Ayrsa — 2 (72— 2) Aaye Ay -

are invariant with rvespect to wuy—correspondence.

Ry = R%4s is the union Ricci tensor of the second kind in the above
2 2

Theorem.

Thél Author is thankful to Dr. U. P. Singh for his encouragement in the
preparation of this paper.
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