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Geometria differenziale. — On Kihlerian spaces with recurvent
Bochner curvature. Nota © di K. B. LaL e S. S. SINGH, presentata
dal Socio E. BompianT.

R1AssUNTO. ~— Gli spazi riemanniani 7-dimensionali di curvatura ricorrente furono
introdotti e sviluppati da Ruse [2] ® e Walker [4] e poi furono studiati da vari altri Autori.
Mathai [1] ha definito gli spazi kihleriani simmetrici, ricorrenti e semi-ricorrenti ed ha otte-
nuto alcuni rapporti esistenti tra di essi. In questa Nota gli Autori hanno definito uno spazio
kihleriano con curvatura bochneriana ricorrente, derivandone alcune proprieta relative a
spazi kihleriani ricorrenti, semi-ricorrenti e simmetrici.

1. INTRODUCTION

An 7z (= 2m) dimensional Kihlerian space is a Riemannian space if
it admits a structure tensor ¢, satisfying

(ry® p e =— 8]
where
=e .
(1.2) | P =" P (P = 98
and
(1.3) gof’u =0

where a comma followed by an index denotes the operator of covariant diffe-
rentiation with respect to the metric tensor g; of the Riemannian space.
From (1.2) in view of (1.3) we get

(1.4) Pppp = O-
The operators Oi and *Of have been defined in [6] page 133 as
(15)  OF=4 (8" —e'e)) , FOF=1(3"+ ¢ 0N

(*) Pervenuta al’Accademia il 15 ottobre 197I.
(1) The numbers in the square brackets refer to the References in the end.
(2) All Latin and Greek indices run over the same range from 1 to: 7.
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which satisfy the relations

(1.6) O+"=A , 00=0 , 0*0=o,
*0.0=0 , 0'0="0
A being the identity operator.
If a tensor T..7... satisfies
OfT: 7 =o,
we say that T.70 is hybrid in » and s and if it satisfies

we say that T!{.] is pure in » and s.
Also if a tensor T...,..,... satisfies

OiT.ps... =0,
we say that T..,....... is hybrid in # and s and if it satisfies

* IS
Oj,’T...;...:... = 0

b

we say that it is pure in # and s.

It has been verified in [6] page 63, 68 that the metric tensor £;; and the
Ricci tensor denoted by R,; are hybrid in 7 and 7. Hence we get in view
of (1.5) and the above definition

<I7) g,‘]' = gyr (P,"r (Pjr’

(1.8) R, =R, o/ ¢

The Riemannian curvature tensor which we denote by Ry’ is given by
k %
wv % — % W

whereas the Ricci tensor and the scalar curvature are respectively given
by Ruy = Ryw” and R = g™ Ry,.
If we define a tensor S,, by

(1.10) Sy = ¢,* Ray,

o

<1-9> @ :R%u.v/é =9 aw i’

ot —

+

then we have

(r.1r) Suy = —Su-

(3) 8, = 33
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Recently S. Tachibana [3] has shown that with respect to real coordinates
a tensor Ky, = K;\wkgm defined by

(1-12> I<7qw,z2 = Rluvk + _7‘1‘15 {R}\v 8;1./E - Rx.w 87\/} +g)\v Ruk '—gu.v R)xé —I“
-+ S)w CPU,é - Suv CP)\/é -+ Pav Su.lz2 — Quy S)\k +2 SM}. (ka +
& R b2 &
+ 2 ¢ SV} — ICEDICET ) {800 —&uw & +
+ P 0uF — Quy 0F + 2 o 9},

has components of the tensor given by S. Bochner [5] ® and has called this
tensor the Bochner curvature tensor.

2. KAHLERIAN RECURRENT SPACES

DEeFINITION 2.1. A Kihler space is said to> be recurrent if we have
(2.1) Raw’.e = ae Ropy”
for some non-zero vector a., and is called semi-recurrent if it satisfies
(2.2) Ry = Ruy-ae.
Multiplying  this equation by g™ we get
(2.2) R.=R-a..

Remark 2.1. From (2.1) it follows that every Kéhlerian recurrent space
is Kéahlerian semi-recurrent but the converse is not necessarily true.

DEFINITION 2.2. A Kihler space in which the Bochner curvature tensor
satisfies the relation

(2.3) Ko e = ac Ko

for some non-zero vector a., shall be called a Kihler space with recurrent
Bochner curvature. ‘ '
Now if we put

R
(2.4) LN}. = Rlu. - 2(71—“1_2) Ehws
and
o R
(2.5) Moy = @% Loy = Sae — = P,

2 (2 4 2)

(4) S. BocHNER [7], K. YANO and S. BOCHNER [5], page 162.
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K;." has the following form:

(2.6) o' = Ro' + S [ 85 — Ly 8 4400 L —
— My 9" — £ L* — My 00" + 5y M,* —
— s M 42 Mo, 0 + 2 3 ML)

Multiplying (2.6) by gz, we get

(2.7) Ko = Rove + %—[—4 [Low £uo — Ly £26 + & Luo —
—&uw Lae + My 9o — Myy 9r6 + Qa0 Muo —
— s Mio + 2 Moy, Guo + 2 9 My ]

which on differentiation with respect to x* becomes

@7 Ko = Rowoe + 57 [0 Live — 820 Luve +
+ & Lpo,e —&uv Lio,e + Puo May,e —
— Pro0 Muv,e + @20 Myo,e — @py Mig,e +
+ 2 9o Mo, + 2 ooy My, ]
Multiplying (2.7) by @. and subtracting from (2.7)’ we have
(2.8) Kywo,e — @ Kyve = Rayve,e — @ R +
oy 8o v — . L) — 10 (Luve — @ L) +
T & (Lpo,e — 2e Liuw) — 8wy Low,e — e Law) +
+ Pue (Miy,e — @e M) — 9ro Mypy,e — @ M) +
+ @10 Mao,e — @ Myo) — Py (Mo e — s Mio) +
+ 2 ¢vo (Mo,e — @e M) + 2 2 Myo,e — @ Myo)] -

If the Kéhler space is Kihlerian semi-recurrent then in view of equations
(2.2)', (2.4) and (2.5) we get

(290 Lyec—aly=o0 and (2.10) Myy,e —a. M3, =0
and so the equation (2.8) reduces to

(2- I I) Kku.vw,a — Qg K?\p.vwk: R)\MVQ},E Qg R)\V,V(J.) .
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Conversely, if in a Kihler space the equation (2.11) is satisfied then
we have from (2.8) the relation

(2.12) Guow Lav,e — @ Loy) — &0 Lp,e — @ L) +

+ & Lvio,e — @ Luw) — &uv Lie,e — e Law) +

+ Guo (Mav,e — @ M) — @r (Mps,e — @ M) +

+ P Muo,e — @e Myo) — uy (Mi,e — @ Mow) +

+ 2 Qoo Mygy,: — @ M) + 2 @3 My, — @ Myo) = 0.
Multiplying the above equation by g*¢ and using the relation (1.2) we get
(2.13) (n—2) (Lyy,e — @ Loy) + &0 £%° (Lypo,e — @ Lpw) —

— o (Myy,e — @ M) + 0,© (Mio,e — @ Mow) +

+ 200 Mu,e —a Myy) + 2 9© (Myy,e — a. My,,) = 0.

On using (2.4), (2.5), (1.7) and (1.8) in the above equation we get after
some simplification

(2.14) (7 + 4) (Ru,e — a. Ry,)) = o.

Since 7 ==-—4 we have

R)\v,e = a. Ry

which shows that the Ké&hler space is Kéahlerian semi-recurrent. We- thus
have the following

THEOREM 2.1. Zhe necessary' and sufficient condition for a Kihler space
to be Kdihlerian semi-recurvent is

K)\y‘vo’),s — Qg Klu.vw = Rluvw,a — Q. R?xpwco .

Now if the Bochner curvature tensor vanishes, then from the equation
(2.11) we get.

(2‘ I 5) R)\MVG},E = Q¢ R)\u.vw )

which shows that the space is Kihlerian recurrent.
We thus have the following Corollary:

COROLLARY. A Kdéklerian semi-recurrent space in which the Bochner
curvature ten;for vanishes is Kihlerian recurrent.

From (2.11) it follows that every Kihlerian recurrent space is a Kihler
space with recurrent Bochner curvature. Hence we have in view of the above
Corollary
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THEOREM 2.2.  The necessary and sufficient condition for a Kihlerian
Semi-recurrent space to be Kihlerian recurrent is that the space be that of recurrent
Bockner curvature.

From equations (2.8), (2.11) and the Remark 2.1 we have

THEOREM 2.3.  7he necessary and sufficient conditions for a Kihler space
to be Kdhlerian recurrent are that the space be that of recurrent Bochner curvature
and the equation (2.12) be satisfied.

3. -KAHLERIAN SPACES WITH PARALLEL OR VANISHING BOCHNER
CURVATURE TENSOR

DEFINITION 3.1. A Kihler space satisfying the relation
V4
<3I> K?xuv e = O or K?;uv/e,s =0

has been called a Kihler space with parallel or vanishing Bochner curvature
tensor.

A Kaihler space with recurrent Bochner curvature is characterized by
(3-2) Kowe,e = 2 Koo
which in view of the equation (3.1) gives
as Kyuvo = 0
or Koo = 0 for a.==o0.
Hence we have

THEOREM 3.1. If a Kikler space with parallel and recurrent Bochner cur-
vature has non-zevo recurrence vector then the Bochner curvature tensor vanishes.

In a Kihler space with parallel Bochner curvature equation (2.8) takes
the form

33 Ruwoe— 2 Riwo + @ Koo + 557 (8o Lave — @ Li) —
— &6 Luv,e — @ Luy) + &0 Lpo,e — @ L) —
— & Lro,e — a: Liw) + 0pe (sz,a — a, M) —
— ?r0 Muy,e — 2e M) + @ay Muo,e — @ M) —
— @uy Miw,e — 2 Maw) + 2 9o My, — @ M) +
+ 2 @ Myoe — @ Myo)] = 0.

Now if the Kihler space is Kaihlerian semi-recurrent then the above
equation reduces to

(34) R}\w)m,a 2 R?q).vm’ “l‘ as’ K?q}.v(g = 0.
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Conversely, if in a Kihler space with parallel Bochner curvature the
above equation is satisfied then proceeding as in Theorem 2.1 it can be
seen that the space is Kihlerian semi-recurrent. We thereby have

THEOREM 3.2. [n a Kihler space with parallel Bochner curvature the
necessary and sufficient condition for the space to be Kihlerian semi-recurrent
is that

Royve,e + ae (KAu,vm — RMLV(») = 0.

4. KAHLERIAN SYMMETRIC SPACE

DEFINITION 4.1. A Kihler space is called Kihlerian symmetric in the
sense of Cartan if it satisfies

(4'1) R;\U,vm,s = 0.

Therefore, clearly a Kahlerian symmetric space is Kihlerian semi-sym-
metric.
On using (2.7)" we have

THEOREM 4.1. Ewvery Kihlerian symmetric space is a Kihler space with
parallel Bochner curvature tensor.

From (2.7)" it also follows that in a Kihlerian symmetric space the
Bochner curvature tensor satisfies

<42) K)xp.vm,s = 0.

Further if the Kihlerian symmetric space is Kihlerian recurrent also
then from (2,1) we have

(43> ag R?\p.vco = 0.

Hence for a Kaihlerian recurrent space with non zero recurrence
vector &, inview of the Remark 2.1 and equations (2.11), (4.1), and (4.2)
we have

THEOREM 4.2. For every Kékhlerian recurvent space which is Kihlerian
symmetric, the Bochner curvature tensor and the curvature temsor of the space
cotncide.

If a Kahler space is flat then its curvature tensor satisfies
4-4) R%u-v)E = o.
On using (4.4) the equation (1.12) reduces to
Kmf = o.

16. — RENDICONTI 1971, Vol. LI, fasc. 3-4.
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Hence we obtain

THEOREM 4.3. In a flat Kihler space the Bockner curvature tensor
vaniskes.

It is also known that a Ké&hler space of constant curvature is flat. We
therefore have

THEOREM 4.4. In a Kdkler space of constant curvature the Bockner cur-
vature tensor vanishes.
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