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Analisi matematica. — Special Functions of Mathematical Physics
With Several Variables. 1: Bessel Functions ©. Nota di MEEMET
Namrik OGuzTORELI, presentata ” dal Socio M. PiconE.

RIASSUNTO. — In questo articolo, & studiata una generalizzazione di funzioni di Bessel
di prima specie per piu variabili.

1. INTRODUCTION

In a series of papers, D. Mangeron and the author have investigated
certain extensions of some of the special functions of the Mathematical Physics
to several variables (cf. [1]-[5]). In this paper we continue our investigation
concerning generalized Bessel functions of the first kind.

It is well known that the Bessel functions of order v of the first kind

=
2

(r.) Jv(x):mZ:O (— 1y W T FmrD)

can be characterized as the solution of Bessel’s differential equation
d%u du

(1.2) xzﬁ xa—l—(xz—vz)uzo,

or as the solution of the differential recurrence relations

(13) L@ =Tl e @] = — (),
normalized by the condition

(1.4) &)@ = T

where I'(x) is the gamma function.

In this paper we investigate analytic functions

JVpVg:"',Vn - Jvl,vz,--»,vn<x] s Xy ',.96',,)

(*) This work was partly supported by the National Research Council of Canada under
Grant NRC-A4345 through the University of Alberta.
(**) Nella seduta dell’8 maggio 1971.
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satisfying the functional equations

| o (a2
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and normalized by the conditions

(16) {xIVIx;,Z e x;"n Jvl,vz,---,\'n} [xk=0 = —n_:-———_ ('é:I) 2, "%>;

where 9, is M. Picone’s ‘‘ total derivative operator ”’ [6],

aﬂ
Ox10xg - - - Oty )
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Note that the parameters vy,vy,---,v, and the variables x;,x,,---, %, can
be arbitrarily complex. Clearly, for » =1 Egs. (1.5) and (1.6) reduce to
Eqgs (1.3) and (1.4), respectively.

We can easily verify that any solution J = Jy ,,...,s, of the functional
equations (1.5) satisfies necessarily the Mangeron equation

2vi+1 2vo+1  2v,+1 V1,V2 .. )]
(1.8) 3, [xl x, x, an(xl %y " J) 4+
+ x;1+1x;2+1 ce x:"+1J = 0.
Further, we have
. V. —~V. -
(1.9) 0 T T gm0 =0 (k=1,2,--,m),

by virtue of the conditions (1.6) and the second equation in (1.3).
In the following we shall consider the case # = 2 for the sake of
simplicity. The passage to the general case is immediate.

2. SOLUTION IN THE CASE 7 = 2
Consider the functional equations
(2.1) 9 (x V¥ Juw) = 29" Juotv—1 axgy( 2y Juw) = — 2 Juntvin
and the associated Mangeron equation

2utl ovil O, _p +1 vl
(2'2> I.JM, axgy X * yV W(x p’yVJM,V) + xl«" yV J!-bw: O.
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We now establish the analytic solution to the above equations which satisfies
the conditions

v o _ 1
(2:3) @ T, = @Y Ju) =0 2*FVD(ut1) T(v-+1)
and

CpT Ci —b
(2.4) ar 9y @Y Juw) w—o oz 3y @y Juw) Y=o =0.
For this purpose, we shall seek a solution of the form
(25) Juw (x ,y> = nyG Z By 27 Y <a0’0:*: O)

myn=0

to the problem (2.2)—(2.4), where the indices p = p(u,v) and o = o (u,v),
and the coefficients «,,, = 4,,,,(&,v) are to be determined.
We can easily verify that

@6 U= B e 9) bt sl 475

where

(2.7) Uy = pyy—1 = By, =09, =0 (M, 2=0,1,2,++)
and ’

(2-8) Fon (05 0) = [m + )" —u*] [(2 + 0)* —].

Thus, Eq. (2.2) is satisfied if and only if

(2.9) f0.0(p50)@0,0="0 s frmn(0:0)@mnt m-guu—g2 =0 (m,n=0,1,2,--").
Since a,,,==0 by hypothesis, and f, (¢, 6) = (p2— u?) (62 —v2), we have
(2.10) p=Fp , o=TFv

by virtue of the first equation in (2.9).

Assuming Rep >0 and Rev>o0, we take p =y and ¢ =v in (2.5).
The other three cases can be discussed by the well known method of Fro-
benius. In this case we have

[e]
(z.11) Jun(x,9) =2ty 2_ gy X"V

myn=0

and

(2.12) mn(m+2u) (8 +29)a,,, + CGpyog,y—g =0 (m,m=o0,1,2, ).
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Furthermore,
- I
(2.13)  ag,0 = Tt D Tot) o = @y, =0 (M, n=0,1,2,-++)
by virtue of the conditions (2.3), and
(2'I4> Ay, = Q1,, = O (m,%=1,2,3,---)

by the conditions (2.4). Thus, all the coefficients «,,,, are uniquely determined
by the recurrence relation (2.12) and by the initial conditions (2.13)—(2.14).
Solving the system (2.12)—(2.16) we find that a,,=o0 for all # and #»
except m = n = 27, for which we have

2. . L= Y - ! ) — cee ),
( 15) azj,Zf ( I) 2u+v+41<j!)2 D(u+j+1) Tv+i+1) (.7 °,L,2, )

Hence the solution of the problem (2.2)—(2.4) is of the form

x \mt+27 y‘)V+2/'
(?) (3

0P T(ptst1) Dvtit1)

(2.16) Jun(,9) = 23 (1)

We can verify without any difficulty that the function J..(x,y) given by
the formula (2.16) satisfies the functional equations (2.1) and the conditions
(2.3). Obviously 7"y ™" ]J,..(x,») is an entire function. Hence, if Reu> o,
Rev> o, then J,.(x,%) is the desired generalized Bessel function.

By a similar analysis we can show that the functions J_,.(®,%),
Ju,—v(x,») and J_, _(x, ) satisfy also the functional equations (2.1) and
the conditions (2.3), under certain conditions which are usually imposed in
ordinary Bessel functions of the first kind.

3. GENERAL CASE

Note that the solution of the general problem (1.5)-(1.6) is given by

"the formula
(ﬂ>"l+ / (ﬁ)“z’ (* )"”“f
)= Z (— = E

(] D TE147+1) Tvet+j+1)- - - T(vat j+1)

(3‘I> ]"’1:\’2,"':’\’”<x17x2) .

if Rev;>o0, j=1,2, -, % which can be established by the same method
used in the preceding section.
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