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Meccanica. — On Alm ansi—MichelVs problem fo r  anisotropic beams. 
Nota di C o n s t a n t i n  I. B o r s , presentata n  dal Socio D. G r a f f i .

R iassunto. — Si da una soluzione per il problema di Almansi-Michell definito da 
(2) e (3) nel caso in cui la legge di Hooke è espressa dalle (4a) e (4b). La presente soluzione 
qui è più semplice di quella già conosciuta.

Let us consider a cylindrical beam  limited by two planes x 3 =  o, x 3 =  k  
and by a cylindrical surface

T he dom ain occupied by  the beam  will be denoted by 6V.
The dom ain of a cross-section of the beam  and its area will be denoted 

by S and the boundary of S by T.
W e take the axis of x 3 to be the central-line of the beam  and the axes 

of x ± and x % to be the principal axes of inertia of the end x 3 =  o. In  this case 
we have

( 0 *1 der =  o
s'

x 1 x 2 do- =  o .
s

We suppose th a t there are no body forces. It follows tha t the stress com­
ponents <7- m ust satisfy the equilibrium  equations

(2) Gij,j =  0 in «y.

W e suppose also th a t the tractions applied on the lateral surface are 
such th a t

(3) G{J Uj =  T,* (xx , x 2) on

where n t- are the direction cosines of the exterior norm al to the surface W and 
Tt- (x l , x 2) are given functions of ,x\ and x 2 .

A t the ends we will apply tractions such as to equilibrate the loads (3).
In  the above form ulae we used the sum m ation convention over the 

repeated indiqes. The index j  after comma indicates partial differentiation 
with respect to Xj .

Here, we will find a solution which satisfies the equations (2) and (3). 
A fter th a t it rem ains to satisfy the end conditions; this is another problem  
and we know how to solve it.

T he problem  defined by  (2) and (3) was solved by Alm ansi [1] and 
Micheli [2] in the isotropic case.

K hatiashvili called the problem  defined by (2) and (3) -  A lm ansi-M ichell’s 
problem — and! he solved it for the orthotropic case [3] and for the case when 
the m aterial of the beam  is anisotropic with one plane of elastic sym m etry [4].

(*) Nella seduta del 13 marzo 1971.
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In  another paper a solution of A lm ansi-M ichell’s problem  was given for 
the orthotropic case [5], the given solution being simpler than  K hatiashvili’s 
solution.

In this Note we will give a generalization of our results (see [5]) to the 
case when the m aterial of the beam  is anisotropic with one plane of elastic 
sym m etry perpendicular to the :r3-ax is  so th a t the relations between the 
strain  components and the stress components <r,y could be w ritten in the 
form  [6]

I Y u  —  -jT  ( v l l  ^ l l  +  v 12 °2 2  +  v 13 a 1 2 ------V1 G 3 z ) y

(4a) < Ï22 =  ~E~ CV12 G11 +  v22 a22 +  V23 <712  V2 a33),

[ Y33 — "g" ( V1 G11 ~ v2 a 22 v3 <*12 +  GSz) J

(4^) T23 LM -_IV” ( Ad<T23 N a 31) , Y31 — ypT (N  <*23 L

where v,y , v,-, L  , M , N are constants which characterize the elastic pro­
perties of the m aterial of the beam.

In  order to solve the Almansi-MicheH’s problem  let us suppose th a t

32<D
dxl̂2

32®
dx‘.

® — L ( Wl +  02) — N 0V1 J
^ d x 2 ,

(5)

<*11

a 22

G12

3 9
a 23 =  L  [(tÛ! +  62) x 3 +  ©0] +  N -  [(«! +  6i) x 3 <00] ,

a2®
dx1 dx2 

d
dx0

Nco! , cr33 .— O +  E [ a 0 x 3 +  — (A 1 x 1 -(- A 2 x 2) x \

a31 — N [(6)x +  02) x 3 +  CO0] + M  [(<*>! +  61) *3 +  wo] >

where co0 , co1 , <D are unknow n functions of x 1 and x 2 ,

Q =  E j 6>x +  — 01 +  02 +  (44 V1 X1 H“ VT v3 x<̂ j x \  +

©
+  4  V2 *2 +  — V3 Xij A 2 x \

a2®
+  V2 adX1

0i =  b1 x 1 x^ —  Ci Xi x 2

+  V1
a2®

.a**
N f-301 ,-— dx.

/ dXl

302- M K + e O - N /  — d*! +

+  v 3
32 O 

dx1 dx2
- N 6>i

02 =  0,1 X̂  X2 +  Cl Xi x 2

and A 0 , A x , A 2 , ax , bx , cx are constants which m ust be determ ined.
The unknow n functions and the constants introduced above m ust be 

determ ined such th a t all the equations and conditions we need be satisfied.
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The stresses (5) will verify the equations of equilibrium  if the functions 
co0 and oq satisfy the equations

(7*0 A coq ~\~ EAq =  o in S

and

(8a) Acq T" (EA X -f- 2 N<q) Xi -f- (EA 2 T  2 N<£2) %2 — 0 in S.

The th ird  boundary condition (3) will be satisfied if the function co0 
and cq are chosen such th a t

(7b)

(8b)

®<*>o=  t 3 on r ,

=  - -ir x (N e2 + M ° i ) % -  - “ CLe2 +  N 6 0 n 2 =  

—  (N «x +  L n 2) (ax x \  +  cxx- )̂ —  {bxx 2—  cx x 2) (M n x +  N n 2) on r.
The above operators A and 3) are given by

(9)

(10)

A M —  +  2 N 3'
dx{ dx1 dx2 +  L  -

dxi

dXv

The function cq exists w ith arb itra ry  a± , b± , q . The condition of exi­
stence of the function co0 requires tha t

•A-0 ES J •̂*̂** 
r

U sing (4) and (5) we can calculate the strains yzy and they  m ust satisfy 
the conditions of com patibility of Saint-Venant.

All com patibility conditions will be satisfied if

ax =  vx A 2 VgAi b1 =  V2 Aj. — 4  v3 A 2

and the function <D verifies the equation

( " )  1*22
34<D
dxl ' 2 ß23 '

a4 ®
dx\ dx2 +  (2 ßl2 +

S4 ®

a4®
+  ßll — (Mßl2 +  Lß22 +  Nß23 +  v2)

dx1 dx2

d2 CO I

o 34 <E> ,

' 2ßl3^ P 4  +

dx\ dx\

— (Mß13 +  Lß23 +  N ß33 +  v3) +  (Mßn +  Lß12 +  Nß13 +  vx) —A -f-
1 2 c-q

+  2 [(M ßn +  vi) ^1^1 + L ( ß 22 + v 2) a±x 2] +  (Nß12-— Lß23) (2 a1x 1 +  q )  +  

+(N ßi2 —  M ß13) (2 bx x 2 —  q )  in S,

where
v .—v. v.tj t j (Ì , j =  1 , 2 ,  3).
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From  the first two equations (3) we get the following boundary con­
ditions for the function <D:

32®-nx 32<D
Sjq dx2 n 2 =  (M nx Wi +

(12)
M (bx * 2 —  cx) x x x 2 +  N ax x x +  — x \

d2 <D 52<D
Sx Sx n i +  =  (N»i +  L ^ 2) tox +

ni + ^i,

+

dx‘

L  (ax x x - f  cx) r xr 2 +  N I — bx x 2 ----- -
V 3 2 Ci)xl n 2 +  2̂ on r.

It is obvious th a t we can obtain the function $  in a sim ilar w ay to tha t 
corresponding to A iry ’s function in the plane problem  of anisotropic bodies 
with one plane of elastic sym m etry.

T aking  into account the fact tha t for any function which satisfies the 
equation =  o we have

j  cox Sty ds =  f  co1 di* — f  f  ijAoq der f 
r  r  s

we can write down the following formulae

(M »i +  N n 2) oq ds =  J x x (£cù1 ds —  f f  x 1 Aoq da ,

J (N -j- ~Ln2) a>i ds =  j  x 2 ^cox di* — j  j  x 2 Aoq da , 
r  f  sJ

j  [(Mat2 n ± +  (N^2 —  L ^i) ^2] (ox di1 =  j  cp̂ DcOi di* —  j  j  <pA(ùi da,
r  r  s

where ty is the function of torsion defined by

A9 =  o in S,

^ 9  =  (M^2 —  N^i) +  (N^2 —  L xi)  n 2 on F.

Using the above form ulae we can determ ine the constants A ± , A 2 , c± 
before to know the function cù±.

Thus, from the conditions of existence of function <P we get

Ax = EI« TX di* , A 2 = EL t2 di',

1̂ D/ j j J  “h -^^2 x %) 9 (L^i x\  -f- x 2) — \- Xij -
sJ 2

(Na± x \  +  M bx xl) -----x 2j da +  J  ( t x —  *̂2 x i) di* j ,
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where

D, is the torsional rigidity of the beam and it is always a positive 
num ber [6].
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