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Geometria differenziale. — Curvature collineations in Finsler
space. Nota® di Barjy Natu Prasap, presentata dal Socio E. BompIant.

R1ASSUNTO. — Estensione agli spazi di Finsler della nozione di «collineazione di
curvatura» di spazi Riemanniani e proprieta relative.

INTRODUCTION

In a recent paper Katzin e a/. [1] formulated that a Riemannian
space V, is said to admit a symmetry called a curvature collineation provided
there exists a vector ¢/ such that £, R}; = o, where R7; is the Riemann
curvature tensor [3] and £, denotes the Lie derivative [4]. In [2] they
also studied the curvature collineation in a conformally flat space C,. In
the present paper I wish to continue the analysis of curvature collineation in
Finsler space F,. The relation between curvature collineation and other sym-
metries admitted by an affinely connected space is discussed.

1. Fundamental formulae. Let F, be an n-dimensional Finsler space
equipped with the line element (xf, %)) and the positively homogencous
metric function F (x, #) of degree one in 4. The entities [5]

(1.1) gi(x, ) =—% 5,5 ®

form the covariant components of the metric tensor of F,.
The Cartan covariant derivative of a vector field X* (x, #) (depending
on the element of support #*) with respect to x/ is given by (Cartan [6])

(1.2) Xij(x, %) =8 X—3,X'GI + X" T
where I’:,; are the Cartan connection coefficients and the symbol
(1.3) Gf (x,%) = G" (x, %)

has its usual meaning given in [5] (page 71).
We have ([5] Ch. III)

(1.4 a) 2G’ = Iy 274
(1.4 D) Gi = T +Chu 4’
where

£ def. A % . k I 3
Gy = %Gi(x,#) and Cy;=g"Cy = — &%3.8, .

If the Finsler space F, is affinely connected space then C, = o and we
have Gi = I'if.

(*) Pervenuta all’Accademia il 10 settembre 1970.

(I) aj X7 X1 and éX’ — 3X’ .
7 347

oz’
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We have the following commutation formulae involving the Lie deri-
. i . *7
vative of any tensor Tj and the connection I%;

(1.52) CoTiar — Lo (i) = — T (2, T + T (2, T +
+ T (% ) + CuTh) (2, T5) 27,

(1.5b) 3 (2 Tj) — 2, (2 Tj) = o,

(1.6 ) @0 Tit)y — (S Tie = 2, Ky + (2, T #° (3, T —
— (2. Ti) 2 (&, Th)

(1.6 b) 5@, T — 03T =o0,

where szj is the curvature tensor defined by
7 2 3 7~ %7 . *7 ~1 i *i ~¥m
(1.7) Kh/éj = ;T — o, T3 G) — QeI — 3,0 Gy) + Ty Tid — T Ty

From the equations (1.4 a) and (1.6 b) we deduce

(1.8 a) 3 (2,G) — 2, G) =o,
(1.8 b) 3;(2,Gy) — ,(3,Gh) = o,
and

(1.8 ¢) 3,(2,Gie) — 2, (3;Gip) = o.

We quote the following definitions for reference in the later articles
of this paper.

Motion. (Rund [5]). A F, is said to admit a motion provided there
exists a vector ¥ such that

(1.9) Hy=2%,8; = v 4+ vy + 2Cyp 7/7,5 =o.

Affine motion (Yano [4]). A F, is said to admit an affine motion provided
there exists a vector #* such that
(1.10) 2,Gir=o0.

Homothetic motion. (Hiramatu [7]). A F, is said to admit a homothetic

motion if there exists a vector #* such that

(I.II) Qvgz;:Hl]: Zo-gij
holds with ¢ a non zero constant.

Applying the formula (1.5a) to the fundamental tensor g;; and noting
that &y = 0, We have

Hisr = gar (S0 U5 + g0 (2 Th) 4 2 Cigy (8, T 2%
from which we deduce
(r.12) 2Tk + 2 & (Higp + Hutyn — Hp) — Ciy (2, T50) #° —
—Cu (R, ) 2* + g7 Coay (2, T5) 27
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We, therefore, observe that the following relation holds

(1.13) (% Thi) #54% = - g% (s + Hpas — Hoggr) 2 2%
Since the Lie derivative of #* vanishes, we have from (1.4a) and (1.13)
(1.14) 22,G' = é‘gim (Himpe + Hogin — Higym) 2% 2% .

Suppose that F, admits a motion (H; = 0). Using the equations (1.14),
(1.8 a), (1.8b), and (1.8 c) we get £,G; = 0. - Hence we have

THEOREM (1.1). [z a F, every motion is an affine motion. From (1.13)
and (1.11) we have for a homothetic motion

€, i 22" = o ie. 9,Gh=o0.
Hence
THEOREM (1.2). Every homothetic motion is an affine motion.
2. Curvature collineations. The infinitesimal transformation
(2.1) ; ® = + o (x) 8

where 8¢ is a positive infinitesimal, defines a curvature collineation provided
that the space F, admits a vector field ¢* (x) such that

(2.2) 2, Kiyy =o.

Substituting the values of £,T% and £, Pf;f' from (1.12) in the equation (1.6 a)
and using the fact that the covariant derivative of %’ vanishes, we have,
for a curvature collineation,

(Hagz + Harp — Hagia)i— Haay + Han — Haga)e — 2 Caagy (2, Thp) #° —
— 2 Crar (% Tt #* — 2 Craryy (% Ti) 2” — 2 Caur (2, Toi); #° +
+ 2 Gy (% To) 2 + 2 Char (% Ti)y @ + 2 Crae (% TH) 2° +
+ 2 Char (8 Ty 2 4 2 Cran (% Toi) 2 4 2 Ciay (2, Ty #° —
— 2 Ch (&, Tp) #* — 2 Cr (%, o’ — (<, P;l) () 28u -+
+ @ T # (1% 28w =0,
where we have multiplied by 2g;, in the simplification and used the fact
that ¢, .= o.
Interchanging the indices @ and % in the above equation and adding the
resulting equation to the above we get
(2:3) Hiajtj — Hiaie — 2 Chany (2 Tit) #° — 2 Car (2, Tip)y 2 +
+ 2Chane (% T5) 2+ 2 Car (% Ty 2 — (% 1) 2 (808, T+ 3 T00) +
(T2 (gad Ty +gaa i) =o0.
Again the relation (Rund [5] page 81)
8 Tai = Clyto + Capp— £ Cattty — (Ciom Catpy + Cam Ciipy— Clis Cougy) "
yields
(24) @1 Tet) & + (@1 Ti) 12 = 2 (Cansp — Caim Cipy 27) .
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Multiplying the relation (2.3) by #* summing with respect to %2 and using
(2.4) and conditions C,,; #* = o, Chayy #* = 0 we deduce

(2.5) (Hiagty — Hpae) 2 =0 .
Hence we have the following.

THEOREM (2.1). A4 necessary condition that a F, admits a curvature colli-
neation is that there exists a vector v* such that the equation (2.5) holds.

3. Relation between curvature collineation and other symmetries. The
following lemma is obvious from the definition of the Lie derivative of a
tensor.

. LEMMA.  7%e operations of contraction and the Lie derivative are commu-
tative.

Using the above lemma and contracting the indices 7 and ; in (2.2),
we observe that every curvature collineation vector ¥ satisfies

(3.1) o Kz =0

where K;; = K;;éi is the Ricci tensor. ,
If a F,, admits a vector ¢ such that (3.1) holds then we shall say that F,
admits a ¢ Ricci collineation ’. Hence we have

THEOREM (3.1). Iz a F, every curvature collineation is a Ricci collineation.

From the definition (1.10) of an affine motion and the equation (1.6 a)
it follows that

THEOREM (3-2). In an affinely connected space every affine motion is a
curvature collineation. ’

From Theorems (1.1) and (3.2) we obtain

THEOREM (3.3). 7% an affinely connected space every motion is a curvature
collineation.

Also it follows immediately from the Theorems (1.2) and (3.2) that

THEOREM (3.4). In an affinely connected space every homothetic motion
S @ curvature collineation.
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