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Teoria dei num eri. —■ The Unitary Brauer-Rademacher Identity. 
Nota di L e s l i e  E. S h a d e r , presentata r) dal Socio B. S e g r e .

RIASSUNTO. — L ’identità di B rauer-R adem acher viene stabilita con metodo più sem­
plice delPusuale, nell’ipotesi che ci si limiti a divisori « unitari » nel senso qui più oltre precisato. 
U lteriori estensioni vengono analogam ente ottenute sopra G F[ ç , x].

The B rauer-R adem acher identity

( 1 )  <P (r) X  d\L(rld)l<p(d) =  \i(r) X  d[L(rjd)
d \ r  d \  (r,n)

(d,n) =  1

has been subjected to m any proofs and generalizations [1], [5], and [6]. 
A  further im m ediate generalization is to GF [ç , x], the ring of polynomials 
in one variable over the finite field GF(^). In  which case (1) holds with integers 
replaced by polynom ials in the argum ent of the various functions the function, 
d  replaced by |D j  =  ^degD, and all divisors restricted to being prim ary.

It is the purpose of this note to generalize the B rauer-R adem acher identity  
by restricting all divisors to be “ un itary  T hat is, if djr and (d ,r jd )  = 1 , 
then d is called a unitary divisor of r. Thus we have the U n itary  B rau e r- 
R adem acher identity  given in

T h e o r e m  I.

(2) f W  X  d[L*(rld)l9*(d) =  lL*(r) X
d \ \ r  d \ \ ( n , r ) „

(n,d)„ =  l

where 9*, pA, (a , b)^ are the unitary analogs of the usual 9 , p,, and (a , b) 
functions [2].

Note : It is of some interest th a t the methods employed in the proof
of (1) in [1]) [5], and [6], are not applicable here. However, the proof of 
Theorem  I is elem entary, requiring only the property tha t both m em bers 
of (2) are m ultiplicative in r.

Proof : Since c* (n , r) — ^  df*  (rjd), where c* (n , r) is the un itary
d \ \ { n , r ) %

R am anujan  sum, and both c* (n , r) and p.* (f) are m ultiplicative in r, the 
right member, R(V), of (2) is m ultiplicative in r. Let r =  r±r2 , (r\ , r%) — 1. 
Then d \\r  implies tha t d  =  d\d^  where d i\\r i , z/211 ^2 and (d i,d f)^ . Also 
(n , d)^ =  (n ;, d±)^ (n , d?)^, and 9* is m ultiplicative in r.

(*) Nella seduta dell’n  aprile 1970.
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Thus, if L  (r) is the left m em ber of (2),

L  (r) =  9* (n ) 9* (r2) X  X  A  F* (ri A d i  d2)l9* (dx d2)
11 f ' i  d % 11 y  2

( « V i ) * = l  (n,d2)* =  1

=  ? * ( h )  E  9* ( f 2) X  dz p* fa lda te*  (d2) ,
d* \ . r 2 

(n,d2)„ = 1

and L (r) is m ultiplicative in r. Thus we need only consider (2) with r  
p  prim e and K a positive integer.

But

L =  L  (pK) =  (pK— 1) \ ~ i + P Kl(pK
ì — I ,

Sim ilarly,

\ I , if p K+ n
I I — p K, if p K I n .

0  - if p K-\-n 
if p K I n .

R =  R ( / K) =  ( - i ) — I , if p^-\-n
— I + / K, ii p K\n

=  L ,

P*

which establishes the theorem.
Theorem  I can, of course, be generalized to G F  \ q , x] by replacing 

integers with polynomials, replacing the function d  by | D | =  qdes D and 
replacing the num ber theoretic functions 9* , p,* (a  , by their G F[ÿ , x ] 
analogs, (see [3]).
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