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Analisi matematica. — On a class of integro-differential equations.
Nota III di MeamMer Namik OGuzTOrEeLI @ 9, presentata ™ dal
Socio M. PiconE.

R1ASsUNTO. — L’A. studia in questo lavoro la soluzione di un sistema di equazioni
integro—differenziali a derivate parziali del secondo ordine dipendente da due parametri.

1. INTRODUCTION.

Consider the integro-differential system

{

;\9”(’“ Y FOr—nulx,y)=py(x,»)

—HLff{Ku(x,y;im)%(im)Jer(x’y;iﬂ))v@ﬂ))} dt dv
R

(1.1)
AL L =D, ) = g0 (&, 9)

ﬂf (Ko, 938, u G )+ Kanlr, v & m) o E, ) didr
R

subject to the boundary conditions

w@,y)=u(l,y)=o0 for o<y <1,
v(x,0)=v(x,1)=o0 for o<x <1,

(1.2)

where R = {(x,y)|o<x,y <1},A and u are real parameters, p,(x, ¥),
9 (x,y) and K, (x,y;&,m), 7,7 =1,2, are given real valued functions
which are continuous on R, R and RXR respectively, and = (x, %), v (x, %)
are the unknown functions. We assume that at least one of the functions
Kie(x,y;€,m) and Ka(x,y;&,n) is not identically zero on RXR.
Boundary value problems of the form (1.1)-(1.2) occur in some min-
max problems involving distributed parameter control systems (cfr. [1]).
In this paper we investigate the continuous solutions of the boundary value
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problem (1.1)=(1.2) for A== !

—p2q2?

small u. The results of the paper [2] will be extended.

The case A= T_I—znz‘ will be discussed separately in a subsequent paper.

v

k=1,2,3, -+, and for sufficiently

2. SOLUTION FOR SMALL .

In this section we establish a solution of the form

/ [}

s %(x>y)=EV~"%n(x,J’) ) u,,(o,y):u,,(l,y)zo,

n=0
7% =0,1,2,---

(2.1) o
) y(x?.'/‘o:;op-nyn(x!y) ’ ’Z/,,(x,O):Z},,<x,I)=0,

\ 7=0,1,2,""-

for the boundary value problem (1.1)~(1.2). By substitution and comparison,
we easily find the following recursive equations:

92 (x,
AT L ) (x, ) = 2 (x, ),

(2.2) o 7=0,1,2, -
x_’ﬁ?ai%;i+()\——I)v,,(x,y):qn@,y),

where
/
pn(x,y):{I{Kll(x’y;E:TDun—l(gy"])
‘R
+ Kie(x,y; 8,001 &, )} dE d,
(2.3)
7.0, = [[{Kate, 538 o)
R
+K22(x,y;5,7]>7/n—1(5,ﬁ)}dgdn,
for w=1,2,3,---. As in [2], we can easily verify that, for A==0 and
L, B
k:}:m, k=1,2,3, -, we have

1

Uy (&, ¥) = o po (@, ¥) + 2o fl‘(x,c; 25 200, 9) do,

0

(2.4) ¢ 1
A— A—
'vo<x,y>=%qo<x,y>+T1fF(y,o; )90 (&, 0) do

\ 0
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and the Fredholm integral equations with respect to #, (¥, ¥) and v, (x, ¥):

|

3 un(x,y):——%ff{Hu(x,y;5,79%1—1(2,"0)
R

1
G(x,0)u,(c,y)ds,

0

2.5 |
Un<x’y>:—%ff{H2l(x’y;E"’))”n—1<£’n>
R
1
+Hoa(x, y; &, m) w18, M)} dide-—l — fG(J’ 6)v,(x,0)do,
\ 0
forw=1,2,3, -, where
2 sin Anf sin Ane t<1—c> for o<#t<o<,
(26> G(t,c>__gg_k§1 £2 - 6(1—1) fOr OSGSZSI,
1
H1j<x,y;z,n>=fG<x,c>Ku<c,y;z,n>dc
0 .
(2-7> 1 (J:I:2>

H?j('x!y;gyv)):fG(y,G>K2j<x,6;£,'f))d0',

0

and I'(#, ¢ ;v) is the resolvent of the kernel G (¢, o):

- /it sin
oo o) = § S
Thus
o, (2, y) = ——ff qu ¥V &, V), )%—1@ )

+ Qi fr,yi 85 25 ot 6, )| B dn
(2.9)
Un (X, Y) = ——ffzﬁzlx yiE, ;2 )un 1E,m)

—I—sz(x yiE, ;o )Un 1€, Vl)gdid"]
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for w=1,2,3, -, where

1
Qu(x,;v;im;\')=H1,~(x,y;£,n)+VII‘(x,c;v)Hu(c,y;i,n) do,
0

(2.10) ¢ 1

sz@f,y;gﬂ];\'):sz(%j‘/;iyﬂ)—l'\‘fr(%G;V)sz(x»c;gm)dc,

0 .
| Jj=1,2.

Clearly, each #,(x,y) and v,(x, ») is uniquely determined by Egs. (2.4)
and (2.9).

We now establish the convergence of the two series in (2.1). To this
end, we first introduce the notation

211 ] = max |w (x, )|

for any w = w (v, y) defined on R, and

y=gmax(nliall o ov=27

H= 3

JIHz-,'(x,y;E,n)!didn“,

7, 7=1
R
2
(2.12) K:.ZIHff|K,~j(x,y;€,v])|dEdn ,
7= ..
R

’

1
szi‘f[F(x,c;v)ldc
0

2
Q=Y
Z,7=1

f [fo(x,y;i,n;V)ldEdnH.

R

We can easily verify that

gwms(%YLﬂiﬁy,

(2.13) IQI +IIMI1“ n=1,0,2,
'V 71 v v
| loal < (5 ey
” azz;(, g 8+ |v|+v2l, ,
(2.14) ox |7
' ) { 227, 8+ |v| 42l
L5 %] IS
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and
92 1y, (14 |v|Ty) (K +|v]Q,) n—1
H o e (|x|> Y
(2‘IS> 2 7n=1,2,3, -
Un I+IVIPV)(K+|VIQV) (gv_
e e RS

The above inequalities assure the absolute and uniform convergence of the
four series. Similar results can be easily established for the first derivatives
series.

o

o ) 0 ) o0  Run(z,y) azynxy)
;ju’”n(xuﬁo ) ’;)P'yan:y) ’ Eu—gxz—' ’ E

n=0 n=0 9},.‘

on the square R for

(2.16) | <|in|-

Thus, we may state the following:

THEOREM. For A==0, A==\, and for u satisfying the inequality (2.16),
there exists a unique solution {u (x , y) ,v (x, ¥)}, given by (2.1), (2.4) and (2.9),
of the boundary value problem (1.1)—(1.2).
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