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Geometria differenziale. — 7%e commutation formulae involving
partial derivatives and projective covariant derivatives in a Finsler
space. Nota di K. B. LaL e S. S. SingH, presentata ® dal Socio
E. BompiaNI

R1AsSUNTO. — In uno spazio di Finsler sono state stabilite formule di permutazione
per derivate covarianti secondo Berwald e Cartan [1]® da Sinha [2] e Mishra [3]. In questo
lavoro, seguendo lo stesso metodo sono date formule di permutazione per derivate parziali
relative all’argomento direzionale e derivate covarianti proiettive. E anche studiato Peffetto
di trasformazioni conformi per varie formule di permutazione.

1. INTRODUCTION.—Douglas [4] deduced the projective invariants
z N def i v LV
(1.1) s (v, #) = Gip— 1 {28 Gy + 2 G}

These entities are called the coefficients of projective connection. They
are symmetric in their lower indices and are homogeneous of degree zero
in their directional arguments. Let the vector & (x) be taken as the direction
of the element of support. The projective covariant derivative of the vector
X’ (xj , &) with respect to #” in the direction of £ is given by [6]

(1.2) ? Xiay (,8) =3, X' — @0, XH M &7 + X" IT,,,.

2. THE COMMUTATION FORMULAE INVOLVING THE PARTIAL DERIVA-
TIVES WITH RESPECT TO A AND PROJECTIVE COVARIANT DERIVATIVES.

THEOREM 2.1.—TVe commautation Jormula for the contravariant vector-field
X’ (%, 84 which depends on the position and has the direction of the vector
gt (xk) is given by

(21)a % Xy — G XDy = O X) I — (3, X) 3 T E" + X7 9, 11,5,
Proof —Differentiating (1.2) with respect to #* we get
(2.2) 9 Xiay = 249, X' — (848, X)) T £2 —

— G XN TR E? + (3, X Mo 4+ X7 3, I

(*) Nella seduta del 14 novembre 1970.
(1) The numbers in the square brackets refer to the references given in the end.
(2) 9; = 9/3x% and 9; = 9[34%.
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Also we have
@3)  Cn Xy = %% X' — (.3 XY ILE + (3, X™) Ty — (5, X)) L.
Subtracting (2.3) from (2.2) we get the required formula.

COROLLARY.—For the covariant vector-field B;(x,%) the commutation
Jormulae (2.1)a corrvespond to

(2.1)6 & Bjay — Cs By = @, B)) s — (3, B)) &, 113 €2 — B,, 5, 15,

Progf —The pattern of proof of this corollary is the same as that of theo-
rem (2.1).

THEOREM 2.2.—The commutation formula for a contravariant tensor of
order two is given by

(2.4) 3 Ty — @i Ty = @, TH I} —
- (ém Tij) a,, HZ; EP + ij é}; H:;zé —I— Tim 9h {nb-‘

Proof —Let B;(x,E) be an ordinary covariant vector-field such that
its inner product with the tensor TY (x, &) is given by

2:5) X' @, 8 =17, 0 B (x, 9.
Eliminating X’ (x, £) from (2.1) @ and (2.5) and using (2.1) 4 we obtain
B; {3 T%ay — G Ty — @ T T + (3, T) 8, T3 £2 —
— T3, I, —T™3, 1} =o.
Since B; is arbitrary, (2.4) follows from above equation.

THEOREM 2.3.—7%he commutation formula for the contravariant tensor
T "% (x,%) is given by
. VY . A . Fyvol v
(2.6) AGTH 2@y — @ T Dy =0, T ?)Iu—
o b . .
. e . v ? cee — oo . Z
— G, T ™9, I, £ + }_‘iT’l o e Y Ty
. o=

Proof—Let the theorem be true for a contravariant tensor of order
m (< p).. Thus, we have

(27) -ah le. . -;m«é)) _ (é;‘ Xll‘ . ‘z”')((k» — (é,v Xil' . -tm) Hhk —

. P . v ? iy fg 1 W 17008, . tq
— O XT )9 My € 4 3 XTI, T
o=
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Let the inner product of an (# -+ 1)th order contravariant tensor
SERRD . . . .
TV ™ (x, &) with an arbitrary covariant vector-field B, (x,£) be given by
def 7y

(2.8) XY, ) STV (2, 8) By (2, B) .

Eliminating Xt (x,&) from (2.7) and (2.8) and using (21) b we get

. Y . Y . DY v
Bi T ™ ay—@TY "y — @ T ") +

m
. feend Al s v o_p e By g W, R i R AT A
+ G TV My e — X T et e ety s TV S, | = 0.
a=1

Since B, is an arbitrary vector-field, replacing the index A by ,,.; in the above
equation we obtain

. iyee iy I . Foeend v
(2.9) AT "y — @ T "y =@, T ™) I —
m--1

. PRy . v PEERT) 7 s . i
— (av T’l ’m+1) 3 I, Ef + E Til Zq—1 Mg 11 ’m+1a/’ II:;.
a=1

This equation is similar to (2.7). Hence if (2.6) is true for a contravariant
tensor of order , it is true for that of order (m + 1). In Theorem (2.2)
it ‘'has been already shown that (2.6) is true for a contravariant tensor
of order two. Therefore, (2.6) is true for a contravariant tensor of any
order .

THEOREM 2.4.—The commutation formula for a covariant tensor of order
two is given by

(2.10) 3 T — Ca Tipay = @ Tiy) T — (3, T) 3 T E2 —
—T,,; 8 MG —T,, 3, I.

Proof—1Let X' (x,;£) be an arbitrary contravariant vector-field whose
inner product with the tensor T, («x,%) is given by

def i
(2.11) B;(x,8) =T;,8) X (x,%).
Eliminating B; from (21) 6 and (2.11) and using (2.1)a we get
X[ Ty — Ca Tidan — Con Tig) Tk + (3, T) 8 T B +
+ T»ij éh H:Z + Tz'm éh H]’Z] = 0.

Since X’ is an arbitrary vector-field we have the formula (2.10).
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THEOREM 2.5.—7he commutation formula for a covariant temsor of
arbitrary rank q is given by

(2.12) % Tig s — Ca Tip g e = @ Thyeos) e —
. . ‘p g .
v
— (2, le"'fg) 9, Hﬁk £r — ﬁg;[le.“jﬁ—l Bip1 g e H;Sé .

Proof —Let the theorem be true for a covariant tensor of order m (< g).
Thus, we have

(2.13) % Biog @ — @a B ey = @, By, ) T —
. . ﬁ ” .
- (av Bfl'”fm) % H;kg —BE'“I le"'jﬁ_ll"jﬁ-{—l"'jm % HJ‘HWE :

Let the inner product of an (» -+ 1)th order covariant tensor
Tj...;,a (x,&) with an arbitrary contravariant vector-field X (x,£) be
defined by

(2.14) By, (8,8 =Ty, 5 (v, 8 X (x, B).

Substituting the value of B;..; (x,&) obtained from (2.14) in (2.13) we
obtain in view of (2.1) a

A2 . B _
X% Ty @ — @ Ty i)y — @ Ty, ) T 4+
. . - P ki . .
-+ @vle...jm;D N H;k P %le“'jﬁ—ll"jﬁ+1"'jm7‘ 9, H}%k +Tj1"'jm!1- 2 H%kJ =o0.

Since X" is' an arbitrary vector-field, replacing the index A by j,,; in the
above equation, we get

(2.15) % Lo g @ — Ca Ty Do = @y Ty ) i —

m+1
. C v e . "
—, le...jm+1) 1 85 — [521 le"'f[s—ll"fﬁ+1"'jm+1 9, Hjﬁk .

Thus the formula is true also for a covariant tensor of order (7 -+ 1). It
has been already shown to be true for a covariant tensor of order two. Hence
it is true for a covariant tensor of any order g.
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THEOREM 2.6.—The commutation formula for a mixed tensor of contra-
variant order p and covariant order q is given by

. ;'1...1} . ’j) é
(2.16) % gy — @ T - i = e i 1L
— @, "’)aH E+ET AT 1 g

g . :
. E Tzl .................. ;p 3. HM
e TR TR T SRR A

Proof—The proof of this theorem follows from that of theorems (2.3)
and (2.5).

3. CONFORMAL FINSLER SPACE.—Let two distinct metric functions
F(x,#) and F (x, %) be defined over an z-dimensional Finsler space which
satisfy the requisite conditions for a Finsler space. The two metrics resulting
from these functions are called conformal if the corresponding metric tensors

&;(x, %) and &, (x, %) are proportional to each other. It has been proved

that the factor of proportionality between them is at most a point function.
Thus we have [1]

(3.1) Z,(x,%)= ?og.(x,%), (3:2) &Y (x,%) =e29g%(x, %),
and
(3-3) Fx,2)=e"F(x, ).

where o =0 (x), g being the contravariant components of the metric
tensor of F,. The space F, with the entities F g ., etc. is called a conformal
Finsler space. We shall use the following geometrlc entities in the conformal
‘Finsler space given by [s]

G4 G(x,%)=G(,4)—o,B”

(3.5)"  Gu(x, £ =Gj(x,s)—oq, 9,5 B

(36)a Chu(x, ) =Chx, ), (36)6  Cyu(x, ) = 29 Cpyy (x, 2),
(6)c #F=4# (3.6)d Flx,8)=e°l(x, %),
(3:6)e  1(x, %) = el (x, %)

where

— def . def _
GBnNa Culx,2)=%8;, 5, @N6 CThi=8(x,)Cuk,,

e BRa, )= LR 3d 6, =d 6.
3 ;g
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Also we have [6]
(3.8) Oy (x, 2) = Iy (x, ).
Where IIj (x , %) is given by (1.1).
4. THE COMMUTATION FORMULAE IN CONFORMAL FINSLER SPACE ANA-

LOGOUS TO (2.1).

THEOREM 4.1.—When ¥, (x, %) and F, (x , %) are in conformal correspon-
dence, the commutation formulae for ¥ and the vector (I and 1) in the direction
of the element of support are given by

(4-1)a 3 i P — @ By = {3 Fy— G P b
(4' I) b 2.‘);, zz@ - @;‘ 71)((7)) =e° {91, Zi((k)) - (a;, Zl}((é))} ’
and

(4.1)¢ A cA Dy = ¢° {, Ly = CoLdan ¥

where the notation ((é)) denotes the projective covariant devivative for the connec-
= (3, XH—

tion coefficients 11 k(x %) in conformal Finsler space (i.e. X'—

—(@u X) 52" + X" 10,).

Q)
Progf —The commutation formula (2.1) in conformal Finsler space for F

will be given by

(4-2) 5Fm— G P =GP I, — ¢, B3 I E

Using equations (3.3), (3.6) ¢ and (3.8) we get (4.1) . Also the commu-
tation formula (2.1) in conformal Finsler space for the vector I'(x, ) will
be given by

@) 3lm— 6N = 6,HT— 6,18 I 2 1 "4 1T,

Using equations (3.6) ¢, (3.6)4 and (3.8), we obtain (4.1) 4. Similarly,
proceeding on the same lines as above, for the covariant component of the
vector I; (x, %) we get (4.1)c.

THEOREM 4.2.—When ¥, (x, %) and ¥, (x , %) are in conformal corvespond-
ence, we have

(4-3)a %Eim — 8@ = ¢ % Ly — Ci g
4-3)6 %8 — 8 m = e {3 8% 5y — (4, 80y

(4-3) ¢ %Com— @ Cam = { s Com — CiCdan}s
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and

4-.3)d % Comam — G, Co@m = @ 1% Comn — CiComdam 3 -

Proof —The pattern of proof of theorem (4.2) is the same as that of the
theorem (4.1).

THEOREM 4.3.—When ¥, (x , %) and F, (x , %) are in conformal correspond-
ence the commutation formulae for G' (x, %) and Gy (x, %) are given by

(4-4) a 9 Cw @»° ( G )«k)) [{ é}z Gz«k» — G, Gz>«/e»} o

— 6, {3 B" @y — (1 By — B 9, I}l

and
(4-4) 6 3 2 Cram— Ci S = [0 Gl — @G Gidan} —
— 0, {95 (3: 3 B™)@y — (34 33 B™ Yy — (5,9, B™) 3, I3 }].

Progf—The commutation formula (2.1) in conformal Finsler space
for G’ (x, #) will read as follows:
45 305G — 60 =250 M, —¢,0)5 e + G, I,

With the help of equations (3.4), (3.6) ¢ and (3.8) the above equation reduces
to the form

(46) 3Gl — 6, O =3, G' I, — 6, GY 3, ILEY + G758, 1T} —
_Gn{amBm H/’z’z—(amBl’l)a/; H;;E.:}s_l_ané/; H:nk}]'

By adding and subtracting a term o, B™3, I}, we get the result (4.3) @
Agam, for the tensor Gy (x, #) the commutation formula (2.1) will read
as follows:

@n  3,GCrm— 6,00 =300, — @G, I & +
+ Gy 9 I — G 9, Ty — G, 3 1y ,
which gives using equations (3.5), (3.6)c and (3.8)
(4-8) éh CZ‘«% _ <é C:;)(UT» =[ éﬁ GZ’ @ (éh GZ>«/e»} —
— 6, {5, (5; 5 B’””) T, —9; (9;5,B™) 8, T, &2 +
4+ 9,8 B"9, T} — 93,9, B™ 3, i —9; 91 B™ T1}] -

Now, adding and subtracting a term o;(3;8; B™)9, I in (4.8) we
obtain the theorem.
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