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Topologia. — Admissible sets and K ur atom ski ’ s number a l,>. 
Nota di Carlo F ranchetti, p re se n ta ta ^  dal Socio G. S ansone.

R ia ssu n to . — Usando il concetto di insieme ammissibile si dimostra la seguente pro­
prietà del numero oc di Kuratowski:

a {cl A) =  a (A) ,
dove cl è la chiusura in una conveniente topologia debole di uno spazio normato.

i. Metric spaces

L et ( X , d )  be a m etric space. If  A  is a bounded subset of X we denote 
by 8 (A) the diam eter of A, th a t is the num ber

§ (A) =  sup d  (a, a') .
a,a' & A

If  ^ e X , r > o , A C X  we denote by B (a , r) [B (A , r)] the closed 
ball with center in a [A] and radius r, i.e. the set

B (a > r) =  { y  e X : d  (y  , d) <  r}  [B (A , r) =  { y  e X : d ( y  , A) <  r }] .

N ote th a t if A  is bounded, then S [B (A , r)] <  S (A) +  2 r.
L et again A  be a bounded subset of X, we pose

A  (* (**)) =  SUP d  (a ,x)  .
a G A

A  is a real nonnegative functional defined on X which satisfies

I / a O ) —  / a W |  < d ( x , y ) ,  Vx , y  e X ;

i . e . / A is nonexpansive. A  point <20 e A  such that , a0) =  f A(x) is called 
a farthest point to x  in A  (see for ex. [1]).

A  bounded set A C X  is called admissible if it is the intersection of a 
fam ily of closed balls. Obviously the intersection of any fam ily of admissible 
sets is an adm issible set. So if B is a bounded set we can define a new set 
B iD B  as the smallest admissible set which contains B, in other words 
is thp intersection of all closed balls which contain B. Note th a t one can 
generalize the above definition to unbounded sets. In  fact call a set V C  X 
adm issible (in the generalized sense) if

i) W C  V, W  bounded => Wi C V.

It is easily seen th a t i) is equivalent to

ii) VB C X, B admissible, B f i  V  is admissible.

(*) Work performed under the auspices of the Italian Council of Research (C.N.R.).
(**) Nella seduta dell’8 maggio 1971.
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W e can define the set V i as above (note th a t X is admissible in the gene­
ralized sense).

I t is easy to see th a t if A  is bounded we have

< f A( x ) , V r e X } =  n  B ( x J A(x)).
x e x

W e rem ark th a t f A(x) >  8(A)/2; so A i m ay also be considered as the 
intersection of all closed balls which contain A  and with radius r > S ( A ) /2 .  
From  the definition of A i it follows im m ediately th a t if a0 is a farthest point 
from #  in A, then a0 is also a farthest point from ^  in Ai.

P roposition  1. I f  X is a separable metric space, every bounded admissible 
set is the intersection of a countable fa m ily  of closed balls.

Proof. L et {xn be an everywhere dense sequence in X, A C  X a 
bounded adm issible set : A  — { y  G X : d ( y  , x) < f A (x) , Wx e X }. Consider 
the set A ' =  { y e  X : d ( y  , x n) < f A (xn) , \ fn}]  A ' is the intersection of a 
countable fam ily of closed balls and A C  A '. W e m ust prove th a t A ' =  A. 
Suppose th a t y e  A ', then d  (y  , x n) < f A (xf),\ln.  If  ^  is any point in X, 
there exists a subsequence of {xn} which converges to C ontinuity o f f A 
implies then th a t d ( y  , x) < f A (x).

Suppose th a t A  is a bounded subset of X, let us now consider more 
generally the set Ay. A c == { y  e X : d ( y  , x) <  cfA (x) , Vx  e X }, where 
c >  I .

For c == I we get the above defined set A i; for every c > i ,  A c is an 
adm issible set which contains A i . A c is also the intersection of all closed balls 
which contain A  and w ith radius r  >cS(A }/2 .

THEOREM i. I f  A  is a bounded subset of X, c >  1 then 

& (Ac) <  cS (A) , in particular 

8 (Ai) =  8 (A) .

Proof. Recall th a t A c =  { y  e X : d  (z , y)  <  cfA(z) , V ^ e X  }. From  
the definition of A c we get: f Ac (z) <  cfA(z). Hence

(1) sup d ( y  , z) <  c8 (A) .
z €■ A

So, in  order to prove the assertion, it is enough to consider pairs y t , y 2 e A c , 
y x , y ^ A .  Suppose th a t & (Atf) >  ^8 (A); then there exist y 1 , y 2 e A , \ A  
such th a t r  =  d  ( y t , y 2) > c 8 (A). If  .s* is such th a t cS(A) < s < r  pu t 
G =  B ( y 1 , s ) n  A c . Since y 2&G, G is properly included in A c and so cannot 
contain all A. (In  fact A , is the intersection of all closed balls which contain A  
and w ith radius >  <?8(A)/2, since B ^ , ^ )  has radius >  c8(A), if B D A  it 
m ust be G D A ^ which is a contradiction). Let b e  A, b & B ( y 1 , s); we have 

>  s >  cS (A) which is a contradiction with (1).

39*
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Remark 1. Let A  be a bounded set in X. W e recall the definition of 
K uratow ski’s num ber a (A) (see [2], pag. 318)

a (A) — in f s £ 7> o such th a t A can be covered by a finite collection 
of sets {B k}nk==1 w ith S ( B^ ) < £ ,  k = i

Because of theorem  1 we can choose the sets of the covering in the fam ily 
of admissible sets w ithout changing the value of a (A).

2. Normed spaces

Suppose now th a t X is a norm ed space. Theorem  1 m ay be formulated 
m ore precisely:

Theorem 2. I f  A  is a bounded subset of X, c >  1 then

(2) 8(A,) =  *8(A).

Proof. W e can suppose 8 (A) >  o, c > 1 and prove th a t 8 (A,) >  c8(A). 
W e begin to rem ark th a t in a norm ed space if C is bounded then 

8 [B (C , r)\ =  8 (C) + 2 r. If

(3) A , D B ( A , ( . - i ) S ( A ) / 2 )  

holds, then

8 (A,) >  8 [B (A , (c —  I) (A)/2)] -  8 (A) +  (c—  1) 8 (A) =  ^8 (A)

and so also (3) holds.
So we prove (3): let y  € B (A , (c — 1)8 (A)/2) ; Vx 6 X we have: 

d  (y  >x) <  d  (y  , a) +  d  (a , x), Va e A. V £>  o we can choose a0 e A  such

th a t d  ( y , a0) <  — +  £ and so:

d ( y  ,x )  <  *)8(A) - f  d  (a0 , x) +  s <  S(A) - f / A(*) -f  g .

(£ - i )*ÇA)
2 /.(*) +  ISince ? I I f  pipe) <  2/8 (A) we get d ( y ,  x)

£ being arbitrary , we have d  (y  , x) <  cfA(x) W , i.e. y e  A c. 

C o ro lla ry  1. I f  A  is bounded c >  1, then

A c =  Bi , where B =  B (A , (c —  1) 8 (A )/2 ).

/ a ( * ) + s < ^ a( * ) + s»

Proof. B C A ,  = > B i C A ,  since A , is admissible. Otherwise every ball 
which contains Bi has radius >  ^8 (A)/2, hence B i D A , .

C o r o l l a r y  2 (see [3]). A  bounded =» 8 (A) =  8 (S?A).

Proof. In  fact ?äA C A i since A i is closed and convex.

Remark 2 . Theorem  2 is the best possible as we shall see.
L et X be a set, cf a fam ily of subsets of X such that:

Ì) X e & ; zï) §r is closed under intersection; then the m ap cp defined 
on subsets of X, cp : A  -> n  F  is called a C-closure (see [4]). L et ^  consist

F €- gr 
FDA
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of a collection of closed convex sets in a norm ed space X, then if:

8 (9(A )) =  8 (A) holds V A C X ,  A  bounded,

cf contains closed balls hence cF contains admissible sets.
Indeed suppose th a t B is a closed ball, B ^ ,  then 9 (B) contains 

properly B and so 8 (9 (B)) >  S (B) .

3. Norm determining topologies

W e shall give now some applications of rem ark 1.
L et X be a norm ed space, <D a subspace of X* (the norm  dual of X). 
W e say th a t the O -topology of X (which we denote by t) is norm  

determ ining (n.d.) with characteristic v (o <  v <  1) if:
V# e X sup I 9 (at) I > v | | # | | ,  and v is the greatest possible constant.

cp G <E>
h<P 11=1

The following are known results (see [5]):
1) if t  is n .d ., v — i then every closed ball B is T-closed (B =  Bx) 

and so every admissible set is T-closed. If o <  v <  1 then V ^ g X  
B (x , r) C B [x , — r j . Consequently: 

it) Ä T C A 1/v .

Proposition  2. I f  A  is bounded, t  is n.d ., then\

8(Ä ) <  ~  8(A), in particular S(Ä%) =  8(A) if v == 1.

Proof. Follows from it) and theorem  2.

Theorem 3. Let t  be a n.d. topology on X with characteristic v, A  a 
bounded subset of X, then'.

— T I
a (A) <  a (A ) <  — a (A), in particular i f  v =  1 

a'(A) =  a (Ä T) .

Proof. P u t a (A) =  a, z > o arb itrary; there exists a finite family 
{Q }J=1 of admissible sets with 8(C,-) <  a +  è such th a t A C C i U  
hence

Ä TC C i ü  • • • u C  =  C u - ’ - u C  ; S(Cj) < V s ( Q ) <  I «  +  A  . 

Therefore

<x(AT) <  L a =  A  a (A) .

C o ro lla ry  3. I f  A is bounded,

(4)
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Proof. I t  is enough to use a result of D arbo (see [3]) which asserts that

(5) a (A) = a ( S A ) ,

Suppose now th a t A  is T-com pact and convex, using K rein-M ilm an theorem 
(see [6] pag. 439-440) we get A  =  co ext A, where ext A  is the set of extrem al 
points of A. So we have:

C orollary  4. I f  A  is x-compact and convex, then

«(A) <  — a (ext A) .

Proof. U se (4).
W e give an example. If  X is an adjoint space, the ^ - to p o lo g y  on X 

is n.d. with characteristic v =  1. Since the closed unit ball U  is ze/*-compact, 
we get a ( U )  =  a (ex tU ). It is known th a t a (U ) — 2 in every infinite dim en­
sional norm ed space (see [7]). So we have:

COROLLARY 5. I f  the closed unit ball U of an infinite dimensional normed 
space is T—compact fo r  a n.d. topology t  with characteristic v — 1, then

(6) a (ext U ) =  2 .

R em ark th a t if U  is weakly com pact then (6) follows from (5), but in the 
general case we m ust use (4).
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