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Analisi, m a tem a tica . —  On the solution o f  a non—lin e a r  m ix e d  
problem  f o r  the N a v ie r —Stokes equations m  a t im e dependent d o m a in . 
N o ta  III  di G i o v a n n i  P r o u s e ,  presentata  (*} dal Corrisp. L. A m e r i o .

R iassunto. — Si dà la dimostrazione dei Teoremi 2, 3, 5 enunciati nella N ota I.

3. -  Proof of Theorem 2. Let { v n f ) }  be a sequence such that

(3-1) ll^ llw ^
T
r  ->  ^  \l /2

J (Il Vn 00llvo + 1(fì,) +  II ^  CO llv0_ 1(Qif)) &  ^  (Ollvo(Q#)| ^  M 2 •
0 ~ ~

We shall show that it is possible to select a subsequence (which will again

be denoted by { v n (*)}) such that the sequence { u n (/)} , with un f )  =  S (vn f ) )  
converges strongly in W t,0 -

Let vm (f) , vn (f) be any two functions of the sequence considered; by
. » —^

the definition of the transformation S, the corresponding functions um f )  , un (t)

are such that, Vh f )  £ L2 (o ,T  ; V i_0 (£2*)),

T

( 3 - ^ )  J  {(pm f )  nn f )  » h {pp - j -  [x  ( A um f )  A u n f )  , h f i )  }  dt  =

oJ
T

=  —  J  j b ( t , vm (t) , vm O) , h (t)) —  b (t , v n (t) , v„ (t) , h (fj) —
0

— - E  J («'».l (x  - 1) —  V»,1 (x  > t)) h ( x  , t )  x  V, dr,- +
rf-

+  J  ß (x > t) ((vm (x , t) X v,) I vm (x , t) X \>t I —
r3,if

■ (vn (x , f)  X v,) I vn (x , t) X v, 11 h ( x  , t) X V; d r 3>, dt

(3-3) um (o) — un (o) =  o.

(*) Nella seduta del 20 febbraio 1971.
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Setting z mn (t) =  vm if) — vn if) , w mn (t ) =  u„ if) — un f ) ,  h (t) =  A 0 w mn i f ) , 

when o <  t <  t < T , /i (t) =  o when t <  t, we obtain

(34) J {(w'mn (t) , A° w mn(t)) +  [>- (Aw mnf )  , A aw mn(t))} dt  =
0

7

=  —  [ j  b i t  , z mn if) , v„ (t) , A 0 w mn it)) —  b i t  , v n i t ) , z ( t )  , A° w mn if)) ■
J \ '0

I 2̂  I* > ?
- 7 S  I (vmA (x , t )  +  vnA {x , /)) z„„, 1 (x , t ) A° w mn (x , t )  X v, d r , +

I_1 r,-

.+  j  $ ( *  , t )  ((Vm (x , t )  X v,) I ^  (ar , t) X v, | —

—  ( v „  ( x  , 0  X v,) |e/„ (# , t )  X v,| ) A"wTO (* , t )  X v, d r v  A t .

On the other hand, by (2.1), (2.4), (2.5), (2.6) and Holder’s inequality

7

(3*5) / b ( t , (0  , ^  (0  , A c w mn it)) At <

“  ^^h(1- ö)/2(0j7;Vo(q^))^w ^^no/2(oJ;y1(Qt))^Wmn ^ ^ l2(057;Vo+1(Q̂ )) ’

b i t  , v n it) , zmn (t) , A 0 w mn it)) At <

—  C3 WV " ^ I I l o o (o 57 ;L 2/(1- « ) ( Q ^ ) ) I I ^  ^ I I l 2(0,F;V1(Q/ ) )H A  ^ ^ L 2(0 ,7 ;L 2/°(Q,)) ”

~  ^  ^ ^ L ° ° ( 0 57; V a (Qt )) ^ Zmn ^ ^ L 2(0 ,7 ;V 1(Q/ )) ^ Wfnn ^  ^L2(0,7; V 0 + 1 (Q/ )) ’

2 -IS J  ip C  ) t) A  Vn, 1 j )̂) £ m n , l  i %  > t) A  W m n  ip ^  > X dT  ̂
r.
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—  j  ß O  , t) ^(a, (X , t) X v,) I vm (x , t) X V; I —

iW

—  (A ( x  , t) X v,) I v„ (x , t) X V, I j A 0 (x , t) X V; d r 3>, j

J

<  ( I l  Y A »  0 0 I I L 4 ( I Y )  +  Il Y A  W I I L 4 (r< ))  Il Y A »  C O  1 1 ^  Il Y a ° “ W  W l l L 2 ( r < )  àt
0

— C6J (WVm (^1^3/4 )̂ +  Il A WllVŝ CQ,)) II2'«» OOllv3/4(Q,) llw«» Wllv(1/2) + 20 + s(Q,)

<

At <

l + 4 o —4s  
4 (1 — e)

3 —4c  
I 4 (1 -8 )

l + 4 o —4s  
4 (1 — s)

3—4c  
I 4 (1 -8 )

< *  Il a . (O llv Ä  ' II«- C0 IIC7 -.(A) +  II*» II*-« £ - . ( * >

l + 4 c —4s  
4(1 —s)

3 —4o

• Il A»* (̂ )llvo(ß<) II2’«» ^Hv0 + 1i E(ß;) llW«» ^Hvo+1(Q<) ^  —

< ^ (11^ (011 .

l + 4 c —4s  
4(1—8)

"L°° ( 0 , ^ ( 0 * ) )

3-4(5

Il a * 00 II +  11A
L 1 8 (0 , f ;V o + 1 _ E( n i))

l + 4 o —4s  
4 (1 - s )  

L°°(0,iT ; V C(Q )̂)

■KCOII,:
3—4o  

4(1—s)
3 —4 o

L ( 0 , f ;V o + 1 _ 8 (ß,,))

11 ̂ mn (0  I
l + 4 c —4s  

4 (1 - 8 )  

L ~ ( 0 , / ; V o (Û/))

I %mn (/) 11
3—4g 

4 (1 - 8 )
3 —4 g

L 1- 8 (<M;V0 +  1_ 8 (Û,))

II«'™ (011l 2( 0 , L v o+ 1 (q / )) ■

Moreover, bearing in mind (2.3), (2.26),

(3.6) / {{w'mn (t) , A 0 w mn(t)) +  il (Awmn( t ) , A° w mn (/))} àt. >

—J IM* Il «W  (0IIvo+1(q/) 9̂ (Ollv1(op} d/ +  — ||^»,»(ï)IIvo(q-) -
0

1

— \\Wmn (Ollvo(Q_) \\Wmn (0 llvo + 1(Q/) 2 HWfnn (Ollvo + 1(Q/)

—  1̂0 II«'™ (Ollvo(Q,)}d^
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Hence, by (3.4), (3.5), (3.6),

(3-7) — II W mn (DIIv0(Q-) +  II“'»» WIIl2(0,<;Vo+1(Qì» ^  c10 II w m„ 00 1Il2<0,Î"; V0 (Q,)) +

+  A l  II“ '«» OOIlL2(0 ,f;V 0 + p ß , ) ) ^ I K *  (O H h (1- ô)/2(0,F;V(J(£3<))IIZ;»î 0 0  llH<»/2(0,<i VpQ,)) +

++  Il z mn ( 7 I I l 2(0 ,/;V 1(Qì)) IK (0 Ik00«),! ;Va(Qp)

( l+ 4 g —4s 3—4g

+  n i  « i l « i i t i S +

l+ 4 g —4e

L 1 6 (0 ,f;V o+ 1_ 8(Q<)) 

3—4g
4(1—8) 

•4 g

l+ 4 g —4e 
4(1-8)

L 1 8 (0 ,/;V o + 1 _ 8(ß<))

3—4o

o k k o i Æ IL°°(0,f; Vc (ßp)

We observe now that, if c  >  — , it is, for sufficiently small e, —— <  2;

moreover the embeddings of H (1“ ö)/2 (o , f ; V„ (O f) and L 2 (o , t ; V 0+1_ E (Of;) 
in L 2 (o , t ; V 0+1 (O f) O H 1 (o , t ; V a_x (O f) are completely continuous. In 
fact

L 2 ( o  , t ; V 0+1 (O f) n  H 1 ( o  , t ; ( O f )  C 

C [L 2 ( o  , Ï ; V0+1 (O f) , H 1 ( o  , I ; V a_! (O f)]# =  H *  (o , Ï ; V ö+1_2» ( O f )

and, consequently, choosing <  — ,

(3-8) 'H# (o , I ; V0+i_ 2* (O f) C L2 (o , t ; V 0+1_ Ë (O f ) ,

with completely continuous embedding, by property i), § 2. 
Analogously, if ■9- < - i - , a >  1-— 2 $  (i.e. if cr >  o)

H °  (o , t ; V 0+1_2d (O f) C H # ( o , i ; V d (O f) C H (1- ° )/2 (o , t ; V 0 (O f ) ,

the embedding again being completely continuous.
We can therefore assume, by (3.1), that

(3'9) J™ oo 11 Sm* ^iA o.TW ^^C Q ,)) =  „J^oo 11 WllH a-O)/2(0,T;Vo(Q<))

In exactly the same way it can be shown that, by (3.1),

=  o .

( 3-IO) IK  0011 3 +  4 e f < M 3 .
H K o ,T ;V p Q p )n L °°(0 ,T ;V 0 (Qp)n L (0,T;Vo + 1 _ e(ß ())

38. — RENDICONTI 1971, Vol. L, fase. 5.
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It follows then from (3.7) that

lim
m,n-> 00 II«'-» ©llvo(Q-) +  "J IIW*»n COlf*(0>/-;A

and consequently, since t  is an arbitrary point e [ o , T ] , the sequence

{u„ (t)}  converges strongly in L2 (o , T ; V 0+i (Q,)) D L°° (o , T ; V„ (Q ,)).
We have, on the other hand, analogously to (3.5),

I  ( W m n  (0  , h  i f f ) d t [X (A w m n  ( t ) , A ( t ) )  +

+  b  ( t , z m n  ( ? )  , v m  (it) , A (it)) ■ b  ( t  , v „  (if) , z m n  (if) , A (if)) —

—  — S  / (z v i ( x  , t )  —  v t ,  1 (* ,  if)) h ( x  , t )  X  v d r ,-  +
2 i= l ./ 

r «

+  j  ß (* , t )  { ^ v m  ( x , t ) X  v t )  I v m  ( x  , t )  X v, I —
r s><

—  ( v n  ( x  , t ) X v,) I zi* (* ,  if) X v, I j A ( x  , t )  X v# d r 3;, | dif

<  ( ||^*«»(OllL2(0>T;Vo + i(Q )̂) +  II Zmn g)/2(0,T;Vo(O/)) ^ w^^H°/2(0,T;V1(Q/))~^

+  II zmn ^)Hl 2(0jT;vi(q/)) 11  ̂^I^LOO(05T;Vö(Q/))

l + 4 o —4 e 3 —4c

+  \  \ \ v m  ( f )  1 1 ^ 0 0 ( 0 ^  1 1 ® »  3 - 4 0 +

l + 4 o —4e

+  IK (Oil 4<1“E)L°°(0,T ;V0 (Q )̂)

1 + 4 ö--48
4 ( 1 - 8 )

"L«>(0,T;Vo(Qt))

II»« (Oil

L 1 E (0,T;Vo+ 1_ E(Q())

3—4o  
4( l-s )

L 1 8 (0,T;Vo+ 1_ E(Q,)) 

3—4 ö

■ y ■*... c o i u r : ? , ,  ,  n*~ « i i 4(3_7 o
L 1 6 (0,T;Vo+ 1_ E(Q,))

j 11̂  (?) llLa(0,T;V1_ o(Q<)) '

Hence, as above, VA (if) e L2 (o , T ; V i_a (Q<)),

1

f (Km ( ? )  , A (if)) dif <  tmn II^ (O IIl 2(0>T;Vi _ o. - 0(0/)) '

with lim X m n — °-
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It follows that

lim
m, n —> oo \\w mn (0IIL2

(0 ,T ;V c - 1 (O#))
=  O

and the sequence { u n (t)} converges therefore strongly in H 1 (o ,T  ; V 0_! (Q,)). 
The theorem is then completely proved.

4. -  Proof of Theorem 3. Let u ( t)  be a solution of the equation

u  ( t )  =  S f u  ( t )  , X) in [o , T] ; u  i f )  satisfies then (1.8), (1.9).

Setting h (/) =  A a u Çt) when o <  /  <  t <  T , h ( t )  =  o when t  >  t, we 
obtain then

t

- XI  ( t , u (f) , u ( t ) , A ° u  (fj) 
ô

X) j  (a  > ~2~ > Ò) ^ (a  j 0  x  v<: dr,- -f~
r i

J  $ (x  > t) (w (x , t) X vt) \ u (x , t) X Vt \ A a u (x , t) X v, d r 3(< I d£:
r 3,;

in exactly the same way as in the preceding §, we have
+

Proceeding

i

+  f  àt<, — \\% llvn(Qo) +2 11^ © H vo(Q-) ‘(4.2)

0

+  i f  jn / :o i iv 0_1(0/) 11« coiiv0+1(Q/) +  11« (oiivo(0<) 11« (oiivl(0<) 11« coiiv0+1(0/)
0

+  "2 II “ ^^3/4^11 “ ^Hv(1/2) + 20+8(ßi) +  *4 i f  Wllv(1/2)+2o+e( )̂ g  II (OIIL*(r<)!
t t

+  *3 f \  U 0911^(0,) & ^  \  II Uo\\vo(Qo) +  c’5 i  A l l « (Ollvo , ,(0,) +
0 0

+11« 11 » « ; ; , « » + u'* « » w  ’ 11'« <++
t

+  j  ( -  II « (0llvo+l(£h) +  *« U « '(Ollvo(0 J  •
0 °

j d / +
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Since g >  — , setting Y) =  a -----—, it follows from (4.2), by (2.2), that

(4-3) II ^ C0 llvo(Q-) +  I  + + 00llvo dt <

-7 II «oliv (Q0) +  *5* I III««

2 ( l+o)

lk, + l<Q/) +  7 7 7  II" Wllv0+1(Qt) +

4 o + l

"4" c7 \\M OOlly^) +  4 ^5  Wu COIIvo+1(Q̂> ^8 \\u (Ollvo(ö̂ )j ^  "t~

+  j  | ~  II« 00If'V0+i ( ^ ) + 6̂ II u (Ollv̂ (Ô ) d t .

Hence
t

(4.4) 7 l + ( 0 l l v o(ßr) +  / - l l U® ^a+x{Qt) dt ^  2 l+o llva(Q0) +

2 (1+ 0) 4:0 +  1

2,1 < d t .+  1 \ t5 II« 00llvo + 1(Q,) +  c* II« (OHvo(Q/) +  C1 II« COIIvo(Q#) +  C* II« OOllv̂ a,)
0

From (4.4) it follows that, if T is sufficiently small, then

(4-S) \\u (0llL2(0,T;Va+1(Q/))nLoo(05T;Vo(Q̂)) ^  ^3 >

where M3 does not depend on X.
Repeating, without any modification, the procedure given in Theorem 2, 

we can prove that

(4.6) 

i.e. that

\u (OIIl2(0,T;V(J_1(Q/)) — ^ 4

I «IL < M X,

Mi being independent of X.
From (4.3) we obtain, finally, for X — o.

(4-7) 2 II «  (Oliv (Q-)z ov t +  / T  P Wu OOHy..̂ (Qn & < c 6 \\u( d t .

Consequently, u (t) =  o, which means that the only solution of our problem

corresponding to X =  o is the trivial one u ~  o.
The theorem is therefore proved.
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5. -  Proof of Theorem 5. Let u (t) , v if) be two solutions satisfying

the same initial and boundary conditions; then w  if) — u it) —  v if) € W t,ö 
and satisfies the equation

T

(5-1) {{w' (Y) , h (t)) - f  [x (A w  ( t ) , h (/)) +

+  b (t, u (t) , u if )  , h Çt)) —  b (t , v  (f) , v  (t) , h if))} dt  ■

I *=1 . 
0 r,

—  / 1S  / 7  (^  (* > 0  —  ux (x , t)) h (x , t) X V, d r , +

+  / ß (X , t) i(u (x , t) X V,) I U (X , () X V, I --- (v (x , t) X V,) I V (x , t) X V; I ) •

1 3,7

• h (x , t) X vt d r 3ìi I d̂

VA (f) e L2 (o , T ; (Q,)), with w (o) =  o.

Setting h (t) =  A 0 w (t), we obtain, in exactly the same way as (3.7),

1,2 , ^  I, It; ^ m,2
(S-2) 2 llw (^)llva(QT) +  2 IIW COIIl2(0,T; Va_}_1(0 2f)) —

— 1̂0 I k  ( )̂Hl2(0,T;Vo(Q/)) +  1̂1 I k  ^ IIl2(0,T;Vö+1(Q/)) * 

fll W (/t)llH(1“ o)/2(0,T;Vo(Q/)) Ik  (OIIh^O.TjV^Q*)) k

+  Ik (Oil

+  IIw  ( 0 I | L2(0 jT;v i (Q )̂) Ik (OIIl°°(0 ,T;V (Q,))j k

l + 4 ö —4e  
4(1 —e)Ik (Oil *'* "y 11^111 V yilLoo(0 ,T ;V o (Qjf) ) 1

3—4o  
4 (1 -8 )

3—4o  
,4 (1 -8 )  
1 3 — 4 o

L 1 6 (0 ,T;Vo + 1 _ e (Q<))

L 1 6 (0,T;Va+1_ 8(Q,))

l + 4 o —4e

l + 4 a —4 e 
4(1 — 8) 

Loo(0JT;Vo(fìjf))

3 - 4  a

I iv (7)1 4(1~E) llw (OH4!1“;»I v L°°(0 ,T;V (ß,)) W 3- 4 o
L 1 6 <0,T;Vo+ 1 _ 8(Q,))

Hence, by (3.8), (3.10), since u (t) , v (t) 6 WT,0)

T  (T)IIvo(Qt) +  7T ^Hl2(0,T;Vo+1(Qì))^

— GlO I k  (OIIl2(0,T; Vo(Q/)) k  1̂2 I k  (OIIl2(0,T ; V0+1(fy)) ’ 

from which follows that w  it) — o.


