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Analisi matematica. — On the solution of a non—linear mixed
problem for the Navier-Stokes equations in a time dependent domain.
Nota ITI di Grovannt Prousk, presentata © dal Corrisp. L. AMERTO.

RIASSUNTO. — Si da la dimostrazione dei Teoremi 2, 3, 5 enunciati nella Nota I.

3. — Proof of Theorem 2. Let {Zn (#)} be a sequence such that

(3.1) anliw =
— — — 11/2
= g J(”vn (t)llzl6+1(gt) dt + H’U; (t)rlzfc_l(th ds +OS<I}ETH‘U” U)”VG(Q,) S M2 *
& i )

We shall show that it is possible to select a subsequence (which will again

be denoted by {Zﬂ (#)}) such that the sequence {Zn ()}, with Zn @®H=S (;n @)
converges strongly in Wr .

Let v, (¢),v,(f) be any two functions of the sequence considered' by
the definition of the transformation S, the corresponding functions u (t) ) u ®

are such that, V% (2) € L (0,T;Vi_e (Q)),
(3.2) f (Gl () — D) o (2)) + (At (5) — Aty (), B2} dt =
0
— 1€ om® 0@ F =850, 00, T ) —
0
2 — —
—= ; f@?m (x,8)— iy (2, ) A (x,2) X v, dT; +

r;

+fs<x,t>(<3m<x,t>x€> [om (2 0] —

— (;,, (x,2) ><7,) IZM (x,8) X Z[)Z(x , ) ><7; dI's b d#
(3-3) Uy (0) — 4, (0) = 0.

(*) Nella seduta del zo febbraio 1971.
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SEHtng 2., (£) = v (£) — 0, () » Woun (£) = thy (&) — 1 &) » 5 () = A" 10, (2),
when o <¢< | gT,Z(z) = o when I <#, we obtain
Gd) [ e 0, A7 0 + 1 Ao (1), Ao () =

= [ 166 5 900 1), A% o () — B (¢ 8 () 20 (1), A (1) —

o
0

—~—Z Oma (X, 8) + U1 (2, 8) Zyna (x,8) A° wmn(x t)thdI‘ +

i

+ B(x’t> (Zm<x,t)><::)|;m(x,z‘)><;),|—
J oo

o (%, ) X W) [0y (2, 8) X ZI)A”wm &, 5 x@drg,,§ ar.

On the other hand, by (2.1), (2.4), (2.5), (2.6) and Holder’s inequality

(3.5) | f Bt 2 (D) 0 (D), A0, () 2| <

— —
G
=a ”‘gnm <t>”L2/°(O,?; L2/(1_°)(Q,)) H U <t> ”Lz/(1_5\(0,;;vl(gm HA Winn <j> {le(O,f;LZ/G(Qt))g

— ; — —
g Co I]Zmn (t) ”H(l_ﬁ)/z(o,t_; VU(Qt)) ” Um (t> I|‘HG/2(O’;;V1(Qt» ”wmn <t> IILZ(O’;;VG—{-I(Qt)) ’

i

| / 5o () B (), A (8) ] <

i

et -
i (]
é 53 “ 71;1 (t) ”L°°(0,t—; Lz/(l—c)(Qt)) H Zmn <t> ”Lz(O,;; Vl(,Qt)) H A. wmn (z) “LZ(O,;;LZ/G(Qt)) g

— — . —
=cllv, (l‘)HLoo(O,;;VG(QmHzm (l‘)HLz(O,;;VI(gm 25 (?f‘)llew,,—;Vw(Qm ,

lf‘iz @ml(x £) 4 Up1 (2, 8) Zon1 (2, l‘)A wmn(x Z‘)Xv,dl-‘—
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~

— [ B 0)(Cn 1B X0 [ ) 0] —

T3,

— (v, (x, ) X V) |v, (x,z‘)><w’>A°zZmn (x,t))(;?dl"g,ti dt’g

)12 Ol a1 TA @1, D]

Ty L2<F>

55[(” Y;)m <t>[|L4(F£) + H Y;n <t>”L4
0

Ty

P f U2m Ollyyyiap 120 Ol o) 1 7m Olleyyia 18m Ol a4 <
0

! l+46 4e 3—-45 1+46—4¢ 3—40

id=s) i(i—s) Tda-e 1d—o
<o / (19 @57 1o DI, 0+ 1 Dl 0y 130 O, ,)
i}
1+40—4¢ 3—4¢ -
Tid-e) id—e
o Ol s DI a0 Dl 4 <
N 1+40—4¢ 3—4o 1+4G 4e
4(1—¢) A(1—s) €) : TA1-8) €)
<4 (uvm Ol o om O 1o @22, o
Li-e 0.5 Vg p1-6(@Qp)
; N 3—40 1+4c 4e
1(1—e) Til—e)
N I, | [ERGI .
L 178 0,53V 1_6(Q)
3—4oc -
4(1 €)
mn (t)” 3_4¢g ”wmn <Z)“L2(OJ_;VG+1(Q£)).

L 178 (0,6,V5 1 ¢(2p)

Moreover, bearing in mind (2.3), (2.26),

(3.6) f (O (), A ) + (A5, A” 0, ()} 2. =
0

> [ (o)) @ )2
I

sa1(@p 99 ”wmn (Olv L@ )} dz 4 — men<t> Iv @ =

R RN ! - 2 w o, 2
Z? (k22 (tNIVG(Q;) +/{V' | @Wmn (Z)IIVG+1(Qt) — 2 2 <l‘>i|v5+1(9t)_
0

—
2
— ¢10 | @Wann (O”va(gt)} dz.
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Hence, by (3.4), (3.5), (3.6),

I, 2 v 2
(3.7) > |2, <t>”Vu(9g) +7 12 (t)”L“’(o,[ Ver1(@) = < 1o “wmn (t)”LZ(o iV (gt»_l_

— : - —
+ e ”wmn (t)|IL2(0,{;V0+1(QD)<“zmn (l‘)”H(1—6>/2(0,E;V6(91)) ” Usn (l(>”HU/2(0,t_;V1(Q +

)

—_ —
+ [ 2mn <l‘)lIL2(0,[;V1(Qt)) |7 <t>|lL°°(0,Z;vd(gt)) +

1+40—4¢ 3—40

(e Ia—e)
(1w I, o o DI 4
L1t (073 Vg1 1_e(@p)
1+4(5 4e 3—4¢
T 4(d—e) (=)
o QAT e O )
L1 g, FiVg11—e(2p)
1+4c—4¢ 3—4¢
T4d—¢) g) 4(1—¢)
mn()HLw(O, V.@ »H mn O 5 as
L% (055 Vg1 e @)

We observe now that, if ¢ > ; , it is, for sufficiently small e, 31_%: < 2;

moreover the embeddings of H(1 M (0,7;Vs(Q)) and L? (0,1; Var1—e ()

in L% (o, 1; Vc+1 Q)N H (0,7; Ve, (Q,)) are completely continuous. In
fact

L2<o s+1<ﬂf>>nH1 (©,1; Vous (Q) C
CL2(0,7; Ve <Qf>> H' (0,75 Vard (Q)l = H® (0,75 Vora_z0 (1)

and, consequently, choosing & <%,

(3.8) H” (0,7; Vayi-26 (Q)) CL* (0,7 ; Vor1—e (),

with completely continuous embedding, by property i), § 2.
Analogously, if «‘}<%, c>1—29 (le. if 6>0)

H® (0,7; Vor1-26 (Q)) CH® (0,7; V4 (Q) CH" 2 (0, 1;V, Q)),

the embedding again being completely continuous.
We can therefore assume, by (3.1), that

—_
. li 3 = 1i 3 =
(3 9> m,nr—I:oo Hzmn ( >“L2(0:T;V6+1—E(Qt)) m, nmoo e ( >”H(1—‘U)/2(O,T;Vo(9t»

In exactly th¢ same way it can be shown that, by (3.1),

—_—
31090 |z, @l s4de < M;.
HO2(0, T3V, (@) NL®(0,T; Vg (@) NL 12 (0,T: Vg 1_o(2))

38. — RENDICONTI 1971, Vol. L, fasc. 5.
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It follows then from (3.7) that

. I 2 o 2 .
tim (- Wemn Ol gy & 10 O 1y i) = ©

myn—>00
and consequently, since 7 is an arbitrary point €[o,T], the sequence

{Zn ()} converges strongly in L?(0, T ; Vo (Q)NL® (0, T; V,(Q)).
We have, on the other hand, analogously to (3.5),

U<£;,,n<z>,2’<z>>dtl - mwAZu;n(f),Z@» n
0 0 .
F B 2 ) s O () s () — B (2, 0 (E) s 2n ()4 1 (8)) —

2
%; [(vml(x ) — oy (%, zf))iz(x t)x\;,dr -+

+[@(x,z>(<3m<x,z>><7,>lZm<x,t>><vfi—

T ;

—(;):(x,t) X_\:)]Z,(x,z‘)XZI)Z(x,t}XZng,,gdz‘ <

- —
< (M 12 Ollio,r.v,, T 1 Ollga=or2g r.5 @ 127 Ollgorr g .3, @i

=
+ ”Zmn (t)HLZ(O T;V,(2)) H Un ( >”L (0,T;V(R) +
1+40—4e 3—4o
4(1—¢) 4(1—¢) '
- (1om @l ) 19 O +
L% g, TiVgy1_o(Q)
1+40—4e 3—4o
1(1—¢) 4(1—-—2)
o O O )
L 1= (0,T§ V6+1_3(Qt))
N 14+4c6—-4e N 3—40 .
) i(1—¢) £ 4(1—s) i (¢ .
|| Z @”Loo(o,'r;vﬂ(sz,)) | 2mn N5 _4a ) “ ( >“L2(O,T;V1_6(Qt))
L7 (0. Vg1 (@)

Hence, as above, V4 (#) € L2 (0,T ; Vi_o (Q),
[—>I — Z
| @7 ) ] < 2 1 Ol
0

with lim y,,, = o.
7,7 —> 00
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It follows that

—_—
lim ||, (¢ =0
myn—>00 22 € )”L2<0,T:V5-1<Qm

and the sequence {Z,, (9)} converges therefore strongly in H* (0, T ; V,_; Q).
The theorem is then completely proved.

4. — Proof of Theorem 3. Let Z(Z) be a solution of the equation

w(t)=S @), in [0, T];% () satisfies then (1.8), (Lg).

Setting Z(z‘) = AGZ(Z) when o< <I<T, 7;(1,‘) =0 when ¢>1, we
obtain then
@0 [ (0T + a0 AT G) AT, AT 0 de =
0

£
-

:_x/ 36@,&02@»”2(@) +
6 .

2 * . —_ —
4= Z f(ai(x,t)——;—uf(x,z‘))Acu(x,'_Z‘) X v, dl'; +
=1 £,
+/g @, 8) (@, ) X v) 2 (2, £) X vi| A% (x, 2) X vy dTy,,| dz.
T3,
Proceeding in exactly the same way as in the preceding §, we have

; 2
el . - )\ -
(4-2) S 1O o)+ f wllw O, , @) % < 5 ol g+
0
3

+2 f N Ol _yi0p 15 @l 0+ 112 Oy g 12 Ol o, I Ol 0y +

0

— 0 - ‘ . 2
+ e “ (2 (0”\73/4(99” u (¢>IIV(1/2)+25+5(99 + ”% <Z>HV(1/2)_|_20+S(Q,) ;1 ” *; (O”]}(pp dz+

+ e f 1% DI, @ 4 < 5 0y 0y + €54 f Ul @y, 0, +
0 ]

11 I 17 OIS+ 1 IR 1 OIS 20 3 e +

¢

+ / (& |]Z(¢)nf,0+1(gt) + HZ@“@(I(%) dr.
G
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Since ¢ > %, setting 1 = G—%: it follows from (4.2), by (2.2), that
7
(4.3) —;—Hu (i)“%,c(gt_)“}‘ / Wl (t)!lzvm(% dr <
o
K
AT 2 - NI
<2 ull gy + 52 / M Dlly, ,yap + 5o 1% BN, , @p +
: 0
2(1+5) N ., Aol
+ ¢ ”% (t)“V (@) + 4L55 || 2 <t)”376+1(ﬂ:) +esllu @)HV:(EQt)s dz +
‘
— 9 g {
o A LGS PO
0

Hence

t

(4-4) 5l Ol + / Llu @R, @y 4 < 5 1%l @y +
0

2(1+0) 40+1

+ f sl Dl ap + 0 14 O, qp + 0 14 Olly o + s I Blly T, 2
0

From (4.4) it follows that, if T is sufficiently small, then

<45) ”% (l‘)”I_,z(o T;V +1(9t))ﬂLo°(0 TV 5@ < M39

where M3 does not depend on A.
Repeating, without any modification, the procedure given in Theorem 2,
we can prove that

N
(4.6) [z (t>“L2(0,T;Vo__1(Q,)) =M,
i.e. that
—
%l < My,

M; being independent of A.
From (4.3) we obtain, finally, for A = o,

@n S lIe®F @)+ / 2 ullu @I, @y 4 < f le DIy, 42
' 0 0

Consequently, Z(t) = 0, which means that the only solution of our problem

-
corresponding to A =o0 is the trivial one » =o.
The theorem is therefore proved.
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5. — Proof of Theorem 5. Let Z(z‘) ,Z(z‘) be two solutions satisfying

: — — —
the same injtial and boundary conditions; then w () = % (#) — v (¥) € Wr,4
and satisfies the equation

(5.1) [t 0. 0o +uasn.7o) +
0
F O u @), u@®), EB) — b, 0@, 0@, FE)}dt =
I, N N
—/ %Zl [%(ﬂ%(x,z‘)——uf(x,t))/z(x,z‘)Xv,dl’,-—}—
i T

+ o0 (E e 0 i 0300 — 6 @) [0, 055 ).

I3 ¢

Ve der3,,$dz

Vi) €L (0, T ; Vi_g (Q), with w (0) = o.

Setting Z(t} :AGZZ@‘), we obtain, in exactly the same way as (3.7),
(52> Py ”w <T>HV (Qp ) ”w (G”]ﬂ(o T; Vg y1(Qp) <

- 9 —
S 10 ”w <i>”L2(0’T;Vc(Qt)) + 11 ||w (t)”LZ(O’T;VG+1(Qt)) .

— —
: (”w <t>|lH(l*G)/Z(O,T;Vc(Ql)) ” u (t>”H5/2 ©0,T;V,(2,) +

+ [l (0”1‘2(0,T;V1(Qt)) lv <Z>HL°°(0,T;VG(Qt))> +

1+40—4¢ 3—4c 1+40—4¢
4(1—¢) 4(1—¢) 4(1—¢)
+ (I @ dn, o OIS PO o
L7 (0T Vg q1-e @)
3—4c 1+46—4€ _) 3—4o
T(1—¢) i(1—¢) d(l—c)
o @) Jlw @, 500 ol OIS,
L7 (0.T: Vg1 e(@) L17% 0TV 1 (@)

Hence, by (3.8), (3.10), since u_@‘) , v?t) € Wr4,
% ” (T>”v (@D + ”w (0”142(0 TiVgi1(2)) <

— 9 -
< C19 ”w (t)”I‘z(O’T;VG(Qt)) _i_ ‘12 ||ZU <Z)I|L2(0,T;Vo+1($?,)) ’

from which follows that w @ = o.



