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RENDICONTI
DELLE SEDUTE

DELLA ACCADEMIA NAZIONALE DEI LINCEI

Classe di Scienze fisiche, matematiche e naturali

Seduta del IJ  aprile i g y i  

Presiede i l  Presidente B eniamino S egre

SE Z IO N E  I
(Matematica, meccanica, astronomia, geodesia e geofisica)

Matematica. — Serre duality on complex analytic spaces. Nota 
di A ld o  A n d r e o tt i e A rn o ld  Kas, presentata dal Corrisp. 
A. A n d re o tti.

RIASSUNTO. —  S i stab ilisce  un  teorem a d i d u a lità  pei gru p p i di com o lo g ia  su g li sp azi 
a n a litic i co m p less i.

In  [8], J. P. Serre proved a duality  theorem  for locally free sheaves on 
a complex analytic manifold. This theorem  has been generalized by M al- 
grange [5] to the case of an arb itra ry  coherent analytic sheaf using his results 
on the division of distributions. An elem entary proof has also been given 
by  Suominen [9]. In  the algebraic case, the duality  theorem  has been proved 
by Grothendieck (cf. [4]), who also proved a relative version for proper mor- 
phisms /  : X Y. In  this note, we outline a proof of the duality  theorem , 
in the absolute case, for coherent analytic sheaves on complex analytic spaces. 
For simplicity, we state our theorem  for com pact spaces, and we indicate 
the corresponding results for non-com pact spaces in our concluding rem arks. 
Full details will appear elsewhere [1] (1).

(*) Nella seduta del 17 aprile 1971.
(1) Added in Proof.
The duality! theorem for complex analytic spaces has appeared in both the absolute 

case and relative case, due to Ramis and Rüget, and Ramis, Rüget, and Verdier respectively. 
(Cf. Publications Math. I.H.E.S. No. 38 (1970)). We feel that our version of the theorem 
and our proof are sufficiently different to warrant a separate publication.

28. — RENDICONTI 1971, Voi. L, fase. 4.
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1. Statement of the Theorem. Let X be a com pact complex analytic 
space, and let ^  be a coherent analytic sheaf on X. W e will define a sequence 
of coherent analytic sheaves, called dualizing sheaves, 3rf p  >  o.

T h eo rem : There exists a spectral sequence, { E ^ } ^ < 0, ç>o with initial
terms'.

=  H “*(X .,

which converges to the dual of the space'.

2. Definition of the Dualizing Sheaves. Let Y be a Stein manifold, and 
let ^  be a coherent analytic sheaf on Y. We wish to define a topology on the 
cohomology groups with com pact support H f(Y , &). We choose a countable 
covering {V/} of Y by relatively compact Stein subspaces Vy. Then H* (Y, &) 
is isomorphic to the cohomology of the Cech complex

H r ( v v .y *).

The term s of this complex are direct sums of Fréchet spaces, hence they induce 
a topology on H *(Y , <T).

L emma i :
(a) The topology on H*fY, is independent of the choice of the covering { Vy}. 
(S) If  W is a locally free sheaf, then the above topology on H* (Y, of) is 

identical to the topology defined by the “ Dolbeault ” resolution of diffe
rential forms (or currents) with compact supports.

(c) H* (Y, 3 ) is the strong dual of a space of Fréchet-Schwartz (for the 
definition, cfr. [7], page h i ) .

T he dualizing sheaf Q9 $ is defined by a presheaf Dç&. W e define 
Ds& on each open set U  C X  such th a t U  is isomorphic to an analytic sub
space of a Stein m anifold.

D e f in it io n  2:
D*$(U) -  H f(U  , &)'

— the topological, dual of H f(U  , §r).
If  U C W , the restriction

D ^ ( W ) - > D ^ ( U )  

is defined to be the transpose of the “ inclusion ” m apping:

h î (ü , ^ ) - > h ; ( w , ^ ) .

The m ain point is to prove the coherence of As this is a local question,
we m ay assume th a t X is im bedded in a small polydisk W C C W, and by
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extending by zero, we m ay assume th a t % is defined on W. M oreover, we 
m ay assume th a t adm its a free resolution:

' ' ' * -> 0 ^  ^  o .

Let ß  0 W) be the sheaf of germs of holomorphic M -forms on W. By 
applying 2&90TL (• , ß )  to the above sequence, we get the sequence of 
sheaves:

... - > d k < - • • • ß1 <- ß ° JC0011 (^, ß)<- o.

To each Stein open set Z C W ,  we consider the following complexes of topo
logical vector spaces:
„ .. m  l i .  m  l n
(*) (2 , 0 4 ) ^ . . .  -> H  ( Z , 0 ; )

(**) •••-«- r (z, q/<5) <-•••-<- r (z, o'°).

By Serre duality  on Z, it follows th a t the complexes (*) and (**) are topo
logical dual to one another. As the m appings of (**) are topological homo- 
morphisms, it follows from  the duality  lem m a (cf. e.g. [6], page 214-08) 
th a t the homology groups of (*) and the cohomology groups of (**) are topo
logically dual. Now using the fact th a t H f (Z , 0 W) =  o for p < n  ([8]), it 
follows from an easy spectral sequence tha t the m — ^’th homology group of 
(*) is isomorphic to H?(Z , $). It can be shown th a t this is, in fact, a topolo
gical isom orphism. It follows th a t Dq $ (Z) =  Hf (Z , $)' is equal to the 
m  —  ^ ’th  cohomology group of (**). Thus (cf. [3])

D ^ ( Z )  =  Kxtm~q (Z ; of , ß ) .

It follows that:

& &  =  ( f  , Q)

is a coherent analytic sheaf.

3. Proof of the Theorem. To each open set U  C X, we m ay define a sheaf 
c?u such that:

r  (X , ^u) =  {a  € r  (X , 3 ) I support crCU } (cf. [2], p. 139).

In  particular if U  C X is relatively compact, then T (X , ^u) =  V c (U, oF). 
It follows that:

H*(X,^u) =  H*(U,^) .

Now let {U a } be a finite covering of X by open subsets U a , such th a t each 
U a m ay be im bedded in a Stein manifold. We define:

$a0- ap =  , where U  =  U aQ O • • • n  Uap •
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There exists an exact sequence of sheaves on X:

• • • -> ^ of o .

This determ ines a spectral sequence { R Î ,q} converging to H* (X , S7) for 
which

= h?(x , n*v ..ap = nHf(u„o n - n ü v î).

If  we give each R{,ç the topology induced by Hf (U ttQ n  • • • O we
find th a t the complex R \ q is the topological dual of the complex of Cech 
cochains of ‘S fÏÏ  w ith respect to the acyclic covering {U a }. Since the coho
mology groups H *(X  , ‘SfW) are finite dimensional, it follows from  the duality
lem m a th a t H *(X  , &  is the dual of E f ,<7. O ur result now follows by
“ dualizing ” the spectral sequence { E ^ } .

4. Remarks.

(a) If  X is non-singular, the construction of § 2 shows th a t &  $  is the sheaf 
&<2£%n~9 (p , £i). In  this case, we get Serre duality  in the form of [5] 
or [9].

(b) A  refinem ent of our argum ents here leads to a result in the non-com pact 
case. Thus let O , T* be two paracom pactifying families of supports 
which are dual in the following sense:

® — { C C X, closed I C O A is compact VA e T }

T* =  { C C X, closed j C n  B is compact VB e ® } .

(e.g., the families of closed supports and com pact supports).
T hen there exists a spectral sequence of topological vector spaces 

0,?<o with

Theorem'. Assume th a t each differential

dr : E p * -----► Epr+r’g~r+1 r > r 0

is a topological hom om orphism  with closed range. Then the spectral 
sequence { R f ’q} converges to the topological dual of

hV*(x , so.
(c) The argum ents involved in the proof of the duality  theorem  lead n a tu 

rally  to the notion of Cech homology groups with coefficients in a 
<tjcosheaf This approach is followed in [1].



[173] A. ANDREOTTI e A. Kas, Serre duality on complex analytic spaces 401

B ib l io g r a p h y

[1] A n d r e o t t i  A. and K a s  A., Duality on complex spaces, to appear in the «Ann. Sc. Norm. 
Sup. », Pisa.

[2] G o d e m e n t  R ., Topologie algébrique et théories des faisceaux, Paris, Hermann 1958.
[3] G r o t h e n d i e c k  A., Sur quelques points d'algebre homologique, «Tohoku Math. J .» ,  9, 

119-221 ( 1957) .

[4] HARTSHORNE R ., Residues and Duality , Springer Lecture Notes in Mathematics, 20  
(1966).

[5] MALGRANGE B., Systems différentiels à coefficients constants, Séminaire Bourbaki, exposé 
246 (1962-63).

[6] MARTINEAU A., Les hyperfonctions de M. Saio, Séminaire Bourbaki, exposé 214 (1961).
[7] SCHWARTZ L., Functional Analysis, Courant Institute of Mathematical Sciences, New 

York University 1964.
[8] SERRE J. P., Un théorème de dualité, «Commentarii Mathematici H elvetici », 29, 9-26

(1955)-
[9] SUOMINEN K ., Duality for coherent sheaves on analytic manifolds, Suomalainen Tie- 

deakatemia, Ser. A, Mathematica, 424, Helsinki 1968.


