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Geometria differenziale. — Lie derivation in a Minkowskian 
Finsler space. Nota di H. D. Pande, presentata (>) dal Socio 
E. B ompiani.

RIASSUNTO. — La derivata Lie fu introdotta per prima da Van Danzig [2] W, ed 
E. Cartan [1] considerava il vettore di deformazione come funzione di sola posizione. Nel 1939, 
Davies [3] enunciò la teoria della deformazione infinitesimale negli spazi metrici generalizzati, 
prendendo il vettore lungo il quale la deformazione viene considerata come funzione sia di 
posizione che di direzione. Abbiamo studiato qui le derivate di Lie in uno spazio minkowskiano 
e la forma generalizzata degli operatori che sono stati usati da Schouten [8] nel suo trattamento 
dei problemi di deformazione nello spazio riemanniano.

i . In fin itesim al deformation and  the L ie  derivative. Let us consider a 
contravariant vector field X" (xk , !;*) depending on positional coordinates 
and direction field Its co vari ant derivative at the point x k in the
direction of ^  (x) is given by

(1.1) XÜC*,Ç) =  & X ') + ( l f / ) ( | j )  +  P^ X “ ,

where the functions (x  , £) are sym m etric in their lower indices.
W e consider the infinitesimal transform ation

(1.2) x* =  x* +  u* (x  , £) d T ,

where u l (x  , £) is a vector field depending on position coordinates x k and 
directional field defined over the region of the space considered and
dT is to be treated  as an infinitesimal constant. The points therefore undergo 
a small displacem ent of am ount dx* =  u* (x , %)'d T .

D ifferentiating (1.2) w ith respect to x j  we obtain

(1.3) * — 8y T  dT , dy'=  djdXJ .

T he corresponding variations in the direction % (xk) are given by

(1.4) V =  r  +  (3y « ’) V  dT  +  ( fip j cT d T .

T he value taken on by  the vector field X \ x , £) a t (x , f )  will be given to first 
order of dT by

(1.5) X* ( x ,%) =  X* (# ,£ ) +  (dt  X !) u  dT  +  I ( d ju )  I d T .

(*) Nella seduta del 17 aprile 1971.
(1) Numbers in brackets refer to the references at the end of the paper.
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U sing Schouten’s notation dX* for the difference X !(x ,Ç ) —  X ’ (x , £), 
we can write

(1.6) dX* =  (3i X > i d T + ^  .|(ay « * ) ^ + ( ^ ) d ^ J  dT.

If  we denote by X* (x , 1) the transform  of the vector field X *(x , £) by the 
infinitesimal transform ation (1.2), we have

(1-7) X \ x , l )  =  X \ d j X i) =  X \ x , Q

The vector X*(# ,£ )  is called the displaced vector of X* (#,■£) from (x , Ç) 
to (x , £) and we write

(1.8) dX‘*= X y(s,V )dT .

If  we now denote by X *(;r, £, || x  , £, ) the vector transported by parallelism  
from , £) to (V , I ) ,  then since

(i ,9) DX* =  dX‘ +  vVj (* , I) X“ dxy = 0 ,

we can write

(1.10) dx!' = x ’V . y  *>!) — x ‘(x,ç)

=  —  F * } ( x , Q  X * u J d T .
W e define

, v  (r’*> d — d . ,
( l u ) D =  —dT > r , j = i , 2 , 3 _; ^=)=J -

For a contravariant vector field X 2 (# , £) we obtain three invarian t deri­
vatives as below:

(1 .12)

O -u )

and

(1.14)

( 1 . 2) . 

D X ’(* = X Û  U + j iVu\j  -  «%• + d V  J +
- J  I x y+ U? U U '

(1,3) •
D X ‘ (x , Ç) =  X'iktf- +  [ ^ j \  V i £ j  -  uh- &  +ax* ; j  „ h k

w u

I 1

(2.3) .
D X ' ( r ^ )  = u\ j  X" + du'

dZl  /  \  d x j )

which ; are the generalizations to M inkowskian Finsler space of the Lie 
derivative, the covariant derivative and the apparent derivative of Schouten 
and V an K äm pen [8] in ordinary  R iem annian space. The Lie derivative of 
X* ( x , £) is obtained by Nisha Rani [6].
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T he derivation of form ulae (1.11) can be extended to an arb itrary  tensor

(I.IS )

in the following manner:

a ,2)

( i . 16)

and

O -1?)

D T .1 : (x , Ç) =  T .1 : t u* +  aT.1’" .73^'  J v - J s ' k ' \ -V -V

\ r k h k yh  , /
■  U \ - k +  ^

dun
d f «  -  -S r \a*"7 \9*m/

s t - : ;l ’ * ^ + i’ ■ ■ •»
A • *-Js

dîL
w

du’* \ / dln' 
dlm ) \  dxk

u ”

+

I V T*T"V
'  J r - j , - V k >jq +  -L ’ ■■•Js ’Jq

dtp
ä r a/*

L - - - J s K J l " - J S ' k ~ \  J1 ■ ■ 'J si  )

I r j h  k r h  . /  dE, \  k
I « ; - «  ^ +  7 »

(2,3)
D t ! 1" “:  (x ,%) =  2 t : 1*'"1* “ V - i ’̂ ’V+1’ ‘ ‘ ‘ ’V 7  r ( F L  ( F t  

!4 +  U " / \ a *7

S t - " ^  4 . . I - « * .  + / * : dln
dxJq

2. The Lie derivative o f the metric tensor. Let A v (x , i;) be the compo­
nent of a second order tensor. Then A ’’ ( x , Ç) at (x ,%)  and deformed 
components Ä v (x,Z,') are given by

(2.1) A j ( x , I) =  K \ x  , I) +  (fk A!J) uk dT +

+ d V  d T ,

(2.2) A ! \x  7 )  =  A* 7 7 ) +  fAa  —  +  A kJ ~ L j  d T .

Therefore the Lie derivative of A? (x , E). can be written in the form

(2.3) (1d V (* ., 7  =  a*  i t  +  (3AijiF )  •

vk h; u vk ■ ■ » T , 7 7 ) d r + ( - |
duh\ (

dt?) \dxmr

- A V j - A V ,  + A ik d u J F L \ + p f H F L
d x * ) ^  \  9Ç*

d l m 

dx*

Sim ilarly, the Lie derivative of a second order covariant tensor A,y 7  > S) 
can be obtained easily.
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In  particular, the Lie derivative of the metric tensor is given by

where we have used the generalization of Ricci’s lemma g t -.k —  2 C ,.h =  o,

and CiJh (x , £) =  y  dg^Çx, Ç)/a£*.
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