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Meccanica. — On Almansi—Mickell's problem for anisotropic beams.

Nota di ConsTanTIN I. BORrs, presentata @ dal Socio D. GRAFFI.

RIASSUNTO. — Si da una soluzione per il problema di Almansi-Michell definito da
(2) € (3) nel caso in cui la legge di Hooke & espressa dalle (4a) e (4b). La presente soluzione
qui ¢ pilt semplice di quella gid conosciuta.

Let us consider a cylindrical beam limited by two planes x5 = 0, x3 = 4
and by a cylindrical surface §.

The domain occupied by the beam will be denoted by 9.

The domain of a cross-section of the beam and its area will be denoted
by S and the boundary of S by T.

We take the axis of x5 to be the central-line of the beam and the axes
of x; and x; to be the principal axes of inertia of the end x3 = 0. In this case
we have

(1) ffxldczo , ffxzdcr:o , ff?ﬁxzd":()-
s s S

We suppose that there are no body forces. It follows that the stress com-
ponents 6;; must satisfy the equilibrium equations

(2) 6,;,;, =0 1in .

We suppose also that the tractions applied on the lateral surface are
such that

(3 6,51y = 7; (%1, %) on §,

where 7; are the direction cosines of the exterior normal to the surface & and
T; (%1, %) are given functions of x; and =x,.

At the ends we will apply tractions such as to equilibrate the loads (3).

In the above formulae we used the summation convention over the
repeated indices. The index ; after comma indicates partial differentiation
with respect to x;.

Here, we will find a solution which satisfies the equations (2) and (3).
After that it remains to satisfy the end conditions; this is another problem
and we know how to solve it.

The problem defined by (2) and (3) was solved by Almansi [1] and
Michell [2] in the isotropic case.

Khatiashvili called the problem defined by (2) and (3) — Almansi-Michell’s
problem—and he solved it for the orthotropic case [3] and for the case when
the material of the beam is anisotropic with one plane of elastic symmetry [4].

(*) Nella seduta del 13 marzo 1971.



300 Lincei — Rend. Sc. fis. mat. e nat. — Vol. L. — marzo 1971 [156]

In another paper a solution of Almansi-Michell’s problem was given for

the orthotropic case [5], the given solution being simpler than Khatiashvili’s
solution.

In this Note we will give a generalization of our results (see [5]) to the
case when the material of the beam is anisotropic with one plane of elastic
symmetry perpendicular to the xz-axis so that the relations between the

strain components vy;; and the stress components o; could be written in the
form [6]

1
Y11 = (11 611 + Vig 629 + Vi3 615 — vy Gyy),
I
(42) ¢ Yop = g (V2 011 + Vo O2g -+ Va3 615 — vy G33),

I
| Y3 T | (— V1 611 — Vg G2 — V3 613 + O33) ;
! — I
(4b) Yo3 = TM—Nz (Moyg — Nogy) , 31 = TN (N 693 — L 63y),

where v;,v;,LL,M,N are constants which characterize the elastic pro-
perties of the material of the beam.
In order to solve the Almansi-Michell's problem let us suppose that

/ 32D 20,
| o1 = ot —M(")1+61>‘—N/yzdx1:
2

)
Ogg = % —L<‘°1“|—ez) N[ -

1

20
() 012:”——*——_N0)1y5332Q‘FE{AO%—F%(AHQ—I‘AZ’CQ)?C% ;

ox; ox,

O3 = L. ‘9% [(@1 + 02) 3 + @o] + N —— [(‘01 + 01 x5 + o] ,

2
- Oa = N'@ [(01 + 05) 23 + @] +MW1 [(@1 + 01) x5 + @] ,
where g, ©;, ® are unknown functions of x; and =z,

/

Q:E%wl_l_%{el + 0, —{_(%lel —[——;—v3x2)A1x%—]—

- N/ 20 x1}+

_L<w1 + 0p) — ngeidsz +V3[—ﬂ_N®1} )

ox, oz,

o | el

+Vzla

2

91251x1x§—61x1x2 y 62‘=a1x%x2+61x1x2
and Ay, A;,Ay,a1,086,,c are constants which must be determined.

The unknown functions and the constants introduced above must be
determined such that all the equations and conditions we need be satisfied.
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The stresses (5) will verify the equations of equilibrium if the functions
wg and ; satisfy the equations

(72) Awy+ EA;=0 in S
and
(83) 7 Aﬁ)l "!“ (EAl —I— 2 Nal> X1 + (EAZ + 2 Néz) X9 = O in S.

The third boundary condition (3) will be satisfied if the function o,
and ®; are chosen such that

(7b) ‘ Doy =17, on I

3
) 2
(8b) @ml:"—"“ax—l<N62+Mel>n1—'§g<L62+Nel>n2:
— (Nty + Lty (@y 21 + ey201) — (by 45— ¢1%5) (Mny + Nuy)  on T

The above operators A and 9 are given by

92 92
A=M L
©) P +2N o on, T et
8 2
(10) D=y (M N s (N L)

The function o; exists with arbitrary a;, é;,¢;. The condition of exi-
stence of the function , requires that '

Ay = T3 ds.

I
ES
ro
Using (4) and (5) we can calculate the strains vy,; and they must satisfy
the conditions of compatibility of Saint-Venant.

All compatibility conditions will be satisfied if
‘llzlez"“%VSAl ) 51:V2A1—%V3A2

and the function @ verifies the equation

(11) Bzz%x%@—zﬁ 339 + (2 B1g + Bs3) 82;1) — 2 P13 a« ;1)3 -+
+ Bn — = (MBs + LBas + NBg3 + Vz) "

*1

— (MB35 +LBas + NPy +V3> a wl + (MBy1 + LBy + NByg +v1) : (;)1
ox.

2

+

+ ?[(Mﬁu +v1) 51% +L (Boa+va) a1 9] + (NB1a—LPog) (21201 +¢p) +
‘i‘(NBm —MBy3) (2 by 29 — 1) in S,

where

v . . .
@z’j:u—E_j‘ (i’]:I’2’3>'
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From the first two equations (3) we get the following boundary con-
ditions for the function ®:

i) ” LX)
axg 1

7y = (Mny + Mng) oy +

Qxl ox,

I I 2
+ [M (b1 209 — 1) 2y 205 + N(? ay %y —|——2—51>x1} 7 + 71,
N 0) 2D
- ox, O, 7+ a?

(12)
ng = (Nny + Lng) 01 +

1

—l—[L(alxl—|—£1)x1x2—l—N<%51x2—%£1>x§] nz—!—Tz on I

1

It is obvious that we can obtain the function @ in a similar way to that
corresponding to Airy’s function in the plane problem of anisotropic bodies
with one plane of elastic symmetry.

Taking into account the fact that for any function ¢ which satisfies the
equation Ay = o we have

Ifwlii\pdszljq)@wlds——fsfwmldc,

we can write down the following formulae

f(Mﬂl “‘,— N7’Z2> (OF] ds = fxl E‘.‘(J)l ds—ffxl A(,l)l do y
F r s

f(an + Lny) 0, ds = fxz Dey; ds —~ffx2 Aw,; dc,
r r s

f[(sz — Nxy) 729 + Ny — L)) 73] wq ds = J eDw, ds — ff pAw; do,
r r S

where '¢ is the function of torsion defined by
Ap =0 in S,
Do = (Mwy — Nuxy) 2; + Naxg—Lay) %, on I
Using the above formulae we can determine the constants A;, Ay, ¢

before to know the function «;.
Thus, from the conditions of existence of function ® we get

I I
.Al——E/Tlds , Az—-‘—E‘h/Tsz‘,

I I

I

‘ i )
1= D, ; J ][(EAI x1 + EA2 x9) ¢ — (Lay xf + N6, xg) (752— + x1>__

s
— (Nay 25 + Mb; x3) ( — xz>

o
*y

e

de +f(71x2~ szl) ds% ,
r
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I’:fo'?dc (Z.’j=1’2 3 Z:lz./)’

X2 5.
! ox, oz,

v

= 2 2 I W % . %0
D, = f { [Lxl +Mxs—2Nxy 2, + Ly o, M, N( xq 5%, >} de.
¥ ,

D, is the torsional rigidity of the beam and it is always a positive
number [6].
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