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Analisi matematica. — Special Functions o f Mathematical Physics 
With Several Variables. I: Bessel Functions (*\ Nota di M e h m e t  

N a m i k  O g u z t Ör e l i , presentata (**} dal Socio M . P i c o n e .

RIASSUNTO. — In questo articolo, è studiata una generalizzazione di funzioni di Bessel 
di prima specie per più variabili.

i .  In t r o d u c t io n

In a series of papers, D. Mangeron and the author have investigated 
certain extensions of some of the special functions of the Mathematical Physics 
to several variables (cf. [ i ]—[5])- In this paper we continue our investigation 
concerning generalized Bessel functions of the first kind.

It is well known that the Bessel functions of order v of the first kind

l x  \v + 2m

=  S o  ^  m! F( v  +  m + i )  ’ 

can be characterized as the solution of Bessel’s differential equation

C1-2) *2 +  X  —  +  (x* —  V2) u =  °  ,

or as the solution of the differential recurrence relations

(1-3) ^ [ W v ( * ) ] = < T v - l ( * )  . ^  [*“vJv(*)] = — x-v]v+1(x),

normalized by the condition

where T(^) is the gamma function.
In this paper we investigate analytic functions

J v l-»v 2» * ’ ■ >yn ~  J V1>V2 > - -  ' ,yn O * ' !  ’ > * * * > 'X n)

(*) This work was partly supported by the National Research Council of Canada under 
Grant NRC-A4345 through the University of Alberta.

(**) Nella seduta dell’8 maggio 1971.
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satisfying the functional equations

a l x }  xi* ■ ■ ■ x v• Jn \  1 2 n J '

(!-S) <
r ~y2 . . . r~vn T

2 n J 'v1 +  l»v2+ l ,  »vw+ l

and normalized by the conditions

(k =  \ ,2  ,••• ,« ),

where is M. Picone’s “ total derivative operator ” [6],

0 -7) dX\ 9̂ 2 * ' * dxn

Note that the parameters vx , v2 v„ and the variables , x 2 , - • •, x n can
be arbitrarily complex. Clearly, for n =  I Eqs. (1.5) and (1.6) reduce to 
Eqs (1.3) and (1.4), respectively.

We can easily verify that any solution J — J Vl ,v2 , . . . , v M of the functional 
equations (1.5) satisfies necessarily the Mangeron equation

by virtue of the conditions (1.6) and the second equation in (1.5).
In the following we shall consider the case n =  2 for the sake of 

simplicity. The passage to the general case is immediate.

(1.8)

Further, we have

(k =  1 ,2 , • • •, n)

2. S o l u t i o n  in  t h e  c a s e  n =  2

Consider the functional equations

and the associated Mangeron equation
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We now establish the analytic solution to the above equations which satisfies 
the conditions

(2.3) (*-V  J.,0 |„„ = C* V  J»..) |,=I = 2,+.ro,+l)ri,+l)
and

(2.4) S*2 s -fx -v j \ I _ S>2 a rv
dxdy ' X y  \Xs=0 ( ^ V VJ . ,v ) |^ o =  0 .

For this purpose, we shall seek a solution of the form

00

(2.5) J^v (x ,y )  =  x qy G 2  am,n xmy n 0%o ^  °)m,n — 0

to the problem (2.2)-(2.4), where the indices p =  p(p,,v) and a =  a (jx , v), 
and the coefficients amtn =  am,n (p. , v) are to be determined.

We can easily verify that
00

(2.6) LE.v =  *Q+M- 1y 5+v- 1 S  [/« .» (p . ff) 0*,»+ v i , - i ]
m ,n = 0

where

(2.7) =  .ûw.-i =  «-1,1. =  a~2,n =  o ( m ,n  =  o , 1, 2,* • •)

and

(2-8) /* .«  (p . c) =  [<> +  p)2 — H-2] [(« +  ff)2 — v2] .

Thus, Eq. (2.2) is satisfied if and only if

(2-9) /o.oCPt^O.O =  °  » /» ,»(p ,<0ö* .» + ö»-2.*-2 =  °  ■ (*»,« =  0,1,2, -  • •)•

Since <20>0=[=o by hypothesis, and / 0,0 (P > cr) — (P2— (J.2) (c2— v2), we have 

(2.10) p =  4  [i- , a =  =F v

by virtue of the first equation in (2.9).
Assuming R e [x > o  and R e v > o , we take p =  fx and a =  v in (2.5). 

The other three cases can be discussed by the well known method of Fro- 
benius. In this case we have

00
(2.1 I) J \^,y(x Ì y)  — 2 ] timbri K™y

m ,n = 0

and

(2.12) m n(m  +  2 jx) (^ +  2 v ) ^ jM +  ^ -2 ,* -2  =  o ■ ( m , » =  o , 1, 2 , • • •)•
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Furthermore, 

(2.13) <%o -
2 ^ % + i ) r ( v + i )  ’

by virtue of the conditions (2.3), and

(2-14) a m , 1 =  a l l „

aa,„ =  o (m , n =  o  , I,  2 ,• • •)

( m  , n =  I,  2 , 3  )• • •)

by the conditions (2.4). Thus, all the coefficients am,n are uniquely determined 
by the recurrence relation (2.12) and by the initial conditions (2.i3)-(2.i4). 
Solving the system (2.I2)-(2.i6) we find that amiH =  o for all m  and n 
except m =  n — 2/, for which we have

( 2 - ï S ) 27,2 7
I

2^+v+4 y( / ! ) 2 ro x + y + i)  r (v + y + i) ( j  =  0,1,2,■■■)■

Hence the solution of the problem (2.2)-(2.4) is of the form

(2.16)
00

h . * ( * , y ) =  S H  / '
J = 0

x ^ + 2J ^y jv+27

U 0 2 F (^ + y + i)  r ( v + y + i)

We can verify without any difficulty that the function , y)  given by
the formula (2.16) satisfies the functional equations (2.1) and the conditions 
(2.3). Obviously , y) is an entire function. Hence, if R e[x> o ,
R e v > o , then J i s  the desired generalized Bessel function.

By a similar analysis we can show that the functions J _ fXjV (x -, y), 
J ,y )  and J _ fx5_v(^,jr) satisfy also the functional equations (2.1) and 
the conditions (2.3), under certain conditions which are usually imposed in 
ordinary Bessel functions of the first kind.

3. General case

Note that the solution of the general problem ( i . 5 ) - ( i .6 ) is given by 
the formula

( - ) Vl
(3‘i) 2 ( — O 'tt

v 2+ 27 Vn + 2J

7=0 U 0 1) r(v2+7+i)- • • r(v^+y+i)

if R e v y > o ,  j  =  1, 2 , • • •, n, which can be established by the same method 
used in the preceding section.
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