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Analisi matematica. —- On a class of integro-dijferential equations. 
N ota IV  di M eh m et  N a m ik  O g u ztö r eli (*} e D e m e t r io  M an­
g ero n  (**} (***} (1), presen ta ta  (****} dal Socio M . P il o n e .

Riassunto. — Si studia un problem a al contorno, per u n ’equazione integro-differenziale 
alle derivate parziali del secondo ordine incontratasi in un problem a di controllo ottim ale 
considerato in [ i l.

i. Introduction.

In  the present article we consider the following integro-differential 
equation

( I .O 32u (x , y)
dx2

■II (x , y )  = = / (x , y )  +  [A J J K (x , y  ; yj) u  (£ , vj) dy)

for (x , y)  C R, subject to the boundary conditions

(1.2) u  (o , y)  =  u  (1 , y)  =  o for o <  y  <  1 ,

where R =  {(x  , y )  | o <  x  , y <  1 }, X and (jl are real param eters, /  (x , y)  
and K  (x , y  ; Ç , i\) are given functions which are continuous on R  and R  X R 
respectively, and u  ( x , y )  is the unknow n function. In  the following we investi­
gate continuous solutions of the boundary value problem  ( i . i ) - ( l 2 ) .  This 
problem  occurs in an optim ization problem  involving a distributed para­
m eter control system  considered in [1].

2. Solution for Small p,.

In  this section we seek a solution of the form
00

(2.1) u ( x  =  y) , un (o , y) =  u n (i , y) =  o
n — 0

for the boundary  value problem  (1.1)—(1.2). The following recursive relation-
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ships can be easily established:

* - * (* ,j0 ~ u o(x > y ) = / 0  > y ) ,dx2

(2.2) { d2u n { x , y )  f f
I X-- 9̂2-----Mn ( x , y ) =  II K{pc , y

R
■fi) Un- 1 (E, , 7]) dÇ dï] ,

. ^ = 1 , 2 , 3 , -

or, equivalently,

1

(2*3) u n (x , y )  — -----^ 9** (# , x ) ------^ j  G ( x , a) un (a , y) da , ^ =  o , 1 , 2 , • •

where

/ 1' r
90 O , y )  =  J G (tf , a ) /  (cj , v) da ,

0

9» j )  =  J J  H , y  ; £ , 7]) , 7]) d£ dyj , n =  1 , 2 , 3 , • • •
R

and

It is well-known th a t the eigenvalues and eigenfunctions of the sym m etric 
kernel G (x , a) are \ k =  k2 n2 and 0  ̂(x) =  ]/2 sin kizx , k =  1 , 2 , 3 , • • •,

respectively. Thus, if X =f= — ~k2Ti2 ’ t îen ôr eac^ n > Eq. (2-3) adm its a unique 
solution which is given by the formula

(2.6)

1

u* (x , y)  =  —  ~  <po (* , y )  +  —  J  r U  , a ; ^ 1 )  % (<7 , j )  da
o

un (x , y)=  —Y JJ > y Y - ) u » - 1(Z,'ri)dZ>dy), n = i  , 2 , 3 ,  - • •
R

w here,
1

(2.7) Q ( x , y  ; I ,  7) ; v) =  H ( x , y  ; E, , yj) +  v J  T ( x , a ; v) H ( a ' , y  ; \  , tj) dc

0
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with v =  — — . W riting |j w  |[ — m ax | w ( x , y)  I for any w  (pc , y)  defined
A R

on R, and putting

i K  =
f  f  K  ( x , y  ; 7]) 1 d£ dvj , H = f f | H ( ^ )y ; ^ 7)) | d ? d 7)

(2.8) J JR J J
R

Vy =  || T (x , g ; v)

and rem em bering th a t H <  , we easily show that

(2 .9)
92 Un 
dx2

_̂K_
v~8~

<

(1 + IvI D ” limoli >

■g~) (9 +  [v I rv)B [|| «oli + 1/11 ] •
00

Hence by the M -test of W eierstrass, both of the series ^  (jinun[ x , y )  and
n = 0

H
n — 0

(2.10)

32 u n ( x , y )
dx2 are absolutely and uniform ly convergent on the square R  if

8
M  < (9 + 1v I r v) K-

where v =  —  — (2b Thus, we haveA

Theorem i . For  X=j=---- , k  = 1 , 2 , 3 , • • - , and for  fx satisfying

the inequality (2.10) w ith  v — —  — , the boundary value problem  (1.1)—(1.2)
admits a unique continuous solution u (x, y ) which is given by the form ulas  (2.1) 
and  (2.6).

3. Solution for Large X and A rbitrary [a.

In  this section we establish a solution of the form

00
(3.1) u  (4r ,y)  =  2  i S " u n( x , ÿ )  , un (p , y)  =  ^ „ ( r .  y)  =  o

n~ 1

for the boundary value problem  ( i . i ) —(1.2). We can easily show th a t the 
functions u n (x , y )  satisfy the following equations:

= f ( x , y )

=  ( x , y )  +  VL K ( x , y ; l , r j )  un_ 1 (£,7]) dE, dvj ,
r n — 2 , 3 , 4  , • • •.

(3-2)

32 u± (x,  y )
dF

32 Un (x , y  ) 
dx2

(2) T ha same conclusions are valid for the first derivatives series.



4 °8  Lincei -  Rend. Sc. fis. mat. e nat. -  Vol. XLVIII -  aprile 1970 [226]

Thus, we have
1

U ! ( x , y ) = — J  G (x , ® ) / (a , y )  da ,

(3-3) 1

u» ( x > y ) = — j  G (x ,G )u n- 1(G,y)dG—- ii j j u ( x , y ; ^ , r i) u n- 1(?s,-ï]) d Ç d  tj,

\ K « =  2 , 3 , 4 , -

As in § 2, we can easily establish the following inequalities:

(3-4)
8 \ 8 l/ll

d2 Un
dx2 < i i + i r K r i [ / n

n =  1 , 2 , 3 .

Thus, the series X * un (x , y) and ^  A ” 52un (*,y) are absolutely and uni-
1 n=1 dX

formly convergent on the square R for X satisfying the inequality

(3-5) XI >
I +  |p |  K

where p is arb itra ry  (3). Hence, we m ay state the following

THEOREM 2. The boundary value problem (1.1)—(1.2) admits a unique 
continuous solution fo r  X satisfying the inequality (3.5) and fo r  arbitrary p, and 
this solution is given by the formulas (3.1) and (3.3).
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(3) One obtains similarly the same conclusions concerning the first derivatives series.


