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G eom etria differenziale. —■ Special curvature collimations in 
Finsler space. Nota di U. P. S in g h  e B. N. P r a sa d , presentata (*) 
dal Socio E. B om piani.

R iassunto. — Si dice che uno spazio di Finsler possiede una collineazione speciale 
di curvatura se esiste un campo di vettori rispetto al quale la derivata di Lie del tensore 
di curvatura secondo Berward sia nulla. Si studiano in questa Nota relazioni fra questa cur­
vatura ed altre simmetrie che possiede lo spazio.

Introduction

In  a recent paper K atzin et al. [1] form ulated th a t a R iem annian 
space V n adm its a sym m etry called a curvature collineation provided there 
exists a vector field v* such th a t $v R ™k — o where R i s  the R iem annian 
curvature tensor (E isenhart [3]) and 2V denotes the Lie derivative (Yano [4]). 
In  [2] we have generalised this idea to a Finsler space and have defined 
curvature collineation in the m anner stated above for C artan ’s curvature 
tensor K.)m (R und [5] page 97). In  the present paper we are concerned 
with a sym m etry property  (of a Finsler space) which we shall call special 
curvature collineation. Several theorems establishing relations between this 
special curvature collineation and the other sym m etries adm itted by the 
Finsler space have been obtained.

I. Fundamental formulae

L et Fn be an ^-dim ensional Finsler space equipped with the positively 
homogeneous m etric function F  ( x , x) of degree one in x \  T he metric 
tensor of F n is given by

( 1 . 1 )  gÿ (x ,X) =  ~  d; dj F2(x

T he covariant derivatives, in the sense of C artan  and Berwald, of a 
vector field X* (x , x) are respectively given by (R und [5] page 74, 80),

(1.2) x ;* f(* x» —  (ay x ’) g i  +  xy r%  ,

(1.3) x ^ ( x , i : ) =  a,X ^ —  (é/ X Ô G i +  X / G },,

where and G ljk (x , x) are respectively the connection co-efficients
of C artan  and Berwald. These coefficients are sym m etric in their lower 
indices and are homogenous of degree zero in x \

(*) Nella seduta del 20 febbraio 1971

( I ) and 8.X« =  ttFL.
j OX*
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T he curvature tensors arising from (1.2) and (1.3) are such th a t (R und [5] 
page 97, 125).

( 1.4) ( * ,* )  =  (3* r% —  dm T% G D  —  (3, r%  —  i m r%  g d  +
+  -r\km •pi*?’jk hm jh km j

( I . s) H}« (x , £) =  (a, G)k —  G {mjk GD —  (3, G)h —  Gimjh G7) +
+  F~' m i m s~̂ i

tjjk t jhm — y jh yykm
respectively, where

(1 -6) G‘mjk { % , £ ) =  3m G)k =  K  3y h  G ' •

T he relation between these two curvature tensors is given by (R und [5] 
page I26)

(1.7) +

T he W eyl projective curvature tensors W l and W)kk are (R und [5] 
page 140-141)

( I -8 a) Wl =  Hi — UK —  - J - _  (9y HI — 9h H) 4%

(1.8 b) w ;«  =  ÿ ( â y â4 w l — ay a* w i) =

=  K -»  +  —  (H «  -  H «) +  ^ T T  &  -  é/  H « ) **' +

+  gA t  (*H>* +  H v  +  * Y h *y) -

- - - ^ ( n H J t + H ky+ ± n . H ky) K

where

(1.9) h  I =  , h  -  -t —  h;: and n /k =  h }*  .

W e have the following com m utation formulae involving a tensor T}k 
and the connection G)k

(1 .10) Sv (h  T/a) —  h  (rv Ty*) =  o ,

(1 • 10  (~v Gjk)(k) —  (£» G,u)(y) =  +  (i\, GJ/) ^ G ^  — (£*, G}/) i^G ^* ,

(I • 12) &  t ; , ) (/) =  à, (T}m ) +  t ; y g  la  +  r yh g } „ — t % g ;  * .

T he following definitions and lemmas will be used in this paper. 
Motion (R und [5] page 175). A  Fn is said to adm it a m otion provided 
there exists a vector field vi such th a t

C1 * ^ )  * v g i j =  O .

Affine mlotion (Yano [4] page 190). A  Fn is said to adm it an affine 
motion provided there exists a vector field vl such tha t

( i . 14) £* Gjk =  o .
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Projective motion (Sinha [6]). A  Fn is said to adm it a projective motion 
provided there exists a vector field v* such tha t

(1 .15) 2 4  =  —

where

(I-16) P * = 3 |P  , PJa = â y 3 * P ,

and P (x , x) is an a rb itra ry  scalar function positively homogeneous of the 
first degree in x \

Homothetic motion (H iram atu  [7]). A  Fn is said to adm it a homothetic 
m otion if there exists a vector field v* such th a t

(I-I7) %gij=ï<Sgi j

holds w ith a a non-zero constant.

Curvature collineation (P rasad [2]). A  Fn is said to adm it a curvature 
collineation if there exists a vector field v* such th a t

( 1 . 1 8 )  2 V ¥L)kk =  o  .

Ricci collineation (P rasad [2]). A  Fn is said to adm it a Ricci collineation 
if there exists a vector field v* such tha t

(1.19) 2P KJk =  o where Kjk =  K}ki .

LEMMA ( i . i )  (P rasad [2]). In  a Fn every motion is an affine motion.

LEMMA (1.2) (P rasad [2]). In  a F„ every homothetic motion is an affine 
motion.

LEMMA (1.3) (R und [5] page 147). The Wey I tensor W l vanishes identi­
cally in an isotropic Finsler space.

2. Special curvature collineation

The infinitesimal transform ation

(2.1) x* =  x * v *  (x) $t

where St is a positive infinitesimal, defines a special curvature collineation 
provided the space F^ adm its a vector field v* (x) w ith respect to which

(2.2) Hjkk (pc i cC) — o .

T aking  Lie derivative of (1.7), using relation ( i .iö )  for the tensor K \kh 
and the fact th a t x l =  o we have

c* h  )kh =  2. Fdjkk +  (2, k ; , , )  .(2-3)
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Hence we have
THEOREM (2.1). In  a Fn every curvature collineation is a special curvature 

collineation.
T he converse of the above theorem  is not in general true. In  order th a t 

this m ay be true, we have a following sufficient condition.

THEOREM (2.2). I f  CL Fn admits a special curvature collineation with 
respect to a vector fie ld  v* and

(2.4) C.K<a = /(* • )
is a function independent of x \  then the space admits a curvature collineation. 

From  (1.11) and (1.14) we m ay state th a t

Theorem (2.3). In  a Fn every affine motion is a special curvature 
collineation.

From  the above theorem  and the lemmas (1.1) and (1.2) we have

Theorem (2.4). In  a Fn every motion is a special curvature collineation.

Theorem (2.5). In  a Fn every homothetic motion is a special curvature 
collineation.

W e shall now study the condition under which a projective m otion is 
a special curvature collineation. Assum ing th a t the space adm its a projec­
tive m otion and using equations (1.15) and (1.11) we obtain

(2- 5) f'v Hkjk =  ---Sj Pt(k)----8A Pj(k) Pjh(k) X +  <$k Ph(J). +  $1 PkU) +  PkhU)

where we used the fact x\k) =  0 and

(2.6) Gjkil f  =  o .

I f  a projective m otion for a space is a special curvature collineation we have 
from  (2.5) and (2.2)

(2.7) -— Sy Pk(k)---  Pj(k)---  Pjhik) % +  8\ Ph{j) +  Pk{j) +  Pkh(j) X  =  O .

C ontracting the above equation w ith respect to f a n d  h we get

(2.8) (n fi- 1) (Pj&(y) —  Pj(k)) +  Pkh{j)%h —  Pjk(k) x h =  o .

which after using the relations (1.12) and (2.6) yields

(2.9) (n +  1) (P kU)  —  P>(*)) +  h  (Pk(j) — P><*)) x h =  o .

Since P (x , x)  is homogeneous of degree one in x h, (Pk(j)— Py^>) will be 
hom ogeneous of degree zero in %* and hence

(2.10) dh (VkU) —  P>(i>) x h =  O .

Substituting (2.10) in (2.9) we get P^y) —  Py(̂  =  o. Thus we have

Theorem (2.6). A  necessary condition fo r  a projective motion to be a 
special curvature is

(2.11) P*ü) — p/<*) =  O ■
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The converse of the theorem  (2.6) is not always true. However, the 
projective m otion satisfying P,é(y) =  o will be a special curvature collineation. 
For if we substitute P^y) =  o in (2.5) we get

(2.12) ly H hjk ÇPfck(j) Py^)) •

A pplying the relation (1.12) for Fk and Py and using (2.6) we see th a t right 
hand side of (2.12) vanishes.

Since the operations of contraction and the Lie derivative are com m u­
tative we observe after contracting the indices i  and h in (2.2) th a t every 
special curvature collineation vector v% satisfies

(2.13) £* Hy* =  o

where Hy  ̂ is given by (1.9).
If  a adm its a vector field vl such th a t (2.13) holds then we shall

say th a t Fn adm its a special Ricci collineation. Hence we have

THEOREM (2.7). In  a Fn every special curvature collineation is a special 
Ricci collineation.

The converse of this theorem  is not true in every Finsler space. However, 
we shall see in theorem  (2.10) below tha t the converse is true in a special 
space called isotropic Finsler space.

Contracting (2.3) with respect to i and h we can see tha t

Theorem (2.8). In  a Fn every Ricci collineation is a special Ricci 
collineation.

Now we shall prove the following theorem

THEOREM (2.9). A necessary and sufficient condition that a projective 
motion in a Finsler space be a special Ricci collineation is that

(2.14) nVhU) —  Py w —  a* ay P(o r  =  0

Proof. L et the Finsler space Fn adm it a projective motion. Contract- 
ng (2.5) with respect to i and k and using the relation (1.12) for Py and Fk 

we get

( 2 -1 5)* H Äy =  n ? hy )  —  P j{h)   dk dj  F(i)  X* —  o

This shows th a t (2.14) is a necessary and sufficient condition th a t a projective 
m pfion be a special Ricci collineation.

Theorem (2.10). In  an isotropic Finsler space every special Ricci colli­
neation is a special curvature collineation.

Proof. Since for an isotropic Finsler space W l  — o (lem m a (1.3)) we 
have from (1.8 b)

=  ~  (H ^  -  H «) +  A r  ^  +

+  dpi-., i (P ^#  +  ^k j  +  x 1 'dj  H^y) S\ —  n2_ 1 (pRjh +  H^y +  x 1 dj H ,y) 81.
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T aking  Lie derivative of the above equation, using the relation (1.10) and 
the fact th a t 5?,, x { — o we get

(2.16) £. H}u =  (Vv H„ —  H *) 8} +
« 1* 1

+  7  (À ~v H hk £» H th) x ‘ -f-

+  (»*. Hyi +  2„ H *  +  * Y dj 2, H * ) Si -

-  Hy* +  2„ h *  +  £  dj £„ H * ) -8Î .

Now if the space adm its a special Ricci collineation (i.e. £„ H M =  o) 
then we have from (2.16) £î,H ÿ« =  o. This proves the theorem.
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