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Analisi funzionale. —  On some classes of contractions. Nota di 
I o a n a  I s t r a t e s c u  presentata (,) dal Socio G. S a n s o n e .

RIASSUNTO. — Si indica una nuova classe di operatori per i quali è valida una conget­
tura di Sr. Nagy sulle unimodulari costruzioni numeriche.

1. Let H be a Hilbert space and T be an operator which is continuous 
on H. In [8] Sz.-Nagy has proved that if T is completely continuous and

Il Tn II <  00 n ■= I , 2 , • • •

then there exists a contraction T' and a self-adjoint operator Q such that

T '=  QTQ“1 .

It is known that this result does not hold generally, but there are some 
cases in which it holds for other classes of operators. It is the purpose of the 
present note to indicate a new class for which the Sz.-Nagy conjecture is 
true and to give some results on unimodular numerical contractions.

2. Let us consider after Kuratowski the Kuratowski number of a bounded 
set in a Hilbert space H, a (A) defined as the infimum of all e >  o for which 
there. exists a finite covering of A with sets of diameter less than s.

DEFINITION 2.1. An operator T is called a-contraction if there exists 
k 6 [o , 1) such that for all bounded sets A in H we have

a (TA) <  kcL (A) .

For properties of a( . )  needed here we refer to [1].
Our main result is the following

T h e o r e m  2.1. I f  T  is vo-contraction and

Il Tn y <  M <  00 n =  I , 2 • •

then there exists a contraction T' and a self-adjoint operator Q such that

r - Q T Q  1 .

Proof. If we denote by rT the spectral radius of T then it is clear that 
rT <  I and thus the spectrum of T, cr(T) lies in the unit circle. From the 
result in [1] we have that only a finite number of points of a (T) are in

r  =  { z , M  =  q  .

(*) N ella seduta del 18 giugno 1971.
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Let denote these as , X2 , • • •, Xn . Thus

® =  (*i) U • • • U {X*} u  a0

and from known results [i] we can consider the idempotents == Px̂  which
are projections and also oc-contractions. Thus the spaces R* =  P,- H are 
of finite-dimension.

As in Sz.-Nagy paper [8] we can show for all x £ Rz- that we have

Tx =  X; X .

The operator T0 =  TP0 has the spectrum equal to cr0 and the arguments of 
Sz.-Nagy show that T' exists and also Q with the properties needed in the 
theorem.

C o ro llar y  i . I f T is of the form  T =  Ti +  C where Ti is a a -contrac­
tion, C =  compact and T is with uniformly bounded iterates, then T is similar 
to a contraction.

Remark. If ||T i||<  1 we obtain Theorem 2 of [6].

COROLLARY 2. I f  T is an operator such that for some integer m , Tm is 
a-contraction and with uniformly bounded iterates then T is similar to a 
contraction.

3. We say that T is a unimodular numerical contraction if it satisfies 
conditions:

(0  T is a numerical contraction, i.e., wT =  sup I <  Tx ,x  >  I <  1
H * | | = i

(it) the spectrum a(T) C {2 : | z | =  1}.

We denote by N (T) and R(T) the null space and range of T, tt0(T) 
the set of eigenvalues of T, no/(T) the eigenvalues of finite multiplicity, 
0̂0 (T) the isolated points of cr(T) that are eigenvalues of finite multiplicity. 

The Weyl spectrum co(T) of T is defined by <o(T) =  n  <r(T+ K)
K

where K varies over the set of all compact operators [3]. We say that 
Weyl’sj theorem holds for an operator T if

G>(T) =  a(T) — tcooCT).

First we give the following

LEMMA. I f  T is an operator for which WeyVs theorem holds and A such 
that A — S"1 TS the Weyl theorem holds for  A.

The proof follows from the fact that a (A) =  a (T) and

co(A) =  n  <t(A +  K) =  n  aCS"1 TS +  K) =  n  ct(S-1 TS +  S '1 SKS“1 S) =
K K K

=  n  S (T +  SKS“1) =  w(T) .
K
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T h eo r e m  3.1. I f  T is a unimodular numerical contraction then WeyVs 
theorem holds for  T.

Proof. It is known [9] that there exists an invertible operator S and 
an operator A, | ]A| |< 1 such that T =  S-1 AS. From the fact that 
<7 (A) Ç {z : ! z I =  1}, by [4] the theorem follows.

From the above lemma and a result of Sz.-Nagy [7] it follows that for 
any operator T with ||Tw| | < M , ^  =  o , i l ='i , ±  2 , • • • Weyl’s theorem 
holds for T.

T h eo r e m  3.2. Let T be a reduction-isoloid unimodular numerical contrac­
tion. I f  T satisfies one of the conditions'.

1) o (T) is a countable set;
2) T is a polynomially compact operator;
3) T is with compact imaginary part\ 

then T is an unitary operator.

Proof. Recall that an operator T is said to be isoloid if every isolated 
point of a (T) is an eigenvalue of T. Since T reduced by each of its eigen- 
spaces the proof of 1) and 2) follows as in [2]. For the assertion 3), let 
T =  A +  zB, then co (T) — co (A) Ç {— 1 , 1} and by theorem 3.1, Weyl’s 
theorem holds for T. This implies that g (T) is a countable set and the theorem 
is proved.
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