ATTI ACCADEMIA NAZIONALE DEI LINCEI

CLASSE SCIENZE FISICHE MATEMATICHE NATURALI

RENDICONTI

ANTONIO MACHI

Finite union of cyclic subgroups

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche,
Matematiche e Naturali. Rendiconti, Serie 8, Vol. 50 (1971), n.1, p. 4-5.

Accademia Nazionale dei Lincei

<http://www.bdim.eu/item?id=RLINA_1971_8_50_1_4_0>

L’utilizzo e la stampa di questo documento digitale & consentito liberamente per motivi di
ricerca e studio. Non é consentito 1'utilizzo dello stesso per motivi commerciali. Tutte le
copie di questo documento devono riportare questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)
SIMAI & UMI
http://www.bdim.eu/


http://www.bdim.eu/item?id=RLINA_1971_8_50_1_4_0
http://www.bdim.eu/

4 Lincei — Rend. Sc. fis. mat. e nat. — Vol. L — gennaio 1971 [4]

Algebra. Finite union of cyclic subgroups. Nota di ANTONIO
MacHl, presentata @ dal Socio B. SEGRE.

RIASSUNTO. — Si dimostra che un gruppo G che sia unione insiemistica di un numero
finito di sottogruppi ciclici infiniti ¢ necessariamente ciclico.

In this paper we prove the following Theorem:
THEOREM. — If a group G is the set-theovetic union of a finite number of
infinite cyclic subgroups:
G=HiUH:L---UH,

then G is cyclic (so that n = 1).
To prove this Theorem we make use of the following Lemma, which is
already known; we repeat the proof here for the sake of completeness.

LEMMA. — Let G be a group and let H1,Hso,---, H, be a finite number
of subgroups. Suppose there exists a finite collection of elements x;€G
(i=1’2"":”;jzl:zy”’:f(i»wﬁ}l

%)

(set-theorvetic union). Then for some i , [G: H;] < oo.

Proof. By relabeling we can assume all the H; to be distinct. Induct
on 7n. The case # =1 is clear. If a full set of cosets of H, appears among
the H, x,; then H, has finite index and we are finished. Otherwise if H, x is
missing then H, xCUH;x;. ButH,x*NH,x,, is empty so H,x C U H,x;.

Thus " e
Hn xm'g @) Hz'xz.'jx_‘l Xur
) idn,j
and G can be written as a finite union of cosets of Hy, Ha,---,H,.;. By

induction, [G: H,]< oo for some s =1,2, -+, 72— 1 and the result follows.
The above Lemma has an irnmediate corollary:

COROLLARY. — If a group G is the set-theoretic union of a finite number
of subgroups, then one of them has finite index in G. '

Proof of the theorem. — By the Corollary to the Lemma, one of the H/s
has finite index in G. Assume Hj is such a subgroup. By Poincaré’s theorem -
[1], G has a normal subgroup K of finite index and KC Hi (in fact, K is the
intersection of all the conjugates of Hj); thus, G/K is a finite group.

(*) Nella seduta del 9 gennaio 1971.
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We shall show now that every nonidentity subgroup of G has finite index
in G; the result will then follow from a theorem of Fedorov [2]. Suppose
1= H< G; HK/K is finite, being a subgroup of G/K and this implies that
H/HN K is finite. But H is infinite, since G is torsion-free, and therefore
HNK==1. Since K is cyclic (being KC Hi, a cyclic group), the index of
HNK in K is finite and, [G: K] also being finite, we have

[G:HNK]=[G:K][K:HNK] < oo,

i.e., HN K has finite index in G. Since H> HNK, the index of H in G is
also finite. This completes the proof.
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