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Geometria differenziale. — On wunion curves and union curvature
of a vector field. (From the standpoint of Cartan’s Euclidean connection).
Nota @ di Bary Natu Prasap, presentata dal Socio E. BoMPIaNT.

RIASSUNTO. — Questo lavoro & dedicato allo studio delle curve d’unione e della cur-
vatura d’unione di un campo vettoriale del sottospazio Finsler localmente euclideo. E stata
ricavata 'espressione della curvatura associata del campo vettoriale rispetto alla sua curva
d’unione.

I. INTRODUCTION

In the existing literature (Mishra and Singh [3], Singh [6] [7]) attempts
have been made at studying the properties of union curve and union curva-
ture in locally Minkowskian Finsler subspaces. Singh [8] has obtained the
union curves and pseudogeodesics in Finsler spaces from the standpoint of
Cartan’s Euclidean connection and showed that the union curves and pseudo-
geodesics of the locally Euclidean Finsler subspace are identical with the
corresponding curves of the locally Minkowskian Finsler subspace, if the
element of support is tangential to the curve.

The present paper is devoted to the study of union curves and union
curvature of a vector field of the locally Euclidean Finsler subspace. It has
been shown that if the vector field is tangential to the curve, the union curve
and union curvature are identical with the union curve and union curvature
of the locally Minkowskian Finsler subspace.

We shall in the first instance outline some of the basic concepts and
fundamental formulae which are mainly due to Davies [1] and Hombu [2].

Consider the subspace, F,,, given by ' =" (»*) 7 =1,-+-n; a =1,---,m
be immersed in an z—dimensional Finsler space F,.

Suppose that a vector #* (or #%), tangent to the subspace, is the element
of sﬁpport. We may write

(1.1) = Bia®
Ji oxt
where B. = e

The metric tensors g,; and g, of F, and F,, are related by

(1.2) g (1)) = g; (x, %) BLB .
There exist (7 — ) vectors Ni, (¥, #) (w=wm + 1, -+ n) called the
normal vectors which satisfy the following conditions.
(1.3) £ (%, %) N{»Ba = Ny By = o
(1-4) £ (0, B) NNy = 3 -

(*) Pervenuta all’Accademia il 12 ottobre 1971.
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Suppose that dx’ is a displacement vector and Vi(x, %) a vector field
at a point P of the subspace. Both dx’ and V’(x, #) are tangent to the sub-
space and we have

(1.5) dx’ = B du"
(1.6) V=B, V".

It is further assumed that the vector field V? is normalised by the condition
(1.7) Gap (00, 1) VEVE =1

Let the Cartan differential of the vector V?, for the displacement dx*
and for the element of support #° be DV?. The induced differential DV* is
defined by

DV®* = B! DV’
where
B = g™ (u, it) g (x, %) B!.

After writing

(1.8) DV* = dV* + Ch, (u, 1) V® di¥ + Ty (e, 4i) V® dae”
we find that

(1.9) Copy = &pe Coy = C,z BL B B

and

(1.10) Ty (2, if) = B (Bhy + Cis B 1" Bf + [ BEBY) .

T%y, (u, 1) are called induced connection parameters and they satisfy the
relations

(1.11) Ty (o , i) it = Th (u, i) i°
where
(1.12) It = BY (B, + Vi BgBY)

and T} are the connection parameters of the enveloping space F,.
We quote the following results (refer Rund [5] pages 164-166) for refe-
rence, in the later sections of this paper.

(1.13) D/ = B DI* 4 Hy (u , i) da”,

(1.14) DV’ = B,DV* + Hig V* du* 4 N} FCj, Bf BL VB D/
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where

(1.15) FHy = (Bgy — BiT%,) i + BT 4",
(1.16) Hys = Bj,— B, '3 + [ By B: + FC,BL HZ,
(1.17) 5% = Iy, —Chs I‘fY i,

(1.18) Nj = }.u: Nw N i

and

(1.19) Fit =z | F/=u*.

2. UNION CURVE OF A VECTOR FIELD

Let C:#* = u*(s) be a curve of the subspace F,, and let the element of
dx?

support be taken tangent to the curve C so that the components # = I = b
and /* = (Za = 1" are related by (1.1). Further F (x,%) = 1.
Since Hg is normal to the subspace (Rund [5] page 168) we may write
(2.1) Hyp = 2 Hoe Niw -
w

Considering 'the displacement d#z* in (I.i4) along C and using (1.18) and (2.1)
we get

DV? i DV
(2.2) D5 =B, + 2 (H(u‘YB X +M(u)vr5 Ds )VBN(M)
where
(2.3) Mg (% , #) = Cyj (x, 2) By BENG, .

The normal curvature at P of the vector field V? with respect to the curve
C is defined by (Nagata [4])

D/
24 Ki=2 (H(u)\'ﬁ & TMawss D§)<H(was o +M(u>as )VBV
m

Consider a set of (z—m) congruences of curves (in F,) given by the

vector fields Ay, (w=m o, -, 7). At a point of the subspace we may
write
(25) 7\?@) (x, %) = to (u, ) B, + Z Comy (7, %) Né\*) (x, %) .

These vectors are normalised by the conditions

(2.6) gy (0, DAy Ay = 1.
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DEFINITION (2.1). The curve C is said to be a union curve of the vector
field V* relative to the congruence Ay, if the geodesic surface determined by
V? and DV?/DS contains the vector Ay, .

THEOREM (2.1). The union curve of a vector field V* relative to Ny 75 given
by the equations

du¥ DI\ . 8
DV* (H(\')Y3 ds + M(V)YB Ds ) v o o
(2.7) By = Com (223 — Ty cos amV")

wy,

where the ratio

Y 3YA4
(H da’ Dl\)vg

v)yB )YB
(2.8) ds = Ds
(1)
is independent of v and
. B /2
(2.9) Ty = {8ap(u, 1) Ly twy b
(2. IO) T(IL) COS “(l’-) = gaﬁ (% y 7/’5) Z‘Z,_\VQ.

Proof. For the union curve of V¥ we have
i \ i DV*
(2.11) Ay = AwV' + Bw 55

Substituting from (2.2) and (2.5) and using the equation (1.6) we get

DV“
(2.12) fw = AwV" + Bw 4
and
d Y
(2:13) Cuvy = B (H(vwa <+ M = Ds ) \4s

The covariant differentiation of the normalising condition (1.7) will yield
.. D
(2.14) &ap (2, 1) _ITVQ =o0.

The equation (2.7) and the condition (2.8) follow immediately from (2.12),
(2.13) and (2.14).

3. UNION CURVATURE OF A VECTOR FIELD
The vector 7%, (# , 1) defined by

DY\ g (2112
) [Eg Howe g5 d; +M<v)va—‘Ds>V H _ e
(3'I> ")(y_) Ds %E . 1/2 '(t(u)’— (1) COS %(yy )
C .
(uv)
v
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is called the union curvature vector (relative to )\fu)) of the vector field V*
with respect to the curve #* = #*(s). The scalar Ky, (% ,4) defined by

2 .
(3'2) wK(u) - gaB (e, 1) y)t(xu) n?u)

is called the union curvature of the vector field.
It is obvious from equations (2.7), (3.1) and the condition (2.8) that the
union curvature of a vector field with respect to its union curve is zero.

DV* . . DV*
From (2.2) - =0 implies that —5==o0 and
du’ DY
Hyve S +M(v)yﬁﬁ~=0 for v=m-41, -, 2.

Hence by (3.1) nf,y=o0. We have, therefore, the following proposition.

THEOREM (3.1). When the vector field is parallel, in the enveloping space,
along a curve C, then C is a union curve of the vector field relative to any con-
gruence.

A direct calculation based on the equations (2.4), (3.1), (3.2), (2.9) and
(2.10) will yield the following.

THEOREM (3.2). The union curvature of a vector field V* is given by

(3.3) Ky = K — 2K T, Ky cos Bgy + K& Tty sin® o,
where '

K? = gy (0 , i) Dv* DV®
(34) = Lup ¥ Ds Ds

. o DV®

(3:5) TwK cos By = gup (0, 1) twy 5+~
and
(3.6) sin o,y = I — cos? &y, .

The following corollary is an immediate consequence of the above
Theorem.

COROLLARY (3.1). A necessary and sufficient condition that the union
curvature of a vector field be expressed in the form

3.7 oKy = K —KyT, cos By
is that
(3.8) cos By = == sin xg, .

COROLLARY (3.2). 7Zhe associate curvature of the vector field with respect
to its umion curve is given by

(3.9) K = ﬂKNT(P«) CcOSs B(l—t) .
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Proof. For the union curve of V’, we have from (2.12), (2.14), (2.9),
(3.4) and (1.7)

(3.10) Tiwn = Al + Bl K*.

. . . 1B .. DV# . .
Multiplying (2.12) with gug(z, 1) V" and gug(u, 1) 5, respectively and using
(1.7), (2.14), (3.4), (3.5) and (2.10) we get

Ty cos oy = Aqy and Ty, cos B,y = KBy,
from which we have
(3.11) Ty (cos® oy -+ cos® Buy) = Al + Bi,yK2.

The equations (3.10) and (3.11) reveal that the condition (3.8) is satisfied for
a union curve of vector field. Corollary (3.2) will, therefore, follow from
equation (3.7) and the fact that the union curvature of a vector field with
respect to its union curve is zero.

4. A PARTICULAR CASE

. ) . i .
Let the vector field V* is tangent to the curve C, ie., # = %’;— =V,
From the equations (1.16) and (1.17) we have
i odw P P
(4.1) He o o =g &
where
Z 3 3 ikt nk
(4-2) I'p = Bgy — Ba I'sy + [ Bg BY.

Since Iy is also normal to the subspace we may write
(4.3) L = Z Qgyve N -
W

The ‘equations (2.1), (4.1) and (4.3) will yield

A
ds ds

Wodet A = .
(4-4), Heyp (2, 1) d_li Tduy— = Qqyyp (2, 1)

In this particular case, the expressions for DV* and induced 8-derivative,
8V?%, defined by (1.8) and

(4.5) SV* = dV* 4- T52VP do”
respectively give

D 3i*
) Ds T 8
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where we have used the relation (1.1). Using the equations (4.4), (4.6) and the

v
fact that Mgy duy = 0 we observe that (2.7) reduces to the form

d
3 Opog ) 480

(4.7) S5 (tawy — T cos By 1i%)

C(uv)
where

Qo (22, ) 4P Y

v)8y
4-8) Co
is independent of v and
. o duB

(4-9) Ty cos Oy = gup (2, 1) 2y —5—-

These represent the union curve of the locally Minkowskian Finsler spaces
(Mishra and Singh [3]).
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