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Geom etria differenziale. — Curvature collineations in Fins 1er 
space. N o ta 0  di B a ij  N a th  P r a s a d ,  p re se n ta ta  dal Socio E . B om pian i.

RIASSUNTO. — Estensione agli spazi di Finsler della nozione di « collineazione di 
curvatura » di spazi Riemanniani e proprietà relative.

In t r o d u c t io n

In  a recent paper K atzin et al. [i] form ulated tha t a R iem annian 
space N n is said to adm it a sym m etry called a curvature collineation provided 
there exists a vector zf such tha t 2P R#* =  o, where R ^  is the R iem ann 
curvature tensor [3] and 2V denotes the Lie derivative [4]. In  [2] they 
also studied the curvature collineation in a conformally flat space Cn. In 
the present paper I wish to continue the analysis of curvature collineation in 
Finsler space Fn. The relation between curvature collineation and other sym 
metries adm itted by  an affinely connected space is discussed.

i. Fundamental formulae. Let Fn be an ^-dim ensional Finsler space 
equipped with the line element (x* , x 1') and the positively homogeneous 
m etric function F  (x , x) of degree one in F . The entities [5]

(1. 1) gij (x , à) =  — è,- dj F2 (x , X) »>

form the co variant components of the metric tensor of F„.
T he C artan  covariant derivative of a vector field X ' (x , x) (depending 

on the elem ent of support ±*) w ith respect to x J’ is given by  (Cartan [6])

( 1-2) X k *  , *) =  X'- -  X*‘ Gy" +  X “ Y*Jj

where YJj are the C artan  connection coefficients and the symbol

'( 1.3) G” ( * , * ) =  ï jQ m( x ,£ )

has its usual m eaning given in [5] (page 71).
W e have ([5] Ch. I l l )

(1.4 a) 2G’ =  r * ;W

(1 4  b) G% =  +  C U /

where

Gfy =  ây G ■ ( x , x) and C | =  gih C,v  =  — gkhi .g ih .

I f  the Finsler space F„ is affinely connected space then C |7/ =  o and we 
have . Gÿ =  T * f.

(*) Pervenuta all’Accademia il io settembre 1970. 
3X* . 9X‘
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W e have the following com m utation formulae involving the Lie deri
vative of any  tensor Ty* and the connection r#

(1.5 a) (2pt} ì)h — A (T%id =  — Xk (A r  *j) +  r ai (sv v f f  +

+  t ;b (2„ r « )  +  à t à ) (ce r« )  P ,

(1.5 b) Â (A T ^) — (diTjt) =  o ,

( 1.6 a) (A r« ) /y — (£„ T%)ß =  g„ KÀ- +  (£„ 1$) *4 (3, V*hi) -

— ( A r ^ y ^ r ^ ) ,
(1.6 b) hj (2b it i)  -  £„ (3y r $  =  o ,

where K \kj  is the curvature tensor defined by

(1.7) KU =  a  ni -  h ni Gy)— (a, m -  à/ rv'Gi)+ r&rjr -
From  the equations (1.4 a) and (1.6 b) we deduce

(1.8 a) èy(£r G’) — A Â G Ô  =  O,

(1.8 b) M A G *) — £„(ay GÌ) =  0 .
and

(1.8 c) 3y(A G ^) ---- £„ (3y G\i) =  O

p**
mk hj •

W e quote the following definitions for reference in the later articles 
of this paper.

Motion. (R und [5]). A  F* is said to adm it a motion provided there 
exists a vector v* such th a t

C1 -9) H ÿ =  £vgÿ =  VjH +  Vi,-j +  2 Qjk vh,k x  =  o .

Affine motion (Yano [4]). A  Fn is said to adm it an affine motion provided 
there exists1 a vector z/ such that

(i-io ) 2v GU =  o .

Homothetic motion. (H iram atu  [7]). A  F* is said to adm it a hom othetic 
motion if there exists a vector v* such that

C1-11) Zvgij =  H ÿ =  2(5 g#
holds With a a non zero constant.

A pplying the form ula (1.5 a) to the fundam ental tensor gjk and noting 
th a t gjk{l ~  o, we have

h w  = guk (A n t )  +  gja (£„ r £ )  +  2 cjka (£, rr/)  ^
from  which we deduce

(1 .12) Zvn i  +  - g im (Hhm,k +  H mm —  h « / . )  —  C ÌR A I« ) X  —

-  c kl ( a  r:i) ^  +  / -  c M/ (c„ nL) ±*.
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We, therefore, observe th a t the following- relation holds 

(1.13) (2„ r S )  x hx k =  - g ^  ( H Âmfk +  H mk/h —  n hk,m) x h x k .

Since the Lie derivative of x h vanishes, we have from (1.4 a) and (1.13)

( l * I 4 )  2 G  ■ ~  g '  ( H kmjk T  ^-mklk  H hkjm)  X^ X^ .

Suppose tha t F* adm its a motion (H# =  o). Using the equations (1.14), 
(1.8 a), (1.8 b), and (1.8 c) we get 2VG}Â =  o. Hence we have

THEOREM ( i . i) .  In  a Fn every motion is an affine motion. From (1.13) 
and  (1.11) we have fo r  a homothetic motion

(fv r  5 ) X X  =  o i.e. SVG)h =  o .
Hence

T h eo rem  (1.2). Every homothetic motion is an affine motion.

2. Curvature collineations. The infinitesimal transform ation

(2.1) x* =  x * + z / ( x ) 8t ■

where §t  is a positive infinitesimal, defines a curvature collineation provided 
th a t the space Fn adm its a vector field v* (x) such tha t

(2.2) KMy ~  o .

Substituting the values of 2*1** and 2*1$ from (1.12) in the equation (1.6 a) 
and using the fact th a t the covariant derivative of x* vanishes, we have, 
for a curvature collineation,

(ffi-ka/k “T -̂ak/h (Fijka/j T* F\aj]fo • H kjja)lk 2 Ghaljj ( f v ^ bk) X ----

—  2 Cha! (Sv T*lk)u ±> —  2 CMU (2„ L i) x b —  2 c w  (2,  r +

+  2 c m u  (2„ L i) x ” +  2 c m  (2„ r t b v #  +  2 C u ,k (2„ r  %) x b +

+  2 Cw  (2. L V  ^  +  2 Cja!li (2. L i) ^  +  2 CJal (2, L i)/. ** -

— 2 Cm k  (S„ L i) ** — 2 Cv/ (2„ T*al)ik*b -  (2, L /) ^ (3 /L i) 2 f t  +
+  (2„ rü ) &  r * i)2 g ia =  o ,

where we have multiplied by 2 g ia in the simplification and used the fact 
th a t g . .. =  o.^ta/j

Interchanging the indices a and h in the above equation and adding the 
resulting equation to the above we get

(2-3) H f a j k j   H k a j jk   2 Chaij j  (2* T d )  X    2 C k a l  (2* F ^ j j X  -f-

+  2Chal,k (2, Vìj) Xb-\- 2 Chal (2, Vy),k /  -  (2„ T $) * b {gia a, r i i  +

+  (2, L i) (ft. à; L ' +  g i k  h  Li) =  o .
A gaip the relation (R und [5] page 81)

\  p**   I f^i iy  /f-'i /~>m « r~\m /~\i \  . y
ak L/klja I V aljk g  V akl/y {F&m '-'ally "V V am ^ k l / y  ' ^ a k ^ m l l y )  X

yields

(2.4) (9; Y*ai) gih +  (9; r*d)gia =  2 (Cailß —  c ahm c 7ih  * Y) •
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M ultiplying the relation (2.3) by x h, sum m ing with respect to h and using 
(2.4) and conditions Chai x h =  o, Chaijj x h == o we deduce

(2‘S) (H hafkj--- H hajjk) x h =  O .

Hence we have the following.

Theorem (2.1). A necessary condition that a Fn admits a curvature colli
mation is that there exists a vector v* such that the equation (2.5) holds.

3. Relation between curvature collineation and other symmetries. The 
following lemma is obvious from the definition of the Lie derivative of a 
tensor.

LEMMA. The operations of contraction and the Lie derivative are commu
tative.

Using the above lem m a and contracting the indices i  and j  in (2.2), 
we observe th a t every curvature collineation vector vi satisfies

(3* 0  £© =  o
where =  Yfhki is the Ricci tensor.

If  a Fn adm its a vector vi such th a t (3.1) holds then we shall say th a t Fn 
adm its a 4 Ricci collineation ’. Hence we have

Theorem (3.1). In  a Fn every curvature collineation is a Ricci collineation.

From  the definition (1.10) of an affine motion and the equation (1.6 a) 
it follows th a t

THEOREM (3*2). In  an affinely connected space every affine motion is a 
curvature collineation.

From  Theorem s (1.1) and (3.2) we obtain

Theorem (3.3). In  an affinely connected space every motion is a curvature 
collineation.

Also it follows im m ediately from the Theorems (1.2) and (3.2) th a t
THEOREM (3-4)* an affinely connected space every homothetic motion 

is a curvature collineation.
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