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Analisi matematica. — On the solution of a non—linear mixed
problem for the Navier—Stokes equations in a time dependent domain.
Nota IT di Giovanni Prouse, presentata @ dal Corrisp. L. AMERIO.

RI1ASSUNTO. — Si da la dimostrazione del Teorema 1 enunciato nella Nota I.

2. — In the present proof, as in the following ones, we shall often use
some inequalities, which we recall below.

i) From the interpolation property for the spaces V, expressed by
(1.7) it follows that, if a <o <f
— — f-o — o=a
(2.1) 12l < e llely, * Izly, " -

Moreover, the embedding of Vg in V,, with 8 > « is completely continuous
(Lions and Peetre [4]) @.

ii) Vg ,e > o0 it is
(2.2) lab| <el|a|t? 47V 5P+,
iii) Let By, Ba, Bz be three Banach spaces, with B; C B2 C Bs, the

embedding of By in Bz being completely continuous. Then, Ve > o, there
exists a quantity 3 (¢) such that (Lions [5])

(2.3) 1ol <c U7l 4+ 3E) ol .

We also wish to recall the following embedding (Nikolskii [6]) and trace
(Prodi [7]) theorems.

iv) Let Q be an open, bounded set of R” satisfying the cone property;
then:

. I o o . I 1 o
- if ——- >0 H* (Q) C L7 (Q) with 7= T w
if ~—2<o H'(QCL™(Q).

v) Let T' be the boundary of Q and y denote the operator ¢ trace
on T'” of a function v defined on Q; then, if veH® (Q), with o > %,

2(n—1) i

- - .
(2.5) e ”Lq(r) <6l Z’”Ha(g)’ with ¢ = n—2a

(*) Nella seduta del 20 febbraio 1971.
(1) The indications refer to the bibliography at the end of Note I.

29. — RENDICONTI 1971, Vol. L, fasc. 4.
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Observe, finally, that it is obviously Vi (Q)C H'(Q); h‘ence, being
Vo (Q) isomorphic to L?(Q), we obtain, by interpolation,

V, (Q) C H° (Q) when o<o<1I.

The embedding and trace theorems hold therefore also for the spaces Vi (L),
provided o < o < 1.

Let us now prove Theorem 1. We shall, for this, transform equation
(1.10) in the following way.

Setting % () = ¢ o (), with %>o0, we obtain from (1.10)
T
f {0 (@), h @) + ue¥ (Av (@), 2 (8)) +
0

+ R (o (D), 4 (O)—(g (&), K@)} dt =o.

Hence, if ¢ () = e~* g (), the function o (¢) satisfies, VZ (£) € L% (0, T ; V1_s (Q0)),
the equation

(2.6) f @@, hE) + Ao @), E@) +

+E@® Oy, — @@, @)} =0
and, by (1.9), the initial condition
(2.7) v (0) = 2.

In What follows we shall therefore substitute (I. Io) (1.9) with (2.6), (2.7).

We begin by proving that there exists a function » (z‘) €L?(0,T; Var1 (Q))
which satisfies the equation

(2.9) f (— @@, 7 @) +u@o(), @)+

+E@E) b Oy — @@ hEN} dt =

- > h - 2
=<u0,/z(o)>—] /cos nt v (x, 8k (x,£)dls, de
j=1

S VA

-
(» exterior normal to I's; X [0,T])

Vi) el (0,T; Vie (Q), with # (1) €L?(0,T;V_q(Q)),%(T) = o.
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Observe that (2.8) is obtained from (2.6) integrating by parts with respect
to the variable 2
Let us set, for simplicity, F = L?(0,T ; Vo1 (Q,) and denote by ® the

space of functions :; (x,¢) such that; eF, ;’ (O €eL?(0,T;V,(Q)) ,;(T) =0;
in ® we define a seminorm by the relation

2.9) 1915 = el + 1o O, q -

Moreover, we set

T

E(@,e) =/§—<?<z>,A°$'<z>>+u<A”5<z>,A°$<z>> +

0

— — - 2
(2.100 TA@@,A%9 (t>>Vo<9:) —I—fcos nt ; vy (x, ) A° @; (x,2) dT3,,( dt

P3¢
L (9 =_f @0, A ¢ (1) dr + (uy, A5 (0).

It is then also

T

EG 9= |—G0,AF @) +u 0, A5 0) +

6

— — -~ 2
(2.11) +E@@®, 9 (z‘))vc(gt) + /Cos nt Zl v (x,8) A° @; (%, £) dT,,; dt
. J=
I's ; , ‘

T
L(g) = / @@, A9 @) dt + o, & Oy, 0y -

By the embedding and trace theorems recalled above, it is evident that,
— - - =
Vo fixed in @, the linear form v — E (v, ¢) is continuous on F; moreover,
B — > R
the linear form ¢ — L (¢) is continuous on ®. We have then

T

C1)  EGD=[ =GO, 7 Oy +els Ok, 0+
0

— ' ~> 2
+ k| @“3/6(99 + /,COS nt 21 o (x, 5 A ¢ (x, £) dTs ;. dz
. J=

T,
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and, bearing in mind that ;(T) =0, it is

JA°? ¢
__L(x_)_ dQ, df —

T T
(2.13) / @@, ¢ Oy, @, 4= / / ) A" (x,0)
i 5
H 2
=15 [ Zate e ofaa—
J 2 ot J /A
o o

_.” }_: (A 5 (r1, 4n (31, ), )~

— (A g (s Uy (1, 9), ] dey dt —

S PIOIANE f f 2 <A“/2 @ (w1, $a (21,9,

— (A o (b (31, D), )P ]d ar.

oy
Since ai; are bounded, it follows from (2.13) and (2.5) that

T

(2.14) — G0, ¢ O 0=

0

2119 Ol 0y — e | 1A Ol p =
0
I, 2 62 > 2
= 2 e <o>”Va(90> - £4f 147 <Z)HV(1/2)+S(Qi) dr =
0 )

T
> 27O 0y —¢s | 17 Olf 0
0.

with o<€g%—c.
Analogously,

T

o e
(2.135) ‘/cos nt D 0;(x,8) A% @ (x,£)dls, df| <
=
0
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T
= / Ive Olluece, , 1A @ Ollzr, , <
0
T
S 66[” CP <i>HV(1/2)+E(Qt) ”AG <P <t> Hv(1/2)+s(91) dz _<__
0

T
- : —
<calle <¢>|lv(1/2)+e(gt) o <Z>HVG+1(Q,) dz
0

. . I o s 1
since, if we choose e <— —o¢, itis — +¢ec +20< o0 1.
’ 2 2

From (2.12), (2.14), (2.15) we obtain, by (2.1), (2.2), (2.3), for ¢ suffi-
ciently small

T
(2.16) E@Eﬁﬁkwgw&m%+M£@&@pww&waw—
0 .

— 1% Ollyy o001 Ol ) 4 5 12 I 0 =

T
> [ 1R8OI, ,.0) +£17 Olf 0= 5§ 12 OIF,,, 00—
0

— a5 DI @) — 4 19 DI,

-
2
o+1(2p) — &y “ ¢ <t>”v(1/2)+0(gl) d¢ -+

@ T E—w) e Ol @,

‘ T
R FIOTPNE Y PIOT A
0

Lo lle I s DI dt + Lo O
— 5 ele O, @) — a0 lle O )] & +5 19 Ol -
If thereﬂo;re‘we choose £ c¢g + ¢y, it is

(2.17) E(e,9) =min(L, 2] el

2’2

By a well known theorem (see Lions [5] Ch. 3, Th. 1.1), there exists then,

— ¢ . —
Vo € @, a function v € F such that

E (2,9 =L,
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i.e. such that

(2.18) [(—G0.x70 +u@wn,as0+
0
FE@D, A O,y — @B, A g (@)} dr =

T
— — > 2
=<u0,A°<p(o))—//cosnz‘Zlvj(x,t)A(’cpj(x,z‘)ng,,dz‘.
=

0 Iy,

If we fix arbitrarily /z(z‘)ELZ (0,T;Vi_s (Q)), there exlsts, on the other
hand, ¢ (#) €L (0,T ; Voys (Q)) such that

(2.10) k() =A% (0.

Hence, if we substitute (2.19) in (2.18), we obtain that ;(Z)EF satisfies
equation (2.8) V4 (1) € L2 (0, T ; Vi_s (Q) with # (/) €L?(0,T;V_s(Q),
% (T) = o.
Observe now that
T
@0, 50 460, T 00050, F0) & <

0

< (2 @)l 1% @) +

L2(0, T3V 11 Q) L2(0,T;Vy_ (@)

+llg (t>”L2(0,T;VG_1(Q[)) 14 <t>“L2(0,T;V1_6(Q,))>

and, consequently, there exists an operator ¥ €2 (L?(0,T; Vi_s(Q)),
L0, T; Vs_1(Q) such that
T
G20 [(wE®,TE) + GO T Oy — & O, O} =
0
T

= /<11f<¢)}7<z> V7 (2) de.
3
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Hence, by (2.8), (2.20),

T

T
(221) f — @ @), F @)dt = f ¥ (D0 (0), @) dt + (g, B (O)) —
0

0
T
- 2..‘
«f/cos nt Z v; (x,8) /oy (x, £) dls . d,
§ T, 7=t

from which follows, by Green’s formula, that
(2.22) 7B =FBv@) el (0,T; Vo ().

Equation (2.8) can then be written

T

G2 [(TOFO+u @000 +EEO,E Oy —

o/

0
— @, k@) dt=o
where
;(l‘) €L?(0,T; Vo1 () v (O eL?(0,T; Ve (Q)),

F(HeL0,T;Vig(Q) , #@®el?(0,T;Voo(Q) , % (T) = o;

since however the space of such functions is dense in L2 (0,T; Vi_s (L)),

(2.23) will hold VZ(t) el? (0,T;Vi_s(Q)). By (2.21) it also follows that
(2.24) ;(0) = ZO.
It remains to be shown that Z(z‘) €L®(0,T; Vs ().

Let us set Z(t) =A° ;(z‘) when ¢+ <7< T, Z(z‘) = 0 when I <¢; this

is obviously possible, since A";(z‘) el? (0,T;Vi_4(Q)). We obtain then
from (2.23)

(2.25) ] {0 @, A0 @) + w(As (), A0 @) + 4@ ®), A0 D)y 0y —
0

(g (®), AT ()} dt=o.
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We have, on the other hand, analogously to (2.13),

(2.26) / @ (), A% (D)ydr =L / T @I, o, d—
0

i

-//Z (A 0 (1, $a (21, 2)

(AG/Z 5 (xl ) Lpl (xl ) Z) t)) d dz.

Hence

@2) 17Ol + f @IT O, p T 417 @I g dr<
0

< Lol oy + / {17 Olly, 0, 17 Ol 0p + 4 17 DI, 0} &2,

0
from which follows, applying the inequality H;H%,lg % ”:”37 + c19 ||_7j|13, ,
[s)

that o (2) L™ (0, T ; V, (Q)).
The theorem is therefore completely proved.

G+1



