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Geometria differenziale. — Asymptotic lines in a hyper surf ace 
of a Finster space. Nota (*} di S. C. S r i v a s t a v a  e R. S. S i n h a , 

presentata dal Socio E. B o m p i a n i .

RIASSUNTO. — Hayden [i] ha studiato le linee asintotiche di ordine /  in un sottospazio 
di uno spazio riemanniano ed ha ottenuto una espressione per la curvatura km in qualsiasi 
punto di una linea asintotica di massimo ordine. In questo lavoro gli Autori hanno voluto 
studiare le medesime proprietà per una ipersuperficie di uno spazio di Finsler.

i .  In t r o d u c t i o n .

L et us consider a Finsler space of n  dimensions referred to a local 
coordinate system  (henceforth the L atin  indices i  , j , k  vary  from I to n), 
whose m etric function F(x*, x z) satisfies the conditions usually imposed upon 
such a function ([2] Ch. I.). T he m etric tensor of Fn is defined by

and since F {xky x k) is positively homogeneous of degree one in x k  ̂ the 
tensor ^  d'k g.. ( x , x l) satisfies the identities

Q j k  ( x  , x ' )  X z =  C ijk  ( x  , x ' )  X j  —  C ijk  ( x  , x ' )  x k =  o .

A  hypersurface F„_i of F^ m ay be represented param etrically  by the 
equations

(1.1) x* =  x* (ua) (i =  I , • • •, n  ; a  ~= 1 , • • •, n  —  1)

whère iF denote the param eters of the hypersurface F^_i (henceforth Greek 
indices vary from  1 to ^ — 1). It will be assumed throughout th a t the func 
tions (1.1) are of class C3 and the m atrix  with the entries B« — da x* has rank 
n —  I.  For the sake of brevity  we shall use the following notations:

Baß 3 dax*a  ß Bi j • • •k 
'aß - • - y B' B L . . B La ß  y

A  hypersurface vector u a possesses components x l w ith respect to the 
coordinate system  of Fn , which are related by

(I .2 )  X 1 =  B« U*.

(*) Pervenuta all’Accademia I’l l  agosto 1971.
(1) The numbers in the square brackets refer to the references given in the end.

t . . ó.xz
(2) di =  d/dxz, di =  d/dx'* and x — , where s is the arc length.
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The m etric tensor g., induces a m etric tensor on F„_i by m eans of the 
equation

( 1-3) gay u \ A ) ^ g i j{ x \ x k)B % .

A unit norm al N ‘ to the hypersurface is defined uniquely at each point 
of F^_i with respect to a direction x k tangential to F^„! by m eans of the 
following relations:

(14 ) gij (x  , N* N*7' — ï

and

( 1 . 5) N 2 B«  =  o

where

. N. - -  g . .W .I O IJ

T he intrinsic connection param eters of Fn_i are given by [3]

Taß =  Yaß —  (C*ß GI +  CL Gß -  £ *  Caßv Go) .

W ith the help of this connection the m ixed intrinsic co variant derivative 
is defined by

t ; ,y -  aYn  — 3'xT' +  itiT jB *

where Ftk are connection coefficients for Fn and satisfy the relation

(1.6) d, Y l ì x h x k =  o .

W e can also define the following m ixed tensor with the help of this connection

(1-7) Jag =  K ß  =  N‘‘ Oa(1 — B‘ Ajp

where Qaß are to be considered as the coefficients of the second fundam ental 
form  of Fn_i [2] and A is givèn by

0-8) A a ß - / YAaYß

where

Aayß ^  (Mßy Oao T" May f^ßa M aß Qy0) ti -

--- (Mxa Cßy +  Mxß Cay---MxY Cßa) N .

In  the aboyé relation Q0x u °  u x =  N (u , u f) and the tensor M aß is defined 
by M aß~M *yB aß where M # =  C,yTN^. The quantities A«ß satisfy the 
following relations

0 -9) Aaß u*  =  NMß
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and

(1.10) A l $ u a u® ■== o .

Let the curvatures and unit norm als relative to Fn_i of a curve in 
Fn be kr (r == 1 , 2 , 3 , • • •, n —  2) and 73“ (r =  2 , 3 , • • •, n  — 1) and those 
relative to F* be kr (r =  1 , 2 , 3 , • • •, n — 1) and & (r =  2 , 3 , • • • n). The 
unit tangents will be denoted by v)? and ^  according as we regard it as 
a vector in Fw_x or in Fn . I t is clear from (1.2) th a t

O -” ) s  =  Bi

all along every curve in F„ ; bu t in general

£r =f= ^  for r  >  I .

2. A s y m p t o t ic  l i n e  o f  o r d e r  p

D efinition . A  curve in a hypersurface F*_x of a Finsler space Fn is 
defined as an asymptotic line o f order p of F^_x if at every point of the 
curve its first p  norm als relative to F^ are all tangential to Fn_x, where 
p  is essentially less than  n  — 1. So we m ust have

( 2 - 0  S + i N ;  =  0  ( r  =  I , 2 , 3  , • • - , p ) .

Now we will obtain a set of conditions for an asym ptotic line of order p.

THEOREM (2.1). — The necessary and sufficient condition fo r  a curve in  
F,_x to be an asymptotic line o f order p  is

(2-2) S + i =  i n B «  (r =  I , 2 , 3 • - ,p )

or

(2-3) kr ~ k r (r =  I , 2 ,• • - , p ) .

Proof. W e will prove it in three parts. In  first part it will be proved th a t 
the conditions are necessary, by the m ethod of induction. In  next two parts 
we will show th a t the conditions are sufficient.

(i) Suppose (2.2) and (2.3) are satisfied along an asym ptotic line of 
,qrder p i then we shall prove th a t the similar results are also satisfied along 
an asym ptotic line of order p  -fi 1.

Since an asym ptotic line of order p  -fi 1 is, in fact, an asym ptotic line 
of every lower order, we have from (2.2),

%ÿ+l — T̂H-l Boc .

D ifferentiating this along the curve we have

OC , I a 8'8 i 8
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where is the intrinsic derivative along the curve. W ith the help of (1.7) 
and the F reuet form ula

- 5 - & + 1  =  A + i ^ +2  — , ko - h  =  o

we have

kp+\ £>p+2 —  kp =  Bqc (kp+1 2  kp Y\p) +  Jaß ^j^+l Til ,

which, by virtue of (2.2) and (2.3), reduces to

(2*4) &p +1 Vp + 2 =  Boc kp +1 Tp + 2 +  Jaß ‘y)5+l ^1 *

M ultiplying (2.4) by N* and using (2.1), which also defines an asym ptotic 
line of order p  - f  1, we have

Jaß N t y]p+1 ^1 =  0 .

From  (1.5) and (1.7) we have

(2-5) OapY)“+1V̂  =  O.

On substituting (1.7), (1.9) and (2.5) in (2.4), we have 

kpy 1 %p+2 — kp+i rlp+2 Ba — Bs NMa ^5+i •

As the curve is an asym ptotic line of first order also, for which it is knowm that

(2.6) rfi rft =  o i.e. N =  o .

T he above relation is also equivalent to

(2.7) Jaß *)“ *)l =  O . ■

Consequently; we have

kp+\ %p+2 — kpy 1 Tpy2 Ba

which implies th a t

kp+1 =  4+1 and 5^+2 =  yip+2 B« •

T h is^how s th a t (2.2) and (2.3) is true for r  =  p  +  1, th a t is, for asym p 
totic line öf order p  1.

Now along any  curve in F*_i =  B«, proceeding from this as
above, we have

(2.8) kx Ç2 =  7)2 Ba +  Jaß Tii

which on m ultiplication by N* and using (2.1) for r =  1, we have (2.6). 
So on substituting from (1.10), (2.6) in (2.8), we obtain a relation, which 
implies th a t k x =  kx and Ç2 =  ^2 B«.
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Hence, it shows th a t the condition is necessary for an asym ptotic line 
of order 1. T hus the theorem  is true for p  =  1, and hence for 
P =  2 , 3 , n  —  2.

(ii) Now we have to show th a t (2.2) is sufficient. Since v)“+1 B« are 
all tangential to F„_x and thus (2.2) implies th a t C+i (r =  1 , 2 , • • •, p) are 
all tangential to F„.

(üi) Lastly, we show th a t (2.3) is sufficient. So let us assume that 
(2.3) is sufficient to define an asym ptotic line of order p. T hen ks =  ]zs 
(s =  I , 2 , 3  ,*•*,/> + 1 )  can be considered as defining an asym ptotic line 
of order p , w ith additional p roperty

(2-9) kp+i =  kp+i .

Hence (2.2) and (2.3) are satisfied and therefore also (2.4). From  (2.4), 
we have

kp+i \p+2 == i i j  (fip+i rlp+2 +  Jaß ^+ 1  ^i) X

X (kp + l ^  + 2 Bs +  Jys yìJ+1 ^l) 

which on simplification gives

kl +1 =  4+1 +  g,y Jaß TS+1 4? Jjs •

T he above relation due to (2.9) reduces to

(2-IO,) J«ß ^+ 1  ^1 =  O,

Substituting (2.9) and (2.10) in (2.4), we get ^ +2 =  ^ +2 BÌ which together 
w ith (2.2), gives the result for asym ptotic line of order p  -f- i.

Hence, from (ii), the curve is an asym ptotic line of order p  +  i. But 
it is seen from  (2.8) th a t the condition (2.3) for r =  1, is sufficient to define 
an asym ptotic line of order 1 ; so th a t the theorem  is true for p  == 1, and hence 
for p  =  2 , 3 ,• • -, n —  2 .

COROLLARY (2.1). The necessary and sufficient condition for an asvptotic 
line of order p  is

(2.I-I) J«(3>)?%0 =  o ( r =  I , 2 ,  3 , • • • , / ) .

This can be w ritten in an equivalent form 

(S2-I2) Üaßy)“ 7)? =  o ( r =  1 , 2 , 3 , . . . , / )

due to the fact th a t it will certainly be an asym ptotic line of order 1.

3. Expression fo r  ( n— i ) th cu rvatu re  o f a  curve in  Fn

W e now consider any  asym ptotic line of highest order (viz. n-— 2). 
Since in this case the vectors (r =  1 , 2 , 3 , • • •, n  —  1) are all tangential 
to F«_! it follows th a t the rem aining norm al is orthogonal to Fw_ i.
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The first (n —  2) curvatures in F n are given by

kr — kr (r =  i , 2 , • • •, n — 2).

W e can also find at any  point of the curve. By differentiating the
relation

£ -1  -  t f - i

along the curve, we have

which w ith the help of F renet’s form ulae for Fn and and (1.7) becomes

kn~2 ŝn—2 "F kn—\ \\n Az—2 în—2 Ba Jaß *̂1 .

By virtue of (2.2) and (2.3) it reduces to

(3-0 kn~\ ¥n Jaß l̂n-1 Pii .

M ultiplying (3.1) by  Ç*-, we have
n

(3-2) kn_x =
n

W e can elim inate v)“_i and ^  from this expression and get a form which
n

involves only a knowledge of the point and the direction of the curve at the 
point.

Since, at any  point, (r = 1 , 2 , 3 , • • - , n) are n m utually  orthogonal 
un it vectors in Fn , so w e _ have

(3-3)
r = 1 r  r

and since v)“ (s =  1 , 2 , 3 ,• • - , n —• 1) are n — 1 m utually  orthogonal unit 
vectors in T?„~i

n—1
(3 4 )

* = 1

As %n- i  is orthogonal to we have from (3.1)

Z i J a g ^ - l ^ l  =  O .n—1

This relation on com bining with (2.10), which is true for p  =  1 , 2 , 3  , • • •, n —  2, 
in our case, gi ves

(3.5) Zi Jag t l  fit =  O .
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Thus, from (3.2), we have

k l-x  =  Û  -ti-1 *>i) j i  r iL i KIÎ) =
n n

n

due to (3.5). From  (3.3) and (3.4), we have

As in our case, p  =  n —  2, the equation (2.11) is valid for /  =  — 2
and due to this, the above relation becomes

The Gauss equation referred to the intrinsic curvature tensor Kaßys of 
the hypersurface F ra_i is given by [3]

The term  in square brackets can be regarded as the ‘ relative curvature 
tensor of Fn_i in F„\ Let us denote it by LaßYS.

T he relative curvature of F*_! for the orientation determ ined by two 
orthogonal unit vectors Aï , Aï (in F*_i) is Laßys AÏ A2 AÏ Ai. It is the difference 
of the R iem annian curvature of F„_i for th a t orientation and the component 
of the R iem annian curvature of F* for the orientation determ ined by the 
same two vectors regarded as in F^.

By analogy with the m ean curvature of F^_i in a given direction, we 
sleali1 define the m ean relative curvature of F^_x in a direction of a point as 
i /(n 1— 2) times the sum  of the relative curvatures for the (n —  2) orientations 
determ ined by the given direction and n  —  2 m utually  orthogonal direction 
in F _ !  at each point, each orthogonal to the given direction. If  AÏ is the unit 
vector in the given direction and AÏ (r =  2 , 3 , • • •, n —  1) are unit vectors 
in th|e other (n —  2) directions, the m ean relative curvature in the direction 
of AÎ is

7.2 OC0 -ri ~r j  ß g
k n - X = g i j g  J«P J9e m  ^  

which on substitution from  (1.3), (1.4), (1.5), (1.7) and (2.6) gives

(3-6) i L i  =  Ü“ vii vii.

(3-7)

+  (Aaßy j e Aœgs, Y) +  g  Bg b :  ( j ; £ B* -  j ; v BÎ) ^  .
dX

n— 1
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Since La0Ye is skew sym m etric in y , s, the above expression becomes equal 
to

n — 1

--- n _  2 2  I-aßys 1̂
71 1 r = 2

which due to (3.4) reduces to

_____ 1 J*Y J Yan _2 ^aßys 1̂ h\ .

Thus, the m ean relative curvature for an asym ptotic direction y]“ becomes

~  A t  •

W ith the help of equations (1.6), ( i . i o ) ,  (2.6), (2.7) and (3.6), the expression 
(3.8) for the m ean relative curvature for an asym ptotic direction v)“ reduces to

(3-9) £ - 1  = —  (n —  2) H  .

The sym bol H in the above relation stand for the m ean relative curvature 
of F«_i in Fn in the direction of the curve.

4. So me  s pe c ia l  c a s e s

(i) a hypersurface F^_i in a Finsler space of constant curvature F*.
If  R  is the R iem annian curvature of F * , then we have

(4-0  =  R & # —
1 1

T hus the m ean intrinsic curvature in the direction of y)J, equal to

---------1__ K  F>ijhk Yia yi£n  —  2 *  ijhk -°aßYS yil

becomes equal to R, w ith the help of ( i . i i )  and (4.1). And also the quantity

becomes

(4-2) =  I

where jf  >is the R iem annian curvature of F„_i in the direction of the curve. 
T hus from  equations (3.7), (3.9), (4.1) and (4.2), we have

(4-3) £ - 1  =  (» — 2 ) ( R — JO.

ai) a hypersurface of constant R iem annian curvature.
In  this I case J ' =  R ' for every direction, where R ' is the constant 

R iem annian curvature of F*, so the equation (4.3) reduces to

£ - 1  =  (n —  2) (R  —  R') .
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These properties can easily be considered for subspace of Finsler spaces, 
and there will be no change in the conditions for asym ptotic lines of order p  
by  taking the induced covariant derivative, as the induced and intrinsic 
co varian t derivative along the tangent to the curve is the same as rem arked 
by R und [3].
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