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Analisi matematica. —• On the solution o f a non—linear mixed 
problem fo r  the Navier—Stokes equations in a time dependent domain. 
Nota I di G io v an n i P ro u se  p re se n ta ta ^  dal Corrisp. L. A m erio.

R iassunto. —• Si considera, per le equazioni di N avier-Stokes in un dominio bidi
mensionale dipendente dal tempo, un problem a misto con condizioni al contorno non lineari 
e si enunciano un teorem a di esistenza ed unicità della soluzione e tre teoremi ausiliari, le 
cui dim ostrazioni vengono date nelle successive Note II e II I .

i .  I n t r o d u c t i o n  a n d  s t a t e m e n t s

In  the present note and in the following two we shall again consider the 
m ixed problem  for the Navier-Stokes equations studied in [1], assum ing 
however th a t the dom ain in which the motion of the fluid takes place depends 
on the tim e t  w ith a given law: £2 =  Flit) =

Let, precisely, Q* be an open, bounded set of the x 1 , s p i a n e ,  depending 
on t  and let T (t) =  Tt be its boundary, which we shall assume is constituted 
by the lines

I \  =  { x x =  o , H\ <  x 2 <  }

r2 -  {*1 =  /  , k'i <  x 2 <  k i } 
r 3,/ =  {o <  x t <  i  , x 2 =  &  O i , t ) , (i =  1 ,2)}.

As is Well known, the m otion in £2/ of an incompressible fluid of viscosity

[x and density 1 subject to the external force f  ix  , f) — {f\ (pc, i) , / 2 (x  , /)} 
(x =  (x1 , x 2)) is governed by the equations

( + %xuk f t k + f f  = fj O' = 1 >2)

I j t 1 dxk

where u (x , t) =  {ux (x  , t) , u 2 (x , /)} denotes the velocity and p  (x  , t) the

pressure. D enoting by vt the outside norm al to Ft , we shall consider the 
boundary conditions defined by the relations

( T ui(x >0 +  P ( x =  *i (x , 0 € r,- , O < t  < T  , i==I,2)

C1-2) { p(x";t) = $ ( x , t )  u ( x  , t ) X v f \ u ( x  (x e r 3>/, o <  t  <  T)

\ I u (x  , t) I. =  I u (x  , t) X I (x e Y t , o <  / <  T ) .

(*) Istitu to  M atem atico del Politecnico di Milano.
Lavoro eseguito nell’am bito del G ruppo Nazionale per l ’Analisi Funzionale e le sue 

applicazioni del C.N.R.
(**) Nella seduta del 20 febbraio 1971.
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As explained in greater detail in [i], the boundary conditions (1.2) assign 

the value of the “ total energy ” — \ u \2 +  p  of the fluid on the initial and 
final sections, Ti and T2, of the “ tube ” £lt and express the relationship 
between the pressure and the velocity of the fluid through the “ wall ” r 3j/, 
which is assum ed to be permeable.

From  experim ental data  it appears, in fact, th a t the velocity of the fluid 
through a perm eable wall is orthogonal to the wall and is proportional to the 
square root of the jum p of pressure. In the second of (1.2) it has obviously 
been assum ed th a t the external pressure is zero.

Finally, the th ird  of (1.2) interprets the condition th a t along Ft the 
com ponent of the velocity tangent to Ff vanishes; this follows, on F3,t , from
the limit layer theory and, on Ti and T2, from the assum ption that, on the

—

initial and final sections, the velocity u  coincides with its norm al component.
O ur aim  is to give an existence and uniqueness theorem  of the solution 

of equations (1.1) satisfying the boundary conditions (1.2) and the initial 
condition

(1 -3) u ( x , 0) =  u0 (.x) (x e Do) .

Let us begin by giving some definitions and basic notations.
Let £2 be an open set of the (x1 , x 2) plane satisfying the cone property

—?>-

and denote by 0£(£2) the m anifold of vectors v(x)  =  {zq(F) , z/2(#)} indefini

tely differentiable in £2, with null divergence and such that \v(x)\ — \v(x)X'v  | 
when x  e F (boundary of £2). Further, denote by N°(£2) the closure of 0 £(£2) 
in H°(£2) and observe that, by the definitions given, we can set

-> —̂ r
O  > wW )  =  (» - w)l*(Q) =  / h  vj ( x ) WÄ X) dQ

J  J — 1

( m )

(v , w)NKii) =  (v , =  I 1 ^ ^ - d Q ,
Q

since, for functions belonging to 01 (£2), the H J- and Honorants are equi
valent; m oreover N x(£2) is dense in N°(£2).

L et D(A) be the set of elements u  € N 1(0 ) such th a t the  linear form
—^  ^  ^  rv

v ->J (u,  ^ )N1(Q) is continuous in the topology of N°(£2); it is then possible 
to define a linear, self-adjoint, positive operator A, from D(A) to N°(£2), 
such th a t

(1.5) V « e D (A ) ,  o e N ^ Q ) .

1 L et us denote by A° (a real >  o) the power of order <7 of A  and by 
V 0(£2) =  D(Ao/2) the dom ain of A o/2 ; V0(£2) is a H ilbert space with scalar 
product defined by

0  -6) (« - Z')v0(£2) =  (A °/2̂  - A °/2z;)n»(H) •
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W e have N 1(Q) =  V x (O ), N°(Q) — V 0(Q ), H 0(Û )D V 0(Û) and the in ter
polation property  holds

(i*7) [Va (ü )  , Vß (£2)]0 =  V a(1 -0) + ß0 (ß ) ,

where [K± f K2]q Qti , 3t2 H ilbert spaces) indicates the H ilbert space 2t ] K l  
which is interm ediate between and It2 according to the definition given 
by Lions [2]. Identifying V 0 (Q) with its dual V ;(Q ), we can define V _ 0(0 ) 
by setting V i (Q) =  V__0(Q). W e now give the definition of solution of 
equations (1.1), (1.2), to which we shall always refer in w hat follows.

Assum ing th a t f  (t) =  { / (x , t) ; x  e Q*} 6 L2 (o , T ; V ^ x  (Q,)) , a ,•(/) == 
= (a,-(x, t ) ; x e  I\} e L2(o ,T ;L2(r,-)), ß (t) =  {ß ( x , t ) ; x e F s,t} e  L°°(o ,T ;L°°(r3,0), 
^  e C 1 and setting

b ( t , u , v , w )  =  !  r)d£2,,
Qt

— ■—>

we shall say that u (t) — { u (x  , t) ; x  £ Q J  is a solution in  [o ,T] of equations 
(1.1) satisfying the boundary conditions (1.2) i f  (1) :

a) f t )  6 L2 (o , T ; V 0+i (Q,)) n  L°° (o ,T ; V 0 (Ü,)) O H ^o ,T ; V0_ i(0 ,));

b) u( t)  satisfies, VA (t) e L2(o ,T  ; Vi_0(Q,)), the equation
T

(ï.8) I { {u ' ( t )  , h ( t )) +  [A-{Au(t ) , h ( t )) +
Ö

+  b ( t  , u ( t )  , u ( t )  , h  (/)) —  ( f ( t )  , h (/)) } dt  =
T

= — 1 1 2  f  (a> (x > ui(x >()) K x . Ox % dr,- + 
ò * 1 i'/

+  j ' ß (oc , t) u (x , t) X V* I u (x , t) X v* I h (x , t) X v, d r 3j/j d/̂

r 3,*

where ( , ) .  denotes the duality  between V0_1(lQ/) a n d . V1_ 0(Q<).
Relation (1.8) is obtained directly from the first of (1.1), m ultiplying it 

by a test function hj(f), in tegrating over £2,x  [o-,T] and bearing in m ind the

second o f ^ i . i )  and the three conditions (1.2). It is, in fact, Vzz, h e V 1(0/),

with Au  e V0;(fi*), by (1.4), (1.5),

—  (Au, Ä )y o W  =  (Au, h \ 2(fìp =  (u , Â )Hi(ûp =  (u, Â )Ni(Qp =

=  ^  ’ Â)n®(0 ,) =  (A^ > Â)vo(0#) ’

(1) The meaning of the notations i /  (o , T ; V a ( f l t ) ) ,  etc. is obvious, bearing in mind 
the smoothness assumptions made on 4b-

21*



296 Lincei -  Rend. Se. fis. mat. e nat. -  Vol. L -  marzo 1971 [1 5 2]
du

since the integral - * 7 x h  d r ,  vanishes by the second of (1.1) and the

third  of (1.2). M oreover

È  hj dQ, =  /  p h x t t d r ,  =  g  j  (a , - h x  v, d r ,  -f-

~h j  ß^  X v, [ u  X v, j h X v, d r 3j, .

K t
In  the following paragraphs we shall prove some results from which will 

follow directly, by m eans of the Leray-Schauder principle, the existence of a 
solution (in the sense indicated above) of (1.1), (1.2), in a sufficiently small 
neighbourhood of t  — o, satisfying the initial condition

—>  ■—>■

(1.9) u  (o) =  u0 .

A  uniqueness theorem  of the solution will also be proved.
Such results are expressed by the following theorem s which we here state.

T h eo rem  i . A ssum e that g( t )  e L 2 (o , T  ; (Q,)), u0e V c (O0) and
that the functions ^ / ( x1 ,f) which define r 3), are continuous fo r  o < x 1<:l, o < / < T  
together w ith their derivatives dtyjdt, d'\>Jdxl . There exists then , i f  o <7 or <  1/2,

a fu n ctio n  u (t) e L 2 (o , T  ; Vo+^Q,)) n  L°° ( o , T  ; V0 (Q,)) n  H 1 (o ,T ; Va.-i (Û,))

satisfying, 'ih  (t) e L 2 (o , T  ; V i_0(Q*)), the equation

(i. 10) {(u'{t) , h ( t )> +  p (A u(t ) , h ( t )) —  (g( t )  , h ( f j ) } At =  o

and the in itia l condition (1.9).

L et us now denote by  S : u  =  S (v) the transform ation defined in 

the ! following way. Given any function v (t) e L 2 (o , T  ; V 0 +1 (Q/)) n

L°° (o , T  ; V 0 (D;)) n  H 1 (o , T  ; V0_1 (O;)), we call u( t)  — Sv(t)  the function
(which, as can easily be seen, exists, by Theorem  1) belonging to the same

—

functional space as v(f)  and satisfying (1.9) and the equation
T

( l- id )  j  {<u '(t) , h ( f f  +  \x (Ku (t) , h (tf) —  { f ( t )  , h (t))} At =
0

T

=  — j " 'f b ( t , v ( t ) ,  v ( f ) ,  h(t f)  + g  j   ? L l l L ( * , * ) X v <d r f-+
0 !=1r.

+  /  ß (x , i) v (x , t) X v* j v (x , t) X v, I h ( x , t) X v, d r 3j /1 d^

VA (t) e L 2 (o , T  ; V ^ /Q ,) ) .
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W e have then:

T h eo rem  2. # « 7 0eV o(Q0), a , ( / ) e L 2(o ,T ;L 2(r,-)),
ß (t) e L°° (o ,  T  ; L°° ( r 8.,)) and  3 ^ / 3 ^  ,  3<|<,-/3f are continuous ,  then y fo r  
i / 4 < a < i / 2 ,  transformation  S X? completely continuous fro m  W t,0 =  
=  L 2 (o , T  ; V 0+1 (Q,)) D L°°(o ,T  ; V 0 (Q,)) O H 1 (o , T  ; Va_! (Q,)) *» itself.

Consider now the transform ation, depending continuously on the p ara 

m eter X G [o , 1 ] ,  u  =  S (y , X) defined in the following way. Given any

function v (t) £ W t)OJ we call u (f) =  S (y(t) , X) a function belonging to 
W t,0 and satisfying the conditions

O .h ) u  (o) =  X^0
T

(1 .12) I {<u'(t) ,  A(V)) +  (X, (A«(V) , A(V)) — A < / ( / ) , ^ ( 0 ) }  dz =  
0

=  —:Kf \ ^ ( t , v ( t ) , v ( t ) , k ( t ) )  + 2  j  0 .* )  

» !=l r !

2̂ 1 , t)
2

h ( x  , t ) x v t d r ,  +

+  ! ß (x  , t) V  (x , *) X v* IV (x  , t) X v, I h (x , *) X V, d r 3jif j d^ ,

r 3

V Ä (/)e L 2(o;>T ; V i _ 0(Q())-
By the definitions given, it is obvious th a t S ( v ,  i) =  S(z/).
T he following theorem  holds:

THEOREM 3. Suppose that a ll the assumptions o f Theorem 2 are verified 

and let u(f ) be any solution o f the equation u ( f )  =  S (u(f) , X). Then i f  T  is

sufficiently sviali, u(f ) is bounded on [o , T] uniform ly w ith respect to X, i.e.
—>

there exists a constant M i, independent o f u and o f X, such that y VX £ [o , 1 ],
T T

I M I w , 0  =  /  l l “ W l l v o + 1 ( 0 p  d /  + 0 f y P T I K * ) l l w  +  /  H V ( ^ l l v 0 _ i « y  d /  ^  M l  ■
o -+ b

Moreover, S (y (f) , o) =  o, which means that equations (1.11), (1.12), w ritten
—>■

fo r  X =  O, adm it the only solution u  (f) =  o.

It is obvious that, by  Theorem s 2 and 3, the transform ation S defined 
above satisfies the assum ptions of the Leray-Schauder principle. Hence

the functional equation u (f) =  S (u (/)), which evidently corresponds to

(1.8), (1.9), admits a solution u ( f ) £  W t,0 and we obtain the following
THEOREM 4. Under the assumptions made in  Theorem 2, there exists in  

[o , T  \ f o r  T  sufficiently sm all y a solution o f equations (1.1) satisfying the in itia l 
condition (1.3) and the boundary conditions (1.2), w ith  1/4 <  a <  1/2.
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We shall, finally, prove a uniqueness theorem  for the solution thus 
obtained:

T h e o r e m  5. There exists in  [o ,T ]  (T  sufficiently smalt) at most one solu
tion o f (1.1) satisfying conditions (1.2), (1.3).

T he proofs of Theorem s 1, 2, 3, 5 will be given in the following paragraphs.

Observation / .  The theorems given can be extended, w ithout any 
modification, to m ore general sets f l t than  those considered. W e m ay, for 
instance, assume th a t the “ tube ” branches, i.e. th a t its “ wall ” is constituted 
by the lines (*1 ^ ) ,  *2 =  (*1, t) (o <  x x <  / ,  i  =  1, • • •, s) such
th a t a parallel to * 2 directed as x 2. “ enters ” the tube through ^  and “ leaves ” 
it through <J//.

Observation I I .  The results obtained here will be utilized in the note 
(to appear on these Rendiconti) “ On the m otion of a viscous incompressible 
fluid in a tube with perm eable and deform able wall ” , in which we shall 
assume th a t the shape of the wall is not a given function of t, bu t depends 
on the pressure exercised by the fluid on the wall itself according to an 
appropriate law.
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