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Analisi matematica. — On a class of integro—differential equations.
Nota IV di Meumer Namik O&uzrorerr @ e DemEeTRIO MaN-
GERON M ™M presentata @ dal Socio M. Picone.

RIASSUNTO. — Si studia un problema al contorno per un’equazione integro-differenziale
alle derivate parziali del secondo ordine incontratasi in un problema di controllo ottimale
considerato in [1].

1. INTRODUCTION.

In the present article we consider the following integro-differential
equation

(L) x—?f%—yl_u<x,y>=f<x,y>+uﬁK(x,y;a,mu@,mdadn
) |

for (x,y) € R, subject to the boundary conditions
(1.2) uw(©,y)=u(l1,y)=0 for o<y<1,

where R = {(x,y)|o<x,y<1}, A and p are real parameters, f(x,¥)
and K (v, y; £, 7) are given functions which are continuous on R and RXR
respectively, and # (x, ¥) is the unknown function. In the following we investi-
gate continuous solutions of the boundary value problem (1.1)-(1.2). This
problem occurs in an optimization problem involving a distributed para-
meter control system -considered in [1].

2. SOLUTION FOR SMALL .

In this section we seek a solution of the form

(2.1) u(x»y):’;()l"n%n(x:y) ) #, (0,y) =1u,(1,y) =0

for the boundary value problem (1.1)~(1.2). The following recursive relation-
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ships can be easily established:

e ,
ATy, 9) = F ),

(2.2) 8 Szuna;z’y — o, (v, 9) = f K@,y;8,m) u,—1 &, 7)) d€ dn,

B=T1,2,3, -+

or, equivalently,

1

(2.3) u,,(x,y):———%(pn(x,y)—%fG(x,c) #,(6,y)de, n=o0,1,2, -
0

where

/ 1

@W%w=fG@mV®JNm

(2.4)
cpn(xry>:ffH(xyyygi'n)un~1(£,7}>d£d'l), Y7/ 1,2,3)...
4 i
and
H<x’y;5”7>ZfG@»G)K(G»y;&,deG
(2.5) 0
sin rx sin Aro ESGO — %) o< o< x< 1,
( G (x, G)—»—EE— F o o te o1

It is well-known that the eigenvalues and eigenfunctions of the symmetric
kernel G (x,0) are A — A7 and 0p(x) =V2sinkry, b=1,2,3,--

respectively. Thus, if A= — then for each 7, Eq. (2.3) admits a unique

W’
solution which is given by the formula

1

smwwz—%mmw+%-ﬂmm%ﬂ%®ww
(2.6) 0
( ”n(nyO:—%JfQ(xy E: 7]7 )”n—l(g 'Y])dg_‘d'ﬂ, N=1,2,3,"""

R

where
1

@.7) SN%%Eww%ﬂﬂ%yﬁm%HfN%mﬂHwame
0
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with v = — % Writing |w | = max |w(x,y)| for any w (x,y) defined
R
on R, and putting

K — ’URﬂK(x,y;g,m]dadn’ : quﬂlH(x,y;Em)Id&dnH

(2.8)
EFv=|‘F(x,G;v))| , V= — 1,

and remembering that H < —Igi, we easily show that

[ ] <(—8K—) ([ T o]

|
5%

oz

(2.9)

(5] @+ [v T Hluol + 1711

Hence by the M-test of Weierstrass, both of the series ¥, u"#,(x,») and
n=0

— 2wy (x,
3 #,y)
n=0

are absolutely and uniformly convergent on the square R if

ox?
(2.10) || < __8_‘_,
where v = ___% @, Thus, we have
THEOREM 1. For A==-— /éz v, R=1,2,3, -+, and for u satisfying

I
T )
admits a unique continuous solution w (x, ) whick is given by the formulas (2.1)
and (2.6).

the inequality (2.10) with v = — the boundary value problem (1.1)—(1.2)

3. SOLUTION FOR LARGE A AND ARBITRARY .

In this section we establish a solution of the form

(3.1) %(ﬂ‘c,y);glf”un(x,y), #, (0,y) =u,(1,y) =0

for the boundary value problem (1.1)~(1.2). We can easily show that the
functions #, (x , y) satisfy the following equations:

azul(xyy)

oz? =f(x,¥)
(3-2) 2 (x
Rl D) — oy (x, y>+p-f K (r,v; £,1) tys (2, 1) dE di |

n=2,3,4, .

(2) Tha same conclusions are valid for the first derivatives series.
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Thus, we have

1
u1(x,y)=—f G(x,0)f(c,¥) ds,
)

(3-3)
a, (%, y):—fG(x 6)ty_1(0,y)do—p ffH(x v 8, 1 (E,m) dEdm,
\ n=2,3,4,"
As in § 2, we can easily establish the following inequalities:
I+ K\»—1
» |l <5 (R
3.4 / n=1,2,3, -
22 2ty 1+ K\»—1
|5 | < (R

Thus, the series ¥, A" #, (x , ) and E )\""S—ZQ’(x—’y) are absolutely and uni-
n=1
formly convergent on the square R for A satisfying the inequality

8

(3:5) M >5ae

where y is arbitrary ®. Hence, we may state the following

THEOREM 2. The boundary value problem (1.1)-(1.2) admits a wunique
continuous solution for \ satisfying the inequality (3.5) and for arbitrary p, and
this solution is given by the formulas (3.1) and (3.3).
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(3) One obtains similarly the same conclusions concerning the first derivatives series.



