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Meccanica. — On A lm ansi-M icheiïs problem fo r  orthotropic 
beams. Nota di C o n s t a n t in  I. B o r s , presentata(#) dal Socio D. G r a f f i .

RIASSUNTO. — Si da una nuova soluzione per il problema di Almansi-Michell definita 
dalle (4) e (5) per un cilindro anisotropo. La soluzione indicata in questa Nota è più semplice 
ed ha alcuni vantaggi rispetto a quelle fin’ora conosciute.

W e will consider an orthotropic beam limited by two planes — o, 
x 3 — h and by a cylindrical surface

The dom ain occupied by the beam  will be denoted by 6Vf the dom ain 
of a cross-section of the beam  and its area will be denoted by S and the 
boundary of S by P.

We will take the axes of x 1 x 2 in such a way that

(O x x dd =  O' x 2 da =  o , x 1 x 2 Ó.G =  O .
s s s

These m ean th a t the axis of x 3 is the central-line of the beam  and the 
axes of x 1 and x 2 are the principal axes of inertia of the end at x 3 =  o.

The beam is supposed to be orthotropic so tha t the relations between 
the components of strain y ty and the components of stress g# m ay be 
w ritten in the form [2]:

Ì
’ Til ”  (Vll ° il +  v12 a 22 V1 ^33) >

Ï22 =  W  (v12 ^11 +  v22 °22   v2 >

*
Ï 3 3  =  (  V1 ^ 1 1  v 2 a 22 +  g 3z ) j

_  1 1 I
T 12 —  “J J  a 12 > Ï 2 3  —  ^ 7  <*23 > Ï 3 1  =  0 -3 1  »

where , E , D , L  , M are constants which characterize the elastic qua­
lities of the m aterial of the beam.

The strain  components are connected with the components of displa­
cement Ui by

, v I Ta =  u iti (not sum m ed),
(3) ___ , /. , -x( Tij ~h ^7, i « (} A

and they m ust satisfy the com patibility conditions of Saint-Venant.

(*) Nella seduta del 13 giugno 1970.
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If we suppose th a t there are no body forces the components of stress 
satisfy the equilibrium  equations given by

We will suppose th a t the tractions applied on the lateral surface are 
such tha t

and at the ends are applied tractions in order to equilibrate the loads (5). 
In  the formulae (5) are the direction cosines of the exterior norm al to the 
surface $  and t #* (x1 , x 2) are given functions of x 1 and x 2.

In  order to solve this problem, first we will find a solution which satisfies 
the equations (4), (5), and after th a t it remains to satisfy the end conditions: 
this is another problem  and we know how to solve it.

Two ways of finding stresses which satisfy (4) and (5) were given, for the 
isotropic case, 70 years ago, by Alm ansi [1] and Micheli [6].

A  few years ago, K hatiashvili has generalized the results of A lm ansi to 
the orthotropic case and to the anisotropic case with one plane of elastic sym ­
m etry  and he called the problem  definite by (4) and (5)-Alm ansi-M icheirs 
p rob lem -[3], [4], [5].

W ith a view to pointing out the im portance of this problem  we should like 
to rem em ber only th a t m any problems about non-cylindrical beams m ay 
be reduced to it (for exam ple the problem  of torsion and the problem  of 
bending by a transverse load concerning naturally  slightly curved beams 
and naturally  twisted beams, etc. [2]).

There are m any ways to solve this problem. Alm ansi him self has pointed 
out the fact th a t there are infinite m eans to satisfy the equations (4) and (5).

Now, in this Note we try  to give a more simple solution for this problem, 
in the orthotropic case, which will take out some advantages by comparison 
with others.

For this purpose let us suppose th a t the components of stress are given 
by the following formulae:

(1) The index j  after comma indicates partial differentiation with respect to x j . We 
use also the summation convention over the repeated indices.

(4) ~  0 in d)

(s) Gij Kj =  Ti (x1 , x 2) on T,
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where w0 , w-l , <E> are unknown functions of x x and x 2,

I Û

(7)

W1 +  — 6 +  7T X 1 +

+  V1

2

32®

6 \ v2
V2_
Vl a\ %2 +

3-dX*
- M (cù! +  0X) ~T v2

320
dx{ ’ L  (wi 62)

01 =  b\ Xl x \ --- Cl X\ X2 02 =  ai X\ X2 +  Cl Xl X2 0 =  01 +  02,

A , ax , bi , Ci being constants which m ust be determ ined in such a way as to 
ensure the existence of the functions co0 , cox and ®.

From  the equations of equilibrium  we find th a t the functions co0 and cox 
m ust satisfy the equations

(8)

and

(9)

T\/r 02 °*0 I j  32 0>o I I? A „ • cM ----s----1- JL —̂ ----[- KA =  0 in S ,
3^: 3̂ 0

M 32 6>1 
dx\

L 32 cox
dxi + E ( ê % + - ^ =\V2 Vl in S.

The deform ations corresponding to the stresses (6) are given by

Ï 1 1  = ËT y 11
32<ï>

T22 Ë" P 12

3*

32®

-MCcùì +  0!) +  v:12
32®
dxt

' L  (cox +  02)

' Avx x z -----— (—- bx x x + a x x ^ x t ,

Sxt
-M (o)1 +  6i) +  v:22

32 <D
dxl ■ L (wi +  62)

■ v1 Q.{

— v2 >

Av2 x 3 — (b± x ± +  ~  ax x 2 j x \ ,

Ï 3 3  =  *>1 +  Y  0  + ì { ^ t  bl X* +  T b  a ix *) +  A x * + y ( ^ Xi +

Ï 1 2  ' =

Ï2 3 t —  

Ï 31 —

32®
D  dxi dx2 ’ 

3coi 30.
- +  — adx2 + ~ S ^ i x *

, 3co0 
~r  3̂ -0

3coi
dxi

. "1  \ x  3“ o
+  ^ ) Xs +  &T

and they  will satisfy the conditions of com patibility if the function <J> satisfies 
the equation

(10) ß22 —  +  (2 ß12 +  ß33) +  ß n -94®
3xl '■y 2 2dX1 dx 2 3 4

=  (Lß22 +  M ß12 +  va) — L +  (Lß18 +  M ßn  +  vx)
är“ +

+  2 [lM ß n  +  vi) K  x i +  (Lß22 +  v2) ax x 2] in S ,
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where

0 0  =  ( * , 0 = 1 , 2 )  , ß33 =  ^ -

The th ird  boundary condition (5) will be satisfied if we take the func­
tions co0 and 6)x such that

( 12) 3)o)0 — t 3 on T,

and

(13) 3)o)i =  —  M (b\ x\ -— ci X2) n± —  L (a\ x\ +  c\ x±) n2 on F,

where the operator 3) in given by

( .4) V ^ M n ^ + L n . A - -

In  order to ensure the existence of the function &>„ we m ust take

A = i s j ^ ds-
r

It is easy to see th a t the function cox exists for any constants al i bl l  cx . 
From  the first two boundary conditions (5) we get

1
32 ® 32 $

ni ~~ ** =  M (Ml +  0X) n i + r lr

2 32 <j) 32 <$
dXl Sx2 Kx 3̂ 2 n 2 — L  (wi +  62) n 2 +  ^2 on r .

From  (15) is obvious th a t we m ay obtain the function O in a sim ilar way 
to th a t corresponding to A iry ’s function for the plane problem  of orthotropic 
bodies.

M aking use of this, it follows th a t we can choose the constants ax , b1 , c1 

in such a way as to ensure the existence of the function ®.
W e can not end before rem arking th a t it is possible to find the constants 

d\ , b± , c± w ithout knowing the function cox .
In  this respect we m ay take into account that

( I<5) “ 1 =  "~  ~6 E Xx +  T k  x )̂ +  “ i

is a solution of the equation (9) if w* verifies the equation
r\2 * ~2 */ N ,   ̂ 9 6>1 3 CO,

(I7) M ^ r + L ^ r = o  in s>

and the fact th a t

(18) J  (co3)<p— <p3)co) ds =  o
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for any two functions cp and co which verify the equation (17), the operator 3) 
being given by (14).

Now, it is easy to see tha t the equation (18) leads im m ediately to the 
following formulae

J Meo* nids =  j  x i  3>co* ds , 
r  r

j  Leo* ri2 d^ =  j  X2 ®coi ds , 
r  r

j  co* ds =  j  9D00* d s , 
r  r

where 9 satisfies the equation (17) and

£>9 =  M.x2 n ± —  n 2 on T.

T he existence of the function 9 is evident. The operator 3)co* can be 
easily calculated from (16) if we take into account (13).
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