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Teoria dei controlli. —■ Sufficient Conditions fo r  Controllability 
of Nonlinear Systems. Nota n  di J e r a l d  P . D a u e r , presentata dal 
Socio G. S a n s o n e .

RIASSUNTO. -—  Con l’uso del Teorema del punto fisso di Schauder si stabiliscono condi
zioni sufficienti per la controllabilità e la totale controllabilità di un sistema nonlineare della 
forma x =  A (t , x) x +  B (/ , x) u.

i .  I n t r o d u c t io n

In  a recent paper D avison and Kunze [1] used a fixed point approach 
to study global and local controllability of the nonlinear system

(0  % =  A  (t , x)  X  +  B ( t , x) u (x =  dx/dt)

on 1=  I/o , *1]. For global controllability it was assumed tha t A and B are 
uniform ly bounded on IX  E ”, En is Euclidean ^-space. In  this paper we 
m odify the D avison-K unze approach to examine the (null) controllability 
of system (1) under som ewhat less restrictive assum ptions on A and B. In  
particular, we assume only local conditions on A and B in place of the 
constrictive global conditions used in [1 ]. However, we shall assume an 
additional condition on the behaviuor of B ( t , x) near x  =  o; namely, 
I B ( t , x) I <  \c I x  I locally in x.

In  Section 2 we obtain sufficient conditions for controllability of system
(1) by exam ining the controllability of the linear system x  =  A  ( t , z) x  +  
+  B (t yz) u for bounded sets of continuous functions z. We use this result 
in Section 3 to consider total controllability of system (1). O ur result there, 
under the additional hypothesis on B, im proves the results on total controlla
bility obtained by D avison and Kunze [1]. In  this section we also consider 
s-approxim ate controllability using piecewise constant controls. This type 
of controllability is interesting in a num ber of applications.

2. C o n t r o l l a b il it y

We shall assume th a t A  and B are n X n  and n X m  m atrix  functions, 
respectively, th a t are continuous in x  for fixed t  and piecewise continuous 
in t for Axed x. System  (1) is said to be controllable if given any  x x € E ” 
there is a piecewise continuous (control) function u  : I Em such th a t the 
solution of the initial value problem

x  =  A  ( t , x) #  +  B ( t , x) u (t) 
x  (t0) =  o

satisfies x  (tf) == x x .

(*) Pervenuta all’Accademia il 13 settembre 1971.
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Let C [I] be the set of continuous E ~ v a lu ed  functions defined on I.
Then C [I] is a B anach space with the norm  ||#|| =  m ax \z (7)1. For positive

/ e i
constants N and d  we define

CN [I] =  { * e C r i ] : | M | < N } ,

II# =  m ax I z (f) I,
t e l

C^ [I] =  {^ e C  [I] : H^IU

For each z € C [I] let O ( t , z) denote the fundam ental m atrix  solution of 
x  =  A  ( t , z (fj) x  such th a t ® (/0 , z) is the identity m atrix  and let

f

/

Denote W z [t0 , t±] by  W ,.
If  z 6  C [I] is such th a t the determ inant of W ,, det W z , is nonzero, 

then define the control function uZXl : I -> E w by

(2) uZXl(t) =  b  (/ , ^ (V))T O -1 ( t , z)T W r1 <I)“ 1 (h , z ) x  I-

For such z  the solution, denoted by P(#), of the linear initial value problem

x  =  A  (t , z  (t)) x  +  B ( t , z (t)) mZXx (t)

X  (t0) =  0

satisfies x(t f )  — x 1} (cf. [2]). In  fact

t
(3) P ( z )  (f) =  $  ( t , z ) j  <E>-1 (s , z) B (s , z  0)) {s) di-.

THEOREM i. System  (1) is controllable i f  the following two conditions hold\

i) For each N >  o there exists a constant k  =  k (N) which satisfies

\B ( t , x) \ <  k \ x \ 

fo r  all ( t , x) such that t£  I and \x \  <  N.

ii) For each N >  o there exists a constant c =  c (N) >  o such that

in f det W z > c .
* e c N[i]

Proof. F ix Xi G Kn and choose N >  \x r \ . Define the continuous operator 
P : C [I] -> C [I] by equation (3). Since A  . ( t , z (t)) and B ( t , z (t)) are 
bounded (on I) uniform ly in ^ e CN [I] it follows th a t <D ( t , z) , O“ 1 ( t , z) 
and W 2 are bounded uniform ly in z € CN [I]. By condition (ii) we therefore 
have th a t W 7 \  and hence uZXl(t) (see equation (2)), is bounded uniform ly
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in z  e CN [I]. Hence, using condition (i), there exists a constant d  >  o which 
depends only on N and x 1 such th a t

I p  0 )  0 0 1 <  d  j I s  0 )  I ds 
u

for all t e l  and each z e CN [I]. Thus for each z e CN [I] we have

t
e - d ( t - t 0) j p  ^  (/) | <  d  j e~dV-*0) \ z  (s) I ds 

U
< ML,

for all i e I .
L et M  Then Cm [I] is a subset of CN [I] and thus

^  =  {■PC'3') : z  € Cm [I]} is a subset of Cm [I]. By the Arzelà-Ascoli Theorem
[3] the closure of the im age set O is compact. Hence by Schauder’s fixed 
point theorem  [3], the operator P  has a fixed point z  € Cm [I]. The function z 
is clearly a solution of system  (1) corresponding to a control function of the 
form (2), z( t0) =  o and z( t 1) = x 1. This completes the proof.

Remark . As was pointed out in [1], a difficulty in the application of 
Theorem  1 is in showing th a t condition (ii) is satisfied. A  com putable criterion 
for this condition based on the controllability m atrix  of S ilverm an and 
M eadows [4] can be adapted from [1, Theorem  3].

3. T o t a l  a n d  s- a p p r o x im a t e  c o n t r o l l a b il it y

System  (1) is said to be totally controllable if given any x Q , x x e Kn and 
any  / /  e (t0 , t±] there is a piecewise continuous function u : [t0 , tf ] -> Em 
such th a t thè solution of the initial value problem

x  == A  ( t , x) x  +  B ( t , x) u (f)
x  (t0) =  x 0

satisfies x  (t/)i == x x .

THEOREM 2. System  (1) is totally controllable i f  the following two con
ditions hold'.

i) For each N >  o there exists a constant k  =  k (N) which satisfies

I B ( t , x) I <  k  I x  I 

fo r  all (V, x) such that t e l  and \x  \ <  N.

ii) 7 F°r each N  >  o there exists a constant c =  c (N) >  o such that

in f det W z [ t , / ']  >  c
z €  CN [I]

fo r  all t , t } e I.

22. — RENDICONTI 1971, Voi. LI, fase. 5.
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Proof. L et x 0 , x ± and tf  be given and choose t2 € (A) » I/)- Define the 
operator P ' : C [I] -> C [I] by

t
P ' (z) (7) =  — j O -1 (s , z) B (s , z (sj) uZXc (s) d j ,

0̂

where uZXo (f) =  B ( t , z  (/))T <P "1 ( t , z)T (W 2 [t0 , x o • As in the proof of 
Theorem  1, the operator P ' has a fixed point z1 . The function z1 is a solution 
of system  (1) corresponding to the control function u r2lXo , z± (t0) =  x 0 and 
Zi(t2) =  °- Also as in the proof of Theorem  1, there is a function z2 £ C [I] 
which is a solution of system  (1) corresponding to the control function

(0 =  B (t, z2 (0 )T o - 1 i t , ^2)t  (W,2 |/2 ^ ] ) - 1 r 1 & ,  ^  ,

z2 (tf) =  0 and #2 (AO ~  x i • Define the control function u : I -> Em by

i <*„ (0 for t € |/0 , t2]
U "  j Uz,Xl (0  for t  e (/2 , 2/].

Then the solution of
x  =  A ( t , x) x  f -  B ( t , x) u (f)

X (t0) =  x 0

satisfies x  (tf) =  X i . This completes the proof.
The following result is on approxim ate controllability. Its proof follows 

directly from  Theorem  1 using continuous dependence of solutions on p ara 
m eters (cf. [5, p. 18]). We say th a t system (1) is z-approximately controlla
ble using piecewise constant controls if given any Xj E En there is a piecewise 
constant function u :  I - >  E W such th a t the solution of the initial value 
problem

x  =  A  ( t , x) x  +  B ( t , x) u (t)
x  (tf) =  o

satisfies J x  (tf) —  x f  < z .

T h e o r e m  3. Suppose A  and B are continuous on l x  EL I f  conditions 
i) and it) of Theorem 1 hold, then system (1) is z-approximately controllable 
using piecewise constant controls fo r  every z >  o.
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