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Geometria. — Some Topological Considerations in General
Relativity. Nota @ di JouN PorTER e Aran THOMPSON, presentata
dal Socio E. Bompiant.

RIASSUNTO. — In una varieti compatta Einstein-Lorentziana, definita nell’introduzione,
si studiano, nell’ambito délla relativitd generale, le conseguenze del fatto che la caratteristica
di Eulero-Poincaré si annulla. In particolare: si studiano il tensore C di Weyl e il tensore T,
energia momento; si dimostra che soltanto una classe ristretta di varietd ammette un campo
di fluido perfetto o un campo elettromagnetico non nullo, e si danno condizioni necessarie e
sufficienti perché la varietd ammetta un campo gravitazionale «in vacuo ».

1. INTRODUCTION

By an Einstein-Lorentz manifold we will mean a four-dimensional
connected orientable, C*-differentiable manifold M carrying a pseudo-Rie-
mannian structure g of signature 2 and rank 4 at each point. If in addition M
is compact, then we have the well known result [1], [2] that x (M), the Euler-
Poincaré characteristic of M, vanishes.

We discuss here the consequences of this result for the general theory
of relativity, in particular we will be concerned with the Weyl conformal
curvature tensor C and the energy-momentum tensor T of a compact
Einstein-Lorentz manifold . We show that only a restricted class of
manifolds can support a perfect-fluid or non-null electromagnetic field and
give a necessary condition for M to admit a vacuum solution of the field
equations.

Some results concerning the Pontrjagin number of M are also given.

2. PRELIMINARY RESULTS

Consider the domain of a local chart on a compact Einstein-Lorentzian
manifold M, with corresponding local coordinates {#*}a=1,--+,4. Let
R, 8, and €, (e, = |Det g, |"®) be the local expressions for the cur-
vature tensor, the metric and the Levi-Civita alternating tensor, respectively.

We introduce the “dual” with respect to a pair of anti-symmetric indices b
P p y y

I g
0B b == 5 Eas Spe- 2

(*) Pervenuta all’Accademia il 28 settembre 1971.

(1) J. Zund [3] has also attempted the discussion of similar questions. However he
fails to exploit the vanishing of the Euler-Poincaré characteristic, and his discussion of
‘ physical schemes ” is not valid.

14, — RENDICONTI 1971, Vol. LI, fasc. 3-4,
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for an arbitrary tensor Si...;, antisymmetric in the index pair b, and it
follows that

*
@bk =~ Sap.. 1

In particular for the curvature tensor we introduce;
CRased = Riper = % e’ Rygea,
(R®asea = Rusls = % Russs €%,
CR¥uses = Rl = 711— €ot” Rpgre €72

As is well known the curvature tensor R, admits the decomposition [4], [5]

,
<2~I> Rah‘d = Ca&cd "‘l" Eabcd + Tz—gm;m,,
where Cg.s is the Weyl conformal curvature and,
. — 5 ab
Sasea ™ 28805 o+ V= R, =R",,
(2:2) E = s’ $° =R° Y
abed —  Base[N a0 Ra T NgT— 70,

The tensors Cuz, E s and & .4, DOssess the same symmetries as the curvature
tensor and satisfy:

(*C>abcd = C;I(}:d = Cabc*d - <C*)tzb£d =*C* = — C,
(2'3> <*E>abcd = Eab;{ = Eaé:d == (E*>abai = *E* = E,
COsed = 8asti = 8ty = (8 = 6" = — 4.

(We also define (*Ja,;mz = (*Cased = (C*)apea)-

From these identities we immediately deduce

Eused = % (Razea + RMase)
(2-4) ' 7 1
Cahd + —I? gahd = > (Rabtd - <*R*)abcd> .

In terms of a quasi-orthonormal tetrad, [5] {£,m,7,2} (£ and m* real
null ‘vectors, #* a complex null vector, £, m* =1,#° =1, all other products
zero) we construct the bivectors

(2 V=2 é[aib] , Uy =2 Mty
2:5) Moas = 2 lpamg + 2 11aty,
with
M, M? =—2 Vs U = — 4, all other such contractions zero.

(V,U and M are “ anti-self dual’ in the sense \?:——Z'V, etc.).
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We define the ‘ complexified Weyl tensor

‘ *
Poscd = Copea + 2Cosea,

for which we note

* . I abed abed . X obed
Puct = —iPu >y Posea P = Copa C* + 2C s C*°,

and the expansion (indices suppressed)

(2.6)

tensor in

(where we employ the shorthand R :R = R, R%* etc.) and hence

(2.7)

P =CPUU 4 CY (MU +UM) + C® (MM + UV 4 VU) +

+CP MV + VM) +CP Vv,

For future reference we note the Pirani-Petrov classification of the Weyl

Cabtd
Caécd
Cahd

Cabcd

Cabcd

the following form:

of Type I =3V, U,M>5C? =0,C% 0,
of Type I =3V, U, M>5C? =C%=0,C® o0,

of Type D =>3V,U,M9C(A)=o,VA,A:f_-_3,C(3>:}:O’
of Type III =3V, U, M5C® =C® = C(3)=o,C(2):{:o,
of Type N =3V, U, M>C® =0,VA,A1,C" 0.

From (2.1) and the identifications (2.3) we have

(*R*)umr Red __ <_C +E __%g> : (C +E +:7g>»

(RH:R=—C:C+E:E—7,

. 3 iab
since C*,; =E%,;, = o.
Now

E:-E=FE Eaécd . Se gabf: Sd

abed T Sakelc d] f

thus (2.6) becomes

(2.7 a)

=2 (Rﬂ R,— %7’2)'

(R : R = — Cpyy C"* + 2 (R“" Ry — 7).

’

From the results (2.3) and the symmetries of C.z, Eu.z, and &.a» We have

* * * *
abed abed cdab cdab
Cahd E = Cabal E = Caé:d E = Cc—lab E

and hence

(2.8)

*
abed
Cuaa B = 0.

*
abed
= Cahd E y
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Similarly we have
Eased E = (E¥)300 E“ = 0,
(2.9) CE)asea g4 = (EX)gpa g4 = 0,
£ a8 =€, 8% = 0.
As an immediate consequence of (2.8) and (2.9) we have

(2‘ IO) (*R>ab£d Rah‘d — (R*>ah-d Rtlh‘ti — C*:ah(l Cuhd.

3.. CONSEQUENCES OF THE VANISHING OF THE EULER-POINCARE
CHARACTERISTIC % (M)

Avez [6] has proved that the Euler-Poincaré characteristic of a compact
orientable pseudo-riemannian 4-manifold M ® is given by

__n\[2/2]
3.1 y oy = S0 f (R¥)usog R do.

M
Hence if we restrict the above to compact Einstein-Lorentz manifolds M
(for which x (M) vanishes) we have with equation (2.6 a)

(3-1 a) fcab[d Cahd dy = 2J<R“5 R, — _;_ 7,2) do.
M M

For a vacuum gravitational field, R, =o (=) and consequently
Reuscd = Capea, and we have from (3.1 a):

THEOREM 1. A necessary condition for a compact Einstein—Lorentz mani-
Jold M to represent a vacuum gravitational field is

f Rz R dyv =o.

M

COROLLARY. If M represents a vacuum gravitational field and R 43, R* = o
at every point of M, then Rupa R changes sign on M.
The field equations of general relativity are (in suitably chosen units)

(4'I> Gﬂb = Rab - % 7'gab = ——KTab,

(2) We consider the pseudo-Riemannian metric having p positive squares and (4-p)
negative squares.
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where T,; is the energy-momentum tensor, and K is the Einstein gravitational
constant. For a perfect fluid we have

Taé = (&L "I_P) Uq Up +Pgab)
where p. is the density, p the pressure and #® is the unit (time-like) tangent

vector field to the streamlines.
From (4.1) we have (with T = g2 T,)

ab 7\ _wofpa TP
(R Rop— ) =K* (1T — ),
and hence for a perfect fluid

42) (R*Rus— 2 ) =K(2 02+ 2 + 2 up) > 0.

For an electromagnetic field, F,;, we have

L gaAb Ftd Ftd— Fac F ’

Trzb:4 5

and hence
(4-3) (R“" Ro— 72) =K? (F F* B By — — (F FY).
But for arbitrary bivectors X, and Y,, we have the identity [3]
be X X e I b cd
(44) thc V' — X, Y= Py 3 Xad Yo,
be *5e
and hence (put Y* = X"):

(4.5) X, X =L x,, X

L
4
From (4.5) we deduce
be ad I & e * Xbd ac
Fo F* F* Fyy = (1 80 Fo, F* o Fo ) (F By
‘ * *
= (F. FN+ (F, F*) (F,, 1),
and consequently with the use of (4.5) in (4.3):

(4.6) R®R,, — %7’2 = % 2 (Fas F2P 4 (Fo B2} >0,

for an electromagnetic field, with equality being achieved only if F,; is a null,
simple bivector (i.e. it represents a null electromagnetic field).
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From the expansion (2.6) we have
(47)  Casna O™ 4 4Csg C%4 = 2 CV CP — §CP CW & 12 (COY,
and consequently for Pirani-Petrov types III and N
(4.8) Casea C = Copua C*:ab[d = 0.

With equation (3.1 a) we have:

THEOREM 2. [f a compact Einstein-Lorentz manifold M is of Pirani-Petrov
type 111 or N (or conformally flat), then

f(R,,b R“b~é—72) dv=o0.

M

From the equations (4.2) and (4.6) we immediately deduce:

COROLLARY 1.  Compact Einstein-Lorentz manifolds of Pirani-Petrov
types 111 and N (or conformally flat) admit neither perfect fluids nor non-null
electromagnetic fields.

5. THE PONTRJAGIN NUMBER p (M).

The Pontrjagin number of a compact Einstein-Lorentz manifold is given
by [7]

ﬁ (M) = _161? f (*R>abtd Ra&td d?},
M

and hence from (2.10) we deduce

(5.1) BMy =— "o J Cosos C do.

M

THEOREM 3. Let M be a compact Linstein-Lorentz manifold; then of M
is of Pirani-Petrov type 111 or N (or conformally flat), p (M) = o.

Progf. Immediate from (4.7) and (5.1).
; In conclusion we deal with some generalisations of these results to
Pirani-Petrov type I, (or type D which we here regard as a special case of II).

Suppose that M is of type II (or D) with Cgu C*abaz
a basis {V,U,M} such that

= 0, then there exists

L Paﬁ[d Pué:d = 12 {C(3) }2 — Cabcd Caba{.

2
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For C® = o + ¢B, this implies of = o, and
Cused C*Y = 12 (o — BY).
For type II we distinguish the subclasses
ITa=3 a basis {V,U,M}>5C? =C* =0,C? = real <= 0.
I16=3 a basis {V,U,M}5C? =C% =0,C® = pure imaginary (#=0).

abed

For type Il @ we have Cgy o — o y Casea C7“ > 0; and for type II é:

*
Catod C** = 0, Coou C** < 0. Consequently:

THEOREM 4. If a compact Einstein-Lorentz manifold M is of Type 11 a,
then p (M) = o and

f(RaéRa5~—;)—rz)dv>o.

M

COROLLARY. If M s of type [la it does not admit a null electromagnetic
Jreld.

THEOREM 5. If a compact Einstein-Lorentz manifold M is of type 116,
then p (M) = o and

R”bRﬂb—irz dv <o.
[

COROLLARY. Compact Einstein-Lorentz manifolds of tvpe 116 admit neither
perfect fluids nor electromagnetic fields (null or otherwise).

Finally suppose M is of type IT with Cp.s C“*=o0; then for C® = o + B
we have o — 8% =0 and

Cotea é”w = 24 aB.
Therefore at each point of M, either
Cosea Coted 240> >0, (0 = B),
or Cmdé“hd:——24 & <o, (0 =—R).

Consequently:

THEOREM 6. [fM is a compact Einstein-Lorentz manifold of type 11 (or D)
with Caq C** = 0, then p (M) ==o.
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