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Funzioni speciali. —  H a h n  p o ly n o m i a l s .  N o ta (*} d i A r u n  V e r m a ,  

presentata d a l  S o c io  G. S a n s o n e .

R iassunto. — .Si dimostrano alcune caratterizzazioni dei polinomi di Hahn, si trovano 
alcuni sviluppi in serie e funzioni generatrici degli stessi polinomi e si discutono alcuni inte­
ressanti casi speciali.

§ i .  I n t r o d u c t io n

In his investigations on polynomials satisfying ^-difference equations 
Hahn [7] encountered the orthogonal polynomials ß ,y,S)  belonging
to the jump function [ß]* [y]xlxl [8]x . These polynomials contained as special 
cases the polynomials of Bateman [4 ,5]  Krawtchouk, Charlier, Meixner, 
Rice [10], Jacobi, Gaganbour, Laguerre, Legendre, etcd1) Weber and Erdélyi [12] 
gave the explicit representation of these polynomials as

A ( ^ ; P , T . 8 )  =  iË]â ï k 3F2

and a recurrence relation satisfied by them. Later on Al-Salam [1, 2] gave 
some elegant characterisations for these polynomials. Al—Salam [2] also 
studied the polynomials (^henceforth referred as Hahn polynomials)

G„ (x ; z) =  G„ (x ; ß , y , S ; z) =  3F2

which clearly reduce to the above polynomials p n (x ; ß , y , 8) for z =  1. 
In this note we prove some characterisations, expansions and generating 
functions for Hahn polynomials and discuss some interesting special cases.

, — x  , p +  y —' H - n \  
ß » T

ß + y- 
ß » Y

-ö + n ;  I

§ 2. Ch a r a c t e r is a t io n s  f o r  G* ( x  ; z)

We begin by proving the following characterisations of the Hahn 
polynomials:

T h e o r e m  I. I f  F* (x ; ß , y  , S ; 2) is a polynomial of degree ex­
actly n in x  ; ß , y , 8 , z are independent of x  and  A Fn (x ; ß , y , S ; 2) =■

=  ( ß + T  —  § +  n ) z F „ ^ 1( x  ; ß + i , Y + i A ; ^ )  a n d  F„ (o;  ß , y ,  S ; z) =

then Fn (x ; ß , y , 8 ; z) is nothing else than the Hahn polynomials

[ßj« \y]n 
i n ! 3^2

— n , — ■ ;r , ß +  y § y  n \ z
ß ,y

where A f ( x ) = f ( x - f i )  — f  ( x ) .

(*) Pervenuta all’Accademia il 6 ottobre 1971.
(1) For notations and definitions see Erdélyi et al. [6].
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Proof : Let
n

(0  F* (x ! ß , Y, S ; z) =  2  O* (ß , y , S , n , z) [— x]k ,
k=0

where Ck (ß , y , S , n , z) are functions of ß , y , 8 ,n  and z and are indepen- 
dent of x. Then, since

n

A F „ (x ; ß , y , S ; z) =  — (ß > Y. S , n ; z) [— x]k^ x
x k̂ O

n- 1
=  ' 2  (^ +  0  Ci+i (ß ) Y > S , n ; z) [— x]kk=0

=  ^ ( ß + y  — 8 +  n) F„_x (x ; ß +  I ; y +  i , 8 ; z) , 

equating the coefficients of [— x]k on both the sides, we get

gQ  (ß +  I , y +  I , 8 , ^ —  I ; j?) , 

i  =  o , i  — I \ n  —  I , 2 , 3 , • • •

(2) C*( ß , y ,  8,  » ; * )  =  ( } [ß+J, '^ ^ C o ( ß + i , T +  ^ , S , ^ - i ; r ) .

Further since

F» (o ; ß , y , S ; z) [ß]» M»
n\

we have from (2.1) that

C o ( ß , y , S , « ; , )  =  i »

Substituting the value of Co (ß , y , S , n ; z) in (2.2), we get, on some 
reduction

[ß]« M n  [■ ’7f U [ ß + Y  & -f- n\k
n\ k\ [ßL [ ih

Q* (ß , y , S , n ; z) =

which proves the assertion.

THEOREM II. 7^ F„ (a: ; ß , y , & ; z) is a polynomial of degree exactly n 
m (S -f- n) and x  , ß , y , z are independent of 8 and

A Pw (xs, ß , y , 8 ; z) =  - xz Fn—i (x 1 ,* ß -f- 1 ? y T .1 > 8 -f~ 1 ,* 2),

and Fn (pc ; ß , y , — n ; z) =  then Fn (x ; ß , y , S ; z) is nothing else
than the Hahn polynomials

Iß]* M n ■ n , —- x  , 8 -f- n ; z
P,Yn\ »r *

The proof is exactly similar to that of Theorem I, hence is omitted.
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§ 3. Expansions involving Hahn polynomials

Let us consider the hypergeometric polynomial (which clearly reduces 
to the H ahn polynomial G (x ; z) for p  =  0 , q =  2) f n [x 9 8 , (af) : (Æ*) ; #] 
defined as

fn  [* ; *] -  fn  [X , s , (a,) : &) ; *] =  »  , +SF,
- « , — * ,  — 8 +  « , («^) ; « 

Pg)

We can obtain without difficulty the following relations:

A"/« \x , S , («,) : &) J *] =
=  i(ap)]r [—  8 +  n\rzrf n - r  [x , 8 — 2 r , r  +  (ap) : r  +  (bg) ; z] , 

fn  [X , 8 , («,) : (àg) ;s \ =

=  [(« /)]r  ['— *]r-8r /»-»- S —  r , r  +  (af) : r  +  (pg) -,z],

A 7 . [* , 8 , («,) : (bt) ; *] =  (—)r [ -  x]r [ -  8 +  »], [( ap)\t 
[a.]r z r X

X f n - r  [x —  r  , 8 ~  3 r  , r  +  (af) : r  +  (^) ; z \ , (i < j <  p).

1) [l ^ ' (bq)\r
[i ---H - bj\r X

7

X f n - r  \x> 8 —  r  f a f )  : b i , b 2 ,  - • - , ^y-i, f y - f r ,  b j + i , • ; •, ^;.#L . (1 < 7  <  ^),

where Ar+1/  (*) -  A [A y (*)] and A /(*) =  / ( *  +  1) —/(* ) .
Hence in the Newton formula

/ ( *  +  P) =  2 (£)A r/(*)>r / x

using the above expressions, we get the following expansions of the hyper­
geometric polynomials:

CO f„ [x +  Y, 8 , (a,) : (ba) ; s] =  X  ( I ) [— 8 +  <  ̂  X

x  f n - r  [x , 8 — 2 r , r +  (af) : r  +  (òt) ; z ] ,

(2) fn  [X > 8 H" 8C (Pp) : (pg) '< z ] ~  X  (  r  ) [(pffìr  [ x f  X

X f n- r  [x —  r , B  —  r  , r  +  (af)  : r  +  (èf) ; z ] ,

(3) f  n i f  > 8 > (pj—1) > ~f~ aj  > ®y+i > ‘ * ’ > • C^?) >

=  2  ( 0  H I - 4 1 -  * +  »]. »' x

X / „ - , [ ï - r ;  8 — +  5^]» (! < / < / ) ,
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(3)' fn  I* , § , (ap) : (bj-1) , bj +  b j , bJ+1 , ■ • •, bq ; z\

-  ?  ( - r  iT i  [; . U U x

X / „ - r  [x , 8 — r , ( a p) :  ( b j - 1) , b j + r ,  bj+ l>  • • - , bq ; z\ ,  (1 < j  <  q) .

In the above expansions setting p  =  o , q — 2 we get the following 
expansions of the Hahn polynomials (of course the formula (3.3) is meaningless 
for p  — o):

Gn(x + Y  ; ß ,y , s ; z) =  2  ( [ß + y — S +  n \r zr G„_r (x ; ß +  r ,  y + r , 8 ; z ) ,

G„(x ; ß .T . 8 +  s ' U  =  2  (* ) [— x \ z r G„-r (x — r  ; ß + r , y + r , 8 + r ; ^ ) ,  

G„(* ; ß +  ß', y , — S +  y +  ß +  ß' ; s) =

=  2  (— )r ( \  ) [ ï —  n —  ï L  G *->- ( ^ ; ß + r , y , ß + T  —  8 ;z) .

Next, we show that if n is a positive integer

/ n  ̂ v  f +  ^n~k nh  r  [i + x +  k]
w  ~  t t  [(«*)]« H  *\h r[2  +  x + » +  i]

• (X +  2 k +  i ) _//. [a: , — A — i , (ap) : (£,) ; -sr].

For proving (3.4) write the series definition for the polynomial 
f n ( x  — 1 , (a^) : (ôç) ; 2) in the right hand side and changing the order 
of summation to obtain

[Pç)U [— X\r [(âp)]r [— ri\k [— k]r
[ x]n[(<Zp)\n k^r k\

W riting r  +  p  for k and simplifying it becomes

( t \  bA)N Y  (—)r [— x]r [(*/)] r [— n]r

r  [x -j~ I k ~f" y ] “b  2 k -j~ I ).

[ -pc\n [(^)]w

x 3F2

r !  [{bg)\r (À +  2 r  +  i ) - - ^ [ X+ 1 + 2 r] , Xr[x +  2 +  ^ +  ̂ ]

X4 - 2 r - f  I ,  — n -\-r,  —  H----- ~hr; 1
2 2

2 +  X +  n +  r , —  +  4  +  r  
2 2

Now making I use of Dixon’s summation formula for a well-poised 3F2 ( +  1) 
[9 J PP- 92] it is clear that the sum of the inner series in (3.5) is zero unless 
r — n and in that case it is equal to one. Making use of it in (3.5)» we 
get (3.4).
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An alternative proof of (3.4) could be given using a series transform due 
to Gould [8]. Gould has shown that if we write

(6) G (n , a ,b  , / )  =  2  ( ~ )*
k=0

k ( n \ ( a -\- n bk 
k f W ,

where /  (k) is independent of n and /  (o) =  i , then

(7)
a -j- bn +  n r / \ _ ' V /  st a k bk -fi I I a n b n  At i

J  n̂  ̂ ' '  d -(- n fi- bn + I \ n — k )G  ( k , a , b , f ) .

One can easily verify that the hypergeometric polynomial

8 , ( « ,) :& ) ;* ]

could alternatively be written as

(8)
n\ l \ - \ - n

[(A)]» At)  ■ As) ; A  =

k=Q

Hence taking

_ ^   ̂ +  w +  + [ ’ X1 k [(ap)~\ k zk
- ~ \ & J \  n J \ k  J [(A)] k

/ w - T r )
X +  i \  k \ [ — x]k l(ap)]k zk

and

G ( w , x ’ I , / )  =  w k C ' t n ) / A x ’ ~ x ~ I ’ A A - A s ) ; A ,

and using (3.6), we get (3.4).
(3.4) for p  =  o , q =  2 gives the following result for the H ahn polyno- 

mials:

z n __ 2  ^  ^n -k  [ï +  &in-k C Tf l +X +  yé]
£=0 \r-x\n " ' r [2 + X +■■* + k] (X +  2 k +  0 X

X G* (* ; ß , y , ß +  y  — X — I ; z) ,

which in turn for x  — — y reduces to a known result for Jacobi poly­
nomials [3].

Next, we prove that if n is a positive integer, then 

An r*, 4- A" — nl V  h [ i  +  X +  i ]  A , . ,  , l W
(9) O' + * )  [(^)]w[ - ^  ) r [2 +  x +  » +  ]̂ (x +  2 ^  +  0  X

X fk  \% > ^ I ì (up) • (^) j 2’] X

X f n-k [n —  x — i , I .+ X +  2 n ,  I iflp) n : I — (is) —  n ; (— ) ^ " 14/] . 

To prove (3.9)

( y +  ^ = 2r=0



[ 103] Arun Verma, Hahn polynomials 173

Applying (3.4) we find

y n
' S

k = 0

[(^) +  &]r-k  [ -TU b  t 1 4~ X -P 
[(^)]r [■ r  [2 +  X +  ^ +  r]

• (X +  2 /è +  1) f k [x , — X — I , (af ) : (if) ; z ] .

Changing the order of summation and inverting the resulting inner series 
we get (3-9)- Clearly (3.9) reduces for p  =  o , q =  2 to the following result 
for the Hahn polynomials

(y+*y «I y  /__ÿ  r [J+x+ft]
[ x\n r [ 2 + X + ^  +  »J(X+2Æ +  1) G&(x; ß,y, ß + y — X— I \z) X

X Gn^ k (n — x  — I , I — ß — n , I — y — n , 3 — ß — y +  X ; — y) ,

which for x  =  — y reduces to a known result for Jacobi polynomials [3]. 
Whereas (3.9) reduces to (3.4) for y  =  o.

§ 4. G e n e r a t in g  f u n c t io n s

We begin by observing that using the definition (3.8) for Hahn poly­
nomials (i.e. the case when p  =  o , q =  2) and the following series transform 
(Gould [8])

» 00
S  ( ° + /  ) * * / «  -  ^  2  ( -)■  G, ( » , « , b , f )  ( v -  .)•,«=0 \ / «=0

where .s’ — -  and f ( k )  and G (n , a , b , f )  are defined by (3.6), one could

verify in a straight forward the following known generating function for the 
Hahn polynomials (Al-Salam [2]):

(0
DO

(—)” I1 +  X]B 
[ßj- Mh

— 3F2

Gn(x]  ß , y,  ß +  y — X — 

i-)-X 2-j“ X 4 zt
2 ’ 2 ’ u + t f

ß > T

I ' ,*)? =

in which replacing x  by — y we get a known generating function for the 
Jacobi polynomials [9; pp. 261].

Next, we prove

(2) 5  :[yj„ (ß + 2 „) G* 0 ;  1 + ß  +  »,Y* I +  8 + 2 n ; z ) r  =

I + Vi — 4 t - ) V 2
- * , - X ß + y — 8 : ---------if?------

2 ' (I +  y r = 7 7 )*

Y , ! + - ß
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(3)
/  \ ft

2  Gn (x ; ß +  \ n  , y,  § +  ~kn ; z) =
»=0 LÏJ»

__ (1 +  ^) ß
I +  ( X + I ) » 2F1 , ß +  Y — 8 ;

(I +  ^)x+1

where v (i +  v)X =  t.
For proving (4.2) we write the series definition for Gn (x ; z) in the left 

hand side of (4.2) and change the order of summation to get

Y  [— X\r [ß +  Y  S]r [ß]2r p
rè i  W r M r [ l + ß ] * r  2 1

- ß  +  — + r ,  —ß + r ; 4/ 
i +  ß +  2 r

On summing the inner 2Fi by making use of the known formula [9; pp. 70, 
Ex. 10]

(4)
IY y ------; v\ 2

2 y

2 \2 y—1
I +  Vi — V /

we get (4.2). The proof of (4.3) runs on exactly similar lines but in this case 
instead of using (4.4) use is made of the following known formula

(5)
[—-a — bn — n]n

n—0 n\ i - f f - ( l + y )a+1 
I ■— bv

where t =  v\(\ +  v)b+1. The generating function (4.3) could have also been 
deduced as a special case of a known result of Verma [11].

Next, we consider the following generating function of Hahn polynomials 
due to Al-Salam  [2]:

J j  " iß ]7 [^ rG*O  ; ß - ï > s +  n ; z) f  =  0  — 0 ~A3F2

In this result writing A — ß , & — y je , z  =  i and letting y 00, we 
get the following known generating function for Meixner polynomials
[6; 10-24 (13)]

°° / \x  ■
(6) 2  mn (x ; ß , c) tn =  (I — 4 )  (1 —

n= 0 C '

— x ,ß  + y — 8, A ; t _ y  

ß > T

where the M eixner’s polynomials m„ (pc ; ß , c) are defined as

ß

I ‘
C .mn (x ; ß , c) =  [ß]„ 2Fi

— n ,
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Using (4.6), we can write

(7) 2  m n (xx ; ßx , c)
1̂=0 nx\ 2 * « » .(x2 -,ß2 ,c) —

nn =  0 n 2 l
^ n (%r ) ßr i C) '

n =0

Z \ X1+ X2+  + x r  v-(*1+*2+ - + * r) - (31 + Pa+ ---- hßr) __( 1 - ^

— +  ^2 H---------f- ; ß 1 +  ß2 H---------f- ßr i 0  ~T"tz=0
using (4.6). Equating the coefficients of z n on both sides, we get 

(8) 2 » S  (*i ; ßi , c) m„2 (x2 ; ß2 , c) • • • m„ (xr ; ßr , c) ■—I— . . • —1— 'VI ‘Vi+^oH------ Yn —n

m n(Xl +  X 2 +  * * ‘ +  J ßl +  ß2 +  * * ‘ +  ßr , C) ,n\  ! ^21 • • • nr ! n !

Next, we could have written (4.7) as

2  » s ( * i  ; ß i , c )  —
^ = 0  1 n l l

=  (i --- ^)-®2+---+i3r)
1 ~  ~C

_nr = 0  

Z  \ X l + x 2+ " ' + x r

nr \2 . m »r (Xr Iß-,*)

(!  z)~(Xl+-'-+xr'>-h

=  (I — *)
- ( 3»+•■•+»,)

OU

2  m n (X 1 X 2 +  * * • +  Xr ; ßl , c)
n — 0

z n

n\

We have the following interesting relation involving Meixner polynomials 
on equating the coefficients of z n on both sides

(9) m
1̂ + »2H---- Ynr=n n  CX 1 > ß l  > Ó  ^ n 2 CX 2 } $ 2  ) c )  ^ n r  (% r  i ß r  > *0 ’

______I______   V 1 [ß2 +  ‘ ß r \ n —p  /  , « Q \
' n^.n2\• • -nr\ ~~ ^ 0  P l (n—p)\ mp(x l h x r \ ßl > 0  •

(4.8) and (4.9) yield the following addition formula for Meixner poly­
nomials

J 2  mp (x i +  *2 H------- 1- *>• ; ß i , *) =

=7 +  ^2 +  • • • +  j ßl +  ß? +  • • • +  ßr , c) .

Lastly, making use of (4.6) twice, we get

(10)
ou OO
J ^ m „ ( x ; ß , c ) —  ^ , m r ( x ; ß , c )
n—0

(— Z)r
r =  0 r\

=  È ™ p ( x ; ß»«“) 4 fP=0 P'

which yields bn equating the coefficients of zp in both sides 

S? f ß  \ ... , „ . 0 .v...  ̂ 0 when p  is odd
»=0

( o  when p  i
\ m„(x- , ß,  c]mp-„(x  ; ß , c) =  1

( (x ; ß , <;2) when p  1is even.

13. — RENDICONTI 1971, Voi. LI, fase. 3-4.
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