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A nalisi fu n zion a le . -— A  Lemma on maps of a compact topolo
gical space aitd an application to fixed  point theory Nota di Mario 
Martelli, presentata ((*) **} dal Socio G S ansone.

RIASSUNTO. —  Si dim ostra un lem ma sulle trasformazioni, non necessariam ente continue, 
di uno spazio topologico com patto in sè, e se ne dà un ’applicazione alla teoria dei punti fissi.

T he m ain result of the present paper is represented by a Lem m a on 
m appings (not necessarily continuous) of a com pact topological space into 
itself. This Lem m a seems not to have been noticed before in spite of its 
sim plicity and the possibility of applications to fixed point theory. As an 
application of this kind we give a new and unique proof of two fixed point 
theorem s due to B. N. Sadovskii [1] and M. Furi—A. Vignoli [2] respectively.

I. Lemma.—Let T  be a mapping of a compact topological space K  into 
itself'. Then there exists a nonempty subset M C K  such that M =  T  (M).

Proof. L et cF be the fam ily of all nonem pty closed subset A  of K  such
th a t T  (A )C A . & is nonem pty since K € cF. M oreover cF can be partia lly
ordered by the set inclusion. L et '3) be a to tally  ordered subset of ^  and
pu t Q =  n  C. Q is nonem pty by the compactness of K and it is a lower 

ce<2)
bound of 3). Using Z orn’s lem m a we can find a m inim al set M of cF. Clearly 
M = T  (M) by the m inim ality  of M.

Note th a t if T  is continuous and K  is H ausdorff space then  T  (M) is 
com pact, therefore closed. Hence M =  T  (M).

i?. To give an  application of the preceding Lem m a to fixed point theory 
we recall first some terminologies.

L et A  be a bounded set of a B anach space E. W e denote by  oc (A) [3] 
the infimum of all s >  o such th a t A  adm its a finite covering consisting 
of subsets w ith diam eter less th an  £ and by x (A) the infimum of all s >  o 
for which A  has a finite e—net. C learly x (A) <  oc (A) <  2 x (A) and
oc (A) =  x (A) =  o iff A  is precom pact, i.e. to tally  bounded.

G. D arbo [4] and B. N. Sadovskii [1] proved th a t 1. oc (A) =  ol(co(A))} 
2. x (A) =  x (co (A)) respectively, where co (A) indicates the convex closure 
of A.

Let Q be a nonem pty subset of E and T  : Q E a continuous m apping 
such th a t x (fi (A)) <  x (A) (oc (T (A)) <  oc (A)) for any bounded and non

(*) Lavoro eseguito nell’ambito delle attività dei Contratti di Ricerca Matematica 
del C.N.R.

(**) Nella seduta del 14 novembre 1970.
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precom pact subset A C Q . In  the first case T  is called condensing [1], in the 
second one densifying [2]. B. N. Sadovskii [1] proved th a t a condensing 
m apping T, which m aps a convex closed bounded set A  of a B anach space E 
into itself, has at least one fixed po in t in A. M. F uri-A . Vignoli [2] proved 
th a t the same result holds for a densifying m apping T.

W e now give a new unique proof of these two results using Lem m a 
and the properties 1. and 2.

THEOREM (Sadovskii-Furi-V ignoli).— Let Q be a nonempty closed convex 
bounded set of a Banach space E  and let T  : Q Q be a condensing (densify- 
tng) mapping. Then T  has at least one fixed  point in Q.

Proof. Consider the sequence {Tn (x0) 9n =  o ,  1 , • • •} of iterates, s ta rt
ing from  x 0, where xo is a given point of Q. Since T  is a condensing (den
sifying) m apping, K  =  {Tn (x0) , n =  o , 1. . .} is invarian t and compact. 
L et M be the subset of K  whose existence is insured by the Lem m a and 
consider the fam ily F — {B C Q : M C B, B closed convex invarian t under 
T}. P u t A  =  n  {B : B 6 W). C learly A  =  Tö (T (A)). Since x (fö (T (A))) =  
— X (T (A)) (a fio (T (A))) =  a (T (A))), A  is compact. Then, by the Scha- 
uder-T ichonov fixed point theorem , there exists y  t* A such th a t T  (y) =  y.

Remark. A n extension of the above Theorem  can be obtained by  replac
ing the hypothesis “ Q is bounded ” w ith “ the range of T  is bounded ” or, 
more generally, “ there exists a bounded sequence of iterates {Tn (#0)}, where 
x0 e Q " .
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