ATTI ACCADEMIA NAZIONALE DEI LINCEI

CLASSE SCIENZE FISICHE MATEMATICHE NATURALI

RENDICONTI

JOZEF BLASS, WLODZIMIERZ HOLSZTYNSKI

Cubical polyhedra and homotopy, II

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche,
Matematiche e Naturali. Rendiconti, Serie 8, Vol. 50 (1971), n.6, p. 703-708.

Accademia Nazionale dei Lincei

<http://www.bdim.eu/item?id=RLINA_1971_8_50_6_703_0>

L’utilizzo e la stampa di questo documento digitale & consentito liberamente per motivi di
ricerca e studio. Non é consentito 1'utilizzo dello stesso per motivi commerciali. Tutte le
copie di questo documento devono riportare questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)
SIMAI & UMI
http://www.bdim.eu/


http://www.bdim.eu/item?id=RLINA_1971_8_50_6_703_0
http://www.bdim.eu/

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche, Matematiche e
Naturali. Rendiconti, Accademia Nazionale dei Lincei, 1971.



[375] J. BLAss e W. HOLSZTYNSKI, Cubical polyhedra and homotopy, II 703

Topologia algebrica. — Cubical polyhedra and homotopy, I1.
Nota di Jozer Brass e Weobzimierz HorszryNsk1, presentata @
dal Socio B. SEGrE.

RI1ASSUNTO. — Si fa seguito ad una precedente Nota lincea [1], mostrando P’invarianza,
omotopica della nozione (qui introdotta) di contigua equivalenza fra morfismi cubici.

The category QP of cubical polyhedra was defined in [1]. In this paper
we define the contiguous equivalence relation for cubical morphisms. We
obtain a projection category CQ and the projection functor Cg: QP - CQ.
This gives an analogy to the homotopy category Ht Top and the homotopy
functor Ht: Top -~ Ht Top. The goal of this paper is to prove homotopy
invariance of the contiguous equivalence for compact spaces in the following

sense. There is a functor @: Ht C—CQ from the homotopy category of
compact pairs into CQ, such that the following diagram commutes:

Ht|C
C HtC
Qlc Ce
J y
QP —— +CQ
Cg

[C is the category of compact pairs, Q:Top—+ QP is the cubical functor
(see [1]).

The above construction, as we will show in the forthcoming paper,
gives a continuous extension of the homotopy invariant functors from the
category of finite polyhedra into the category of compact spaces. In parti-
cular, we will present purely cubical construction of the Cech homology.
For basic definitions used is this paper see [1].

§ 1. CONTIGUOUS CATEGORY
We present a cubical version of acyclic carriers
(1.1) DEFINITION: We say that a family of cubical morphisms
G={g,:(V,V0)—>(W,W0):Z‘€T}

admits a common cubical carrier iff for every face F3 C 'V there is a
face Fg C W such that

2) U f;,(Fp) C Fy

(*) Nella seduta del 18 giugno 1971.
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and
) Fg C Wo whenever Fz C V.

Such a carrier exists iff one can put Fg = carr |J fqt (Fp).
teT
(1.2) DEFINITION: Cubical morphisms p,¢:(V,Vo)— (W, Wy) of finite
polyhedra are said to be contiguous iff there exists a finite sequence of
morphisms p = ¢y, ¢1, -, ¢, = ¢:(V, V) = (W, W,) such that every
pair ¢;_1,¢; admits a common cubical carrier for i=1,,m.

(1.2") DEFINITION: Cubical morphisms p,¢:(V, Vo) - (W, W), where
VCI* and WCI* are said to be contiguous iff for every finite
Ay C A; there exists a finite A’C A such that A’ D p(A})) Ug (A}
and such that the induced morphisms

Pd PV Vo) > 5 (W, Wy
are contiguous (in the sense of the def. (1.2)).

(1.3) Remark: For finite cubical polyhedra both definitions (1.2) and
(1.2") are equivalent.

The following two assertions are obvious.
(1.4) PrROPOSITION: The contiguity relation is an eguivalence relation.

(1.5) ProposiTION: If 2, " :(U,Up - (V,Vy) and ¢',¢":(V,Vy) —
— (W, Wo) are pairs of contiguous morphisms then ¢’ o p’ and ¢” o p"
are contiguous morphisms. Thus cubical pairs and contiguous classes
of cubical morphisms form a category CQ.

Cg:Qp — CQ denotes the canonical projection functor. Cg (W, Wy) =
= (W, W) for every polyhedral pair (W, W,), and Cg (¢) is the contiguous
class of ¢ for every cubical morphism g.

§ 2. SWELLING OPERATION

(2.1) DEFINITION: Let «:A — A; be a function and W C I* be a cubical
polyhedron. We define a polykhedron W* C I* as follows
“ZU{FE:F[;CW}
where for B defined on B, é is defined on « 1 (B) by 5(@) = B-u(a).
(2.2) PROPOSITION:  «:A —> Ay #s a cubical morphism of (W, Wy) znto
(W, Wo)* for any Wy C W C I

Ip the case of surjective o, W is said to be a swollen polyhedron,
(W, Wo)* a swollen pair and Cg (a) = (W, Wp) = (W, W)* the swelling
operation.

Let us notice that for BC A and 8 defined on B the following holds.
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(2.3) ProrositioN: Fz C W* iff
Jo (W) ﬂ{G(m) (@) =¢c or a€A\B}5=o.

(2.4) THEOREM: The swelling operation Cg(a): (W, Wy)— (W, Wp®* is an
isomorphism (in the category CQ) for any cubical pair (W, W,).
Proof: Let &' : A; - A be a function such that -0 =1Ids,,o is a

morphism of W* into W.

Indeed every face of W” is contained in a face of the form Fs, where
Fg is a face of W (B is defined on B C A;). carr « (Fs) =F,, Where Y
is defined on o™t (¢t (B)) = (o - &)1 (B) = B as follows (see [1]):

=B @ (B)=pa @[B)=p.

Thus image of any face of W* under o’ is contained in a face of W (i.e. o
is a morphism of W* into W). Therefore it makes a sense to write

(2.5) o' oo = Idy

We will show now that « o o’ and Idye admit a common cubical carrier. It

suffices to show that f _, (F§> and FE are contained in a face of W* for
every face Fg C W. But

faoa' (Fﬁ) = (fa 'fa’) (carrfa (Fﬁ» C carr (fa 'fa’ 'fa) (FB) = FE .

This and (2.5) prove the theorem in the absolute case. The extension to the
relative case is trivial.
The following factorization theorem is easy to prove.

2.6) THEOREM: Let g: (W, W) — (V, V) be a cubical morphism of cubical
q 0 0
polyhedra Wy C W CI* into Vo CV CI™  Then

[7: (W, Wo)— (V, Vg)] =
= [(Id,,: (W, Wo)' = (V, V)l o [g: (W, W) = (W, W] .

In particular, the above theorem asserts Id, :(W, Wo)! = (V, V) is

a cubical morphism.

§ 3. HOMOTOPICAL INVARIANCE OF CONTIGUITY

In this section we will show Aomotopical invariance of contiguous category
of compact pairs.

More precisely, we will show that there exists a functor (?g: HtC — CQ
such that Cg.Q|C = Czo Ht|C (C and HtC denote categories of compact
pairs with continuous map and homotopy classes of continuous maps respec-
tively).
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Let (X, X,) be a topological pair and let A be an abstract set. A map
%:A—> A(X) defines a polyhedron No (X)L (N, a(A)®. We put

Na (X, Xg) = (Not (X), Nat (Xg).  Let FyCI* be a face of I* for a B
defined on a BC A. We define:

(3.1) «—supp Fy =N {7 (2 (@):B(@)=—=c or ae A\B}.

(3.2) o — suppy Fp = XN o — supp Fy .

It is easy to see that
(3-3) Fg C Na (X,) iff a—suppy Fy==2 .

(3-4) LEMMA:  Given a topological pair (X ,X,) and a pair of abstract sets
ALAy.  Let i:Ay—>A,g:A—> Ay and a:A > A(X) be functions
such that:

a) ¢-i=1d,
0) T [ou-7- g(a)] C 7 [ (@)] for all a€A.
Let oy = a2, then

¢) i is a cubical morphism of Na (X, Xy) into Ny (X, X,);
i) q is a cubical morphism of Nay (X, Xy) into Na (X, X);
717) Cg (q) and Cg (5) are inverse isomorphisms in CQ.

Proof:
Z) is obvious. ‘
#) Let Fy, be a face of Noy(X,), where B, is defined on B, C A,.
Then carr £, (Fp,) = Fg, where B is defined on B =471 (B,) by g = Bo-(z| B).
To prove (iZ) we have to show Fz C Na(X,) and this is equivalent to
o — suppxn Fg4=@ (See (3.3)).
a—suppy Fg =X, NN{m (@(@):B(@=F—ec or a€A\B}.
By (&)
« — suppy Fg DX NA{me [a-7-g(@)]:B(a)F—c¢ or a€A\B}
=Xy N { [% @ @)]:B@+=—¢c or aeA\B}.
Notice that B (@) 4= —c¢ iff (B;:9) (@)= —¢, and ¢: A - A, is onto, thus
«—suppy Fp D XN NA{me (2 (@) : By (@) ==—=c or a€AN\B,} =
= a9 — suppy Fp, == 2.
7i7) By (@) Cg (2) o Cg (¢) = Idy, x,x, -
Let Fg be a face of Na (X,), where B is defined on B C A.

carr fgo; (Fg) = carr F; , where B is defined on B = (g0 ¢)? (B)=(-¢)™ (B)
by B=8-i-g|B.
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The set K = a—suppy Fgnoa— SUppy, F; is the o—support of a
face of I*, which contains both Fg and FE' To show our statement it suffices
to prove K==g.

K =X, N{m @@):B@=F—c}NN{m@@);B@@==—c}.
By (6
KD

=X NN{m@@):B@=F—c}NN{m[e7-¢@)]:8-i¢g@)F—c}=
= XoN N {7 («(a)): B (@) == —e} = a—suppy Fy=0 .

Thus Id and ¢ o 7 admit a common carrier, i.e.

Ne. (X,X,)
Cg(9) o Cg?) = IdNo. (X,X,) -

We define (L ,M)XI = (LXI,MXxI). Let z:(X, Xy — (X, XyXxI
be the canonical embedding 7 (x, %) = [(*,%), (x0,2)]. For A,C A (X)
we define AgXI = {GXxI:GeA;} C AXXI.

(3.5) LEMMA: Given A C A (XXI) and Agx A (X). Let
JiAy—> AU (AgXx]) and q:AUAXD) > A,
be functions suck that j(G)=GXxI1,q.-7=1d A, and = (7-9 (G))C = (G)

for every Ge€A. Let A'= z:i Au z';l (AU Ay. Then Nf (i_1) and
Nf (41) are contiguous morphisms of NA* (X, X,) snto NA (X, X)X TI).
Proof:
Nf () = Zﬁum,,xl) ° Nilu (AgxT) (55) @,

Thus it suffices to show that N:lu A,xD (z_1) and Ni‘lu AyxT) (71) are contiguous.

-1
Al . e AWUA, . LAt
(3.6) NAU(A,,xI) (%) = NAU(A,,xI) (%) o ZZ —I1(A)U A,.

Let us notice that the cubical morphism
J:NAU@AXD) (X, Xy = NAY (X, Xp)
is induced by the canonical projection P: (X, X)) XI — (X, X,), i.e.
ilwoa, L iTlwua,

3.7 N =jo NAU(Aan) (%) . |

(1) For CcD, iCD = C — D denotes the Znclusion map. In the above such inclusion
maps are cubical morphisms.
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By lemma (3.5) Cg () is an isomorphism. Thus, by (3.6) and (3.7)

-1
ic (A)UA,

Ce (NG any (@) = Cg ()7 o Cg (& )o
WAl _ N—1 WAL
o Cg (zi;1<A)UAD) =Ce () - Ce (@)
does not depend on «. |

(3.8) THEOREM: The embeddings i_y , 4 1 (X, Xy) = (X, Xg) X1 énduce con-
tiguous morphisms Q (i) and Q (1)1 Q (X, Xo) - Q (X, X)X 1) for
every compact pair (X, Xg).

Proof: Let A €FinA (XXI). There exists a finite sequence of real
numbers — 1 =¢, <#f <---<# =1, a sequence Aj,---,A, €FinA (X)
and a sequence of functions p,:A— A; for 2= 1,--+,%, such that
7 (9 (G) X [#2-1 5 2]) C 7 (G).

Put Al =i, (A)U7, (A)U A,

1 1 ”
By lemma (3.5), Nik (z'tk 1) and Nj:’é (z‘lk) are contiguous. Thus for A'= U A},
- k=1
NY (4,_) and Ny (4,)

are contiguous for #=1,--,#. Consequently Nf:l (z-1) and Nf(l'l) are
contiguous. Thus, by definition (1.2"), Q (:;) and Q () are contiguous.

(3.9) COROLLARY: [f fand g: (X, Xy) = (Y, Yy) are homotopically equivalent
and (X ,Xq) is a compact pair, then Qf and Qg :Q (X, Xy = Q (Y, Yy

are contiguous.

Remark, that (Y, Y,) is an arbitrary topological pair.
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