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Analisi funzionale. ■— Some Rem arks on a S. C. Chu and  
R .D . Moyer’s theorem n . Nota di A l e ssio  V o l c ic , presentata ((*) **) dal 
Socio G. S a n so n e .

RIASSUNTO. —■ Si generalizza la definizione di trasformazione non ciclica introdotta 
dai due Autori citati nel titolo e si caratterizzano (Teorema 2) le trasformazioni non cicliche 
che operano su un insieme totalmente ordinato, completo e denso. Si fanno poi alcune 
considerazioni sul classico metodo di approssimazione di Newton, che si può dedurre dal 
Teorema r.

In  this paper we study a particular class of continuous transform ations 
of a closed and bounded interval of the real line into itself fL referring to the 
problem  of the effective construction of the fixed points of such transform ations.

It is well known th a t if f  is a continuous transform ation of a H ausdorff 
topological space S into itself and if, for a certain x e S  the sequence { f h (.x)} <2> 
(which is called Picard sequence) converges to x 0, t h e n f ( x 0) =  x 0. In  the 
m athem atical literature the sufficient conditions (either on S or on / )  for the 
convergence of the Picard sequences are numberless. Recently, in a sem inar 
held by U . B arbuti and S. G uerra at the M athem atical Istitu te of Trieste, 
some new results in this direction were presented (see [ 1 ]). In  particular, 
it was observed th a t sometimes <3> it is sufficient to suppose th a t the tran s­
form ation f  has no involutory couple of points, i.e. couples x 1 , x% such tha t 
f  (x i) — = f ( x 2) and it was conjectured tha t conditions of this type
are sufficient when the topological space is ordered and the order is (in 
some way) consistent with the topology. This conjecture is proved to be 
true and Theorem  2 extends the theorem  stated above due to S. C. Chu 
and R. D. M oyer and which contains also previous results of W. A. Coppel, 
J. E. M axfield and W. J. M ourant:

Theorem .— I f  f  is a continuous transformation of the closed interval \a , b] 
into itse lfth e n  the following properties are equivalent:

I a — fo r  each x  £ [a , b] such that f  (x) =j=x we have f 2 (x) =j= x\
l b  -  fo r  each x  6 [a , b] such that f  (x) > x  we have f 2 (pc) >  x  and

fo r  each x  G [a , b] such that f  (x) < x  we have f 2 (x) < x\
II -  I f  G is any non empty closed subset of \a , b], mapped into

itself by / ,  then f  has a fixed  point in  G;

(*) Lavoro eseguito nell’Istituto Matematico di Trieste nell’ambito delle attività dei 
Contratti di Ricerca matematica del C.N.R.

(**) Nella seduta del 14 novembre 1970.
(1) Transformations already studied in [4], [8] and [3].
(2) We define / °  (x) = x  and f h+1 (x) = f ( f h(x)).
(3) See [2], [3], [4] and [8].
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III  a -  fo r  each x  e [a , b] such that f  (x) =j= x, we have f h (pc) =j= % fo r  
every h >  1 ;

II I  b — fo r  each x  € [a , b\ such that f  (x) >  x } we have f h (.x) >  x  fo r
every h >  1 fo r  each x  € \a , b\ such that f  (x) <  x 9 we 
have f h (x) <  x  fo r  every h >  1 ;

IV -  { f h (x)} is a convergent sequence fo r  every x  € [a , b\.

This Theorem , and in particu lar condition I a, suggests the following 
definition (see [3]):

Definition.—A continuous transform ation /  of a topological space S into 
itself is said to be cyclic if there exists a point #  such th a t f ( x ) f i = x  and 
f 2 (x) =  x. It is said non cyclic in the opposite case.

In  this paper we obtain in section 1 a new characterization of cyclic 
transform ations operating on a closed and bounded interval of the real line. 
In  section 2 the Theorem  1 and Chu and M oyer’s Theorem  are generalized 
to the case of continuous transform ations operating on totally  ordered, com­
plete and dense sets. In  section 3, finally, we use the results of the former 
sections to reobtain the classical Newton approxim ation method.

I. For the cyclic transform ations we can prove the following theorem:

Theorem  i .— I f  f  is a continuous transformation of \a , b\ into itself, 
then the two following properties are equivalent'.

A) f  is cyclic
B) there exists some couple of points x 1 , x 2 such that

(1) / O i )  >  x2 >  % > /  (*2) .

A =$ B. If  f  is cyclic, there exists x 9 which is not fixed for / ,  such th a t 
/ 2 (x) =  x. Let be, for example f  (x) >  x. T hen the couple x 1 =  x  and
X2 — f  (fi) satisfies (1).

B ^> A . If  for the couple x ± , x 2 the two signs of equality hold in (1), 
then  the couple is involutory and f  is cyclic. Let be then

(2) f(pci ) > * 2 -

If  / 2 (x^) >  x% or / 2 (xi) <  xi, f  is cyclic by property I b of Chu and
M oyer’s Theorem . Let be then

(3) f ( x 2) < * 2

and

(4) / 2 O i) >  %  •

(4) An ordered set is said to be complete, iff each subset has the least upper bound. 
It is said to be dense, if for each couple x , y  e S, x < y  there exists a z  such that 
x  <  z  <  y.
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From  (2) and (3) we infer th a t there is at least one point y  between 
f  (x z) and x lt  such th a t f ( y )  =  x 2 . Let y 0 be the largest of all those y's. 
W e observe th a t /  has no fixed point in the interval [y , yr ], as for each 
t € [yQ , x^\ the disequalities /  (y) >  x 2 >  t hold. More, we have th a t

(5) f  (t„) = /( /(> o ))  = / ( * 2) < t 0 ■

By (4) and (5) we see th a t the continuous transform ation / 2 (x) has a 
fixed point in the interval [yQ , x j ,  which does not contain any  fixed point 
of / ,  so f  is cyclic.

2. T he purpose of this section is to generalize Theorem  1 and Chu 
and M oyer’s Theorem . W e observe th a t some of the properties listed in the 
Chu and M oyer’s Theorem  (precisely la ,  II, I I I  a and IV) keep their m ean­
ing, as well, for the continuous transform ations operating on arb itra ry  topolo­
gical space. But these properties are not in general equivalent. For instance, 
I a and I I I  a are not equivalent even for continuous transform ations of a 
com pact of R2 into itself (see [1], p. 79). W e can easily see th a t the following 
im plications hold: IV  => II => I I I  a => I a.

In  order to keep the m eaning of properties I b and I I I  b and p roperty  B 
of Theorem  1, it seems natural to m ake our considerations in a to tally  ordered 
set (S , < )  (®). In  S we can introduce in a natural w ay a topology, which 
will be called “ order topology ” , assigning the following fam ily of open sets 
as subbasis:

{ t : t  < x }  , { t \ t > x }  ; x e S .

I t  will be useful to recall the following propositions:

Proposition i.— I f  S is a totally ordered set, the three following proper­
ties are equivalent <6>:

(a) S is connected in  the order-topology;
yb) S is dense and every upper hounded set has a least upper bound;
(c) S is dense and every lower bounded set has a greatest lower bound.

Proposition 2.— I f  S is a totally ordered set, such that each its upper 
bounded subset has a least upper bounds the three following properties are equi­
valent (?):

(a) S is compact in the order-topology\
(b) S has the firs t and the last point;
(c) S is complete.

(.5) It is understood that x  < y  excludes y  < x. We shall write x < y  if x  < y  or 
x  =  y.

(6) For a Theorem of this type, see [5] page 359, or [7] page 58 problem Id.
(7) See [7] page 162, problem C. This proposition follows also from the Proposition 1 

and Theorem 20 B 12 page 264 [5].
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Proposition 3.— I f  S is complete, every monotone sequence is convergent 
in the order-topology.

T he simple proof is left to the reader.

PROPOSITION 4.— I f  S is connected and compact] f  and g  are two continuous 
transformations of S into itself, such that f  (a) < g  (a) , f  (b) > g  (b) (where a 
and b are, respectively, firs t and the last point of S), exists a point
x 0 e S, such that f  (x0) =  ^  (x0).

The proof is straightforw ard. If  we suppose the contrary, the two sets

A  = { t  =  g ( t ) < f ( t ) }  , B =  { t = f ( t ) < g ( t ) }

would be closed, non em pty and disjoint, such tha t A (J B — S and therefore 
it would not be connected.

If  S is a totally  ordered set, connected and compact in the order-topology, 
it has by Proposition 2 the first point a and the last point b. Let us use the 
symbol [x , y] for the set (which will be still called “ interval ” ) of points 2 
such th a t x  <jz < y :  we can so write [a . b] instead of S.

By this convention and by Propositions 1, 2 and 4 the Theorem  1 can 
be extended (without any  change neither in the statem ent nor in the proof) 
to the case of a continuous transform ation /  operating on [a , b\ =  S.

In  the same way the Chu and M oyer Theorem  can be extended using 
this tim e also the Proposition 3. W e can state this Theorem:

THEOREM 2.— I f  S is a totally ordered set, connected and compact in the 
order-topology and f  is a continuous transformation of S into itself , the follow­
ing properties are equivalent:

l a  -  fo r  each x  E S such that f  (x) =j= x, we have f 2 (x) =j= x;
l b  — fo r  each x  E S such that f  (x) >  x, we have f 2 (pc) >  x  and fo r

each x  E S such that f  (pc) <  x, we have f 2 (x) <  x\
II -  i f  G is any non empty closed subset of S, mapped into itself

by f ,  then f  has a fixed  point in  G;
III a — fo r  each x  E S such that f  (pc) =J= x i we have f h (x) =f= x  fo r  every

\h >  1;
H I b — fo r  each x  E S such that f  (x) >  r̂, we have f h (x) >  fo r  every

h >  I and fo r  each x  E S such that f  (x) <  x, we have f h (x) <  ^
fo r  every h >  1;

IV  { f h (/>} A a convergent sequence fo r  every x  E S;
V -  there exists no couple o f points x± , X2 such that f  (xf) >  x% >

> x±  > / ( ^ 2)-

T he proof of this Theorem  is omitted. Only a few modifications are to 
be m ade to the proof thought out by Chu and M oyer (see [3]) of the equi­
valence, in this generalized case, of properties la ,  lb ,  II, I I I ^ ,  I I I  ^ and IV. 
T he two properties I b and V  are proved to be equivalent as in Theorem  1.
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The Theorem  stated above is a real generalization of Theorem  1 and 
Chu and M oyer’s Theorem , as it is not true th a t every to tally  ordered set, 
connected and com pact in the order topology is homeomorfic to a closed 
and bounded interval of the real line.

Exam ple . Let T be the set of all the ordinal num bers less (and not equal) 
than  Q, the first ordinal having more than  one countable set of predecessors 
and let be S =  (T X [° , 1)) U { ( ß , o)}. In  S let us consider the lexicografical 
order: (a , x) <  (ß , y) if a <  ß or, if a =  ß and x  < y; a , ß e T (j {O} ; 
x , y €  [o , ï). In  the order topology S is connected and c o m p a c t^ , but 
it is not homeomorfic to an interval of the real line, as the point (Q , o) does 
not adm it a countable base of neighbourhoods.

3. Now it is our purpose to see how the classical Newton approxim a­
tion m ethod can be deduced from Theorem  1.

THEOREM 3.— Let f  be a real, real valued function, with continuous deri­
vative, defined on the closed interval I '=  [x0— 8', x 0 +  8"]. Let x% be the 
unique fixed  point o f f  in I and J f  (x) | <  1 fo r  every x  G I . Then, the sequence 
{ f h (y)} converges to x 0, where y  is the endpoint of I which is the nearest to x 0.

W e can see th a t by the hypothesis on the derivative o f / ,  if S =  m in (S', 8"), 
the interval [x0 — S , x 0 -f- 8] is m apped into itself by / .  In  fact, we have

X

/  O) = J  / '  00 àt + f ( x 0)
*0

th a t is

| / ( * ) - / ( * „ )  I < I f  it) I d* <  I X ---X q < 8 .
*0

f ( x ' )__ f (x")
As we have / '  (x) >  —  1 in I, it is J v —-  >  —  1 for every couple of

points in [xo— 8 , ^ 0  +  8 ] and from this we draw, supposed x " > x ' ,  tha t

f { x ' ) — f { x " ) < x " — x'.

So there exists no couple of points x f, x"  of [x0 -— 8 , x 0 fi- 8] such tha t 
f ( x ' ) > x n > x ' > f ( x n).

The restriction o f / t o  the interval [x0 — 8 , x 0 +  8] is then, by Theorem  1, 
non cyclic and therefore, by Chu and M oyer’s Theorem , the sequence 
i f h (x )} converges for every x  € [x0 —  8 , x 0 +  8]; in particular for x  =  y.  
The limit point of such a sequencers a fixed point, so every Picard sequence, 
for d e [x0 —  8 , x 0 +  8], converges to x 0, which is- the unique fixed point 
in I.

(8) See [6] page 55.
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