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RENDICONTI
DELLE SEDUTE

DELLA ACCADEMIA NAZIONALE DEI LINCEI

Classe di Scienze fisiche, matematiche e naturali

Ferie i ç j i  (Luglio-Agosto)
(Ogni Nota porta a pie’ di pagina la data di arrivo o di presentazione)

SEZIONE I
(Matematica, meccanica, astronomia, geodesia e geofisica)

Algebra. — A  note on automorphisms o f L ie  algebras. Nota (#) 
di M a r t i n  M o s k o w i t z ,  presentata dal Corrisp. G. Z a p p a .

R iassunto . •— Questa Nota presenta un criterio tale che un’algebra di Lie reale o com­
plessa di dimensione finita sia nilpotente nei termini dei valori caratteristici di un automor- 
fismo e fornisce una maggiorazione degli indici fi di nilpotenza. Infatti questa maggiorazione 
è la migliore possibile. Nel caso n — 2 si dimostra anche l’inverso e se ne deduce che un 
gruppo di Lie connesso e semplicemente connesso con n =  2 ha sempre una famiglia molti­
plicativa { ß ^ >0 degli automorfismi tale che lim ß (g) =  i per ogni g €  G.

t -> 0

In  [5] N. Jacobson proves (Theorem  2) th a t if each eigenvalue X of a 
given autom orphism  a of the finite dim ensional Lie algebra % is not a root 
of unity, then % is nilpotent. T he purpose of this Note is to give a more 
elem entary proof of a slightly less general fact but which, in addition, gives 
an estim ate of the index of nilpotence of in term s of the given data. 
The converse question was raised in [5] and answered in the negative by 
J. D ixm ier and W\ G. L ister in [1] and more recently by Joan D yer in [2].

T h lo re iv l Let ^  be a finite dimensional real or complex Lie algebra 
and  a 6 the group of automorphisms of 6)j. I f  each eigenvalue X of a
has modulus >  1 then is nilpotent. Moreover, the index of nilpotence is 
<  log I X+|/lo g  I X__ I where | X+| and  |X_| denote respectively the max and min  
of moduli of the Vs.

It should be rem arked th a t this estim ate is best possible, i.e., is actually 
realized in the following example. Let be the Lie algebra of strictly triangular (*)

(*) Pervenuta all’Accademia il io agosto 1971.

1. — RENDICONTI 1971, Voi. LI, fase. 1-2.
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m atrices of order n over the field of real or complex nos. Then, as is well- 
known, is nilpotent of index n —  1. Let =  ^ j(1) D • • O  =  (o)
be the descending central series. Choose a basis for 2), extend this to a 
basis for etc. and finally to a basis of itself. Define
by (ai) y) =  t11 where i  =  1, • • • , n —  1 and t  is in the field and

a* (o) =  o. T hen a* is a linear m ap, is diagonalizable with respect to this 
basis and has for distinct eigenvalues { t , t2 , • • •, tn~x} so th a t for t =f= o is 
invertible. A  direct calculation shows a, is an autom orphism . Hence if we 
take I 11 >  I we find th a t all eigenvalues of ont have m odulus >  1 and

jt—1tag I t” I/tag  \ t \  = 'n —  I, the index of nilpotence.

Proof of the Theorem: I f  were real then by considering its complex­
ification ^  ®R C it is evidently sufficient to deal only with the complex 
case. W e can therefore apply  the following result [Lemm a 22, pg. 194, of [3]) 
which is a generalization of the 3rd Jordan  canonical fo rm / C to Lie algebras:

If  is a finite dim ensional complex Lie algebra and a €  then
a — exp D where:

a) ^ 6 ^K^f) and is diagonalizable;
b) D is a nilpotent derivation of ^J;
c) D and ^ commute.

k
Thus =  2  V \. where X,-, • • •, X̂  are the distinct eigenvalues of and

i = 1
the VXj. are the corresponding (geometric) eigenspaces. Since ip and D commute 
so do ^ and Exp D. If  x { eV^. then ^ Exp D (xt)  — Exp D (#,-)) =  
— E xp D (X* xi) — X,- E xp D (xt). Hence E xp D (xt) e VX/. Therefore 
a (VX/) =  ^ (E xp D (Vx,)) C ^ (Vx,) C so th a t each VXt. is an invariant 
subspace under a (and E xp D). Because D is nilpotent, E xp D is unipotent 
on all of V  and in particu lar on the invariant subspace Vx.. Now on

/ 1 °\Vx?. , =  X,I (in any basis) and E xp D =  I *. in some basis so th a t in

this basis the restrictions, (a)v> =  *. Hence X,- is an eigenvalue
1 V \* \ )  

of (a)Vx and therefore | X*| > 1 .  Thus, in addition to knowing | Xz- | >  1
for aH i we m ay assume th a t a is diagonalizable on It has just been shown 
thajt the set of eigenvalues of ip is contained in those of a. Since the proof 
of thi$, essentially, only depended on the facts th a t a =  ^ Exp D, that
and D com m ute and th a t D is nilpotent and since ̂  =  a (E xp D)“ 1 =

a Exp (— D), and ocD — ^ (E xp D) D — Exp D =  Exp D — D a 
(i.e., a and — D commute) and — D is nilpotent, it follows th a t the eigen­
value^ of a and ^ coincide.

Let Xi E VXz. and xj e VX/ where i , j  =  1, • • • , k. T hen a [x4 , xj\ —
=  [a (xt)  , a (xj)] =  X,- Xy [xt- , xj]. I t follows th a t [VXj. , VXy] — (o) or X,- Xy is
an eigenvalue of a. Denote by Si the set {Xi, • • •, X̂ } of distinct eigenvalues
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of oc, Si — • - , \ in : \ is e Si} and Sn =  S^_xn  Si where n >  2. Then
we have

0 Si d s 2d ••• d s 2d •••
2) ^ = ' ^ a ) = ^ s VV

3) [V .;, V}.j\ =  o if  x^Xj-eSi

4) [Vx,., Vxy] Ç V \h if X; Xj =  XA e Si i.e., if Xh c Sg .

Therefore by  2), 3) and 4), %&) =  [ty , %]  Ç 2  [Vx,.,Vy] C 2  VX/, and
i j  'KkeS2

m ore generally for n >  1, C 2  VXjs where ^  =  [^4 is the
h e S n

descending- central series. To show is nilpotent it suffices to show th a t

S  ^ xh ~  °  f° r  some n - This implies th a t it is sufficient to show S n =  0 
h  e

for some n. Suppose all S n =j= 0 . Since Si is finite and therefore compact
oo

it .. follows from i) and the finite intersection property th a t O S„ =j= 0 .
n = l

oo oo

But D S^ — n  Si n  S i . Hence there exists a X* € Si such th a t for all n,
n — 1 n — 2

hi — X/3 X,-2 • 'hin- By taking norms it follows tha t |X+ | >  | X__|” for all n,
or since log | X_| >  o th a t n <  log | X+1 / log | X_|, a contradiction. Thus is 
nilpotent. I f  no is the largest integer such th a t S„o =j= 0  then the argum ent 
above shows th a t index of nilpotency <  n0 <  log ] X+1/ log |X_| .

It is wprthwhile rem arking th a t the converse to our theorem  does hold 
if the index n of nilpotence is 2 (or i), i.e., in this case there exists an 
autom orphism  of the type discussed above. O f course, if n =  i then ^  is 
abelian and each oc 6 G /(^f) is an autom orphism . Thus for exam ple a — tl  
for \ t \ >  I satisfies the condition. Now let n =  2. Since % is nilpotent 
its center 8 (^ |)  °* Let { x i , - m-,x&} be a basis of 3(^J) and extend this
to a basis ( iq  , • • *, xk , j/x , • • • , y m) of %  Since [% % \ C S(Af) we have
\xi y xj\ \ • o, t , j  I , * * *, k) Fx?, yj  ] o, t =  I ,**•,/§, j  I , * * •, m  and
[yi*yA  6 3C^)> For t 4 =q L t oc, (#,•) == tA %i,
and a/ (yy) =  tyj , j  — i , • • • , m. Then oc, is diagonalizable, has for 
eigenvalues tx and t2 and is in Gl(%). To see tha t oc, e d ( ^ ) ,  th a t is: 
&t\x y y \  =  fa /(V) , a, ( t ) ]  f°r ah it suffices to verify this for x
and y  basis elements. If  either x  or y  equals xt then [x , y] =  o and 
hence oc, [x , y] =  o. On the other hand, a, fa) or oc# (y) e 3 (^ |)  therefore
[a, (}r) , a, (fa)] — o . W e m ay therefore assume x  =  y 9- , y  =  yj  then
fa* > a* (ÿj/)] =  ityi > O7/ ] =  t2 [yi y y  A  but [yi y y  A =  t2 [y*-, Ty] since

e 3 (^ ) -  A n extension of these rem arks does not seem possible for 
higher n!s. \

Finally, this shows th a t if G is a connected, simply connected Lie group 
which is nilpotent of class 2 then G possesses a “ contracting fam ily ” of 
autom orphism s of the type considered by K oranyi and Vagi in [6], i.e., a 
I—param eter group 11-> ß ,, a m ultiplicative hom om orphism  from the positive
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reals to the autom orphism  group <2L (G) of G such th a t for each g  e G , 
lim [ii (g) =  I. Since for a sim ply connected group for each a , £ ä  (4J) (where

%  is the Lie algebra of G) there exists a unique [it e fl (G) such th a t % =  a.f , 
the fact th a t 11-> oq is m ultiplicative and • is a co variant functor implies tha t 
t K  ß, is m ultiplicative. (For facts concerning expG and the relations bet­
ween and G see G. Hochschild [4])- Iti the case of a sim ply connected 
nilpotent group the m ap expG is a global diffeomorphism of 4J onto G. Hence 
for g  eG  choose x e ^ j  so th a t expG(F) = g ,  then lim $t (g) =  lim exp„ =

t—>-0 t—>0
~  expG (lim a^(^)). Since l im a ^ jt)  = o  and expr  is a diffeomorphism,

t - > Q  t - +  0

expG (lim 0Lt (xj) =  I .
t —>-0

The City University of NewYork/Graduate Center.
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