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RENDICONTI
DELLE SEDUTE

DELLA ACCADEMIA NAZIONALE DEI LINCEI

Classe di Scienze fisiche, matematiche e naturali

Seduta del 14 marzo iç jo  

Presiede il  Presidente B e n ia m in o  S e g r e

SEZIONE I
(Matematica, meccanica, astronomia, geodesia e geofìsica)

A nalisi m atem atica . —  On a non—linear m ixed problem fo r  the 
Navier-Stokes equations. N ota III di G io v a n n i  P r o u s e ^ ,  presentata (**} 
dal Corrisp. L. A m e r i o .

R iassunto. —■ Si dimostra un teorema di unicità della soluzione del problema posto 
nella Nota I.

4. Let us prove the following uniqueness theorem.

Let u (f) , v (f) be two solutions on o* ' T of the Navier-Stokes system (in
the sense indicated at § 3), corresponding to the same initial and boundary 

—?>■ —>•
conditions. Then u if) == v (/).

We observe, first of all, that, setting w (t) =  u (t) — v (/), the function 

w (f) satisfies, by (3.15), the equation
T

(4- 0  J{--- {w (0 , h' (t))Vo +  fi, (w (t) , h (V))v, +  b(u( t )  , u  (t) , h (t)) —
0>

— b (y (t) , v (t) , h (V))} ài  =
T k

=  J  J I (— N i ( °  , *2 ,t) +  Y vl ( °  ’ ^2 . t f j h ( o  , x 2 , t) +
0 0

+  (-Jul (/ , , 0  —■ — v\ (I , x 2 , t)̂ j hi ( I , , t) I dx2 dt ■—

(*) Istituto Matematico del Politecnico di Milano.
Lavoro eseguito nell’ambito dell’attività del Contratto di Ricerca « Equazioni Funzio­

nali » del Comitato per la Matematica del C.N.R.
(**) Nella seduta del 13 dicembre 1969.

23. — RENDICONTI 1970, Vol. XLVIII, fase. 3.



294 Lincei -  Rend. Se. fis. mat. e nat. -  Vol. XLVIII -  marzo 1970 [158]
T I

— j  J  { ßiOi »0(1 «2(^1 » 0 ,01 «2 ( ^ 1 , o , 0  — I »2 ( ^ 1 ,0,01 v 2 ( x x ,0 ,0 )  h ( x  1, 0 , 0 +
0 0

+  £ 2( ^ 1 , 0 ( 1  U^ X\ 1 ^ , 0 1 « 2 (^ 1  0  — I V2(xx yk, t )I v2(xx , k, t)) h2(xx , k, t)} dx1 d t.

Repeating the procedure followed to prove (3:.37), it can be shown that,

if u (t) is a solution on o'~~1T, then u' it) e L4/3 (o ,—'T  ; Va_i) (see also Baioc­
chi [8], Lions [11])(1). By a theorem of Strauss [12] we obtain therefore, set­

ting in (4.1) h (t) =  w  (t) and bearing in mind that w  (o) =  o,

(4.2)
t

Iw ( 0 !!v„ + v - j l w  (ri) llv,dv) +
0 o'

(b (u (yj) , u ( r i ) , w  (ri)) —

— b (v (ri) , v (ri) , w (ri))) dyj =
t k= J j-j { (— u\ (o , *2 , fi) + v\ (o , x 2 , ri)) wx (o , *2 , ri) 4-

0 0

+  («1 (I ,Xz,ri )  — v \ ( l  , x 2 , ri)) w x ( l , x 2 ,ri)} dx2 drj —
t I

- I f »  i(xi,ri) (\u2(xx,o ,ri)\u2(xx,o ,1)) -  \v2 (xx ,o,  +>jv2(x1 , o , vj))w 2 (xx,o,7)) +  
0 0

+  ß2(x1,>])■ ( I u2 (xx ,k,ri)\ u2(xx,k,ri) — \v2 (x1 ,k,ri)\v2 (x1 ,k, ri)) w 2(xx, k,rj)}dxxdyj.

Observe that the last integral on the right hand side of (4.2) is, by the 
assumptions made, >  o. Hence

(4-3) I!w  00 !!v„+  2 [J,/"w  (4) !vt d4 <  2 I \ b (u (ri) , u (ri) , w  ( + )  —

— b (v. (ri) ,v(ri) , w  (ri)) | drj +
k
{I UX (o , x 2 ,ri) +  vx (o , *2 , ri) \ w\ (o , x 2 , ri) +

0 0

+  I ux (l , x 2 ,r\) +  vx (I, x2 , ri) \ w\  ( I , :r2 , t]) } d*2 drj . 

On the other hand,

(44): b (u , u  ,w)  — b (v , v , w) j <  I b (w , v , w) | +  | b (u , w  , w)

(1) Per tutte le citazioni bibliografiche vedi Nota I, questi « Rendiconti », voi. XLVIII, 
fase, i, p. 26 (1970).
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and, by an inequality of Ladyzenskaja,

(4*5) I b (w , v , w)  I <  I w  ;!L4(Q) II  v i|Hi(Q) 1 w  IIlv(Q) ^  i 2 I I  v llki(Q) I ! w  Il2(Q) ll w  Pĥ Q) —

Analogously, we have
I v !!v, 1w  !v0 •

(4.6) \ b ( u , w  , w ) \ < \ u  JL< (Q) 1 w  |H1(£3) I w I,3/2
Hl4 (Q) — II U |!l4(Q)1 W IIh^Q) Il W lL2(fì) :

; r.i/2

^  - J  li w llv, +  CV I *  1l4(Q) I ^  llv0 Hv, +  4  II *  l!v0 ! «' Sv, 1 W llv0 •

Moreover, by the usual embedding theorems, bearing in mind that
—7" —>■
u( t )  , v  (t) are V0-bounded, we obtain, since <?>o,

k

(4-7) { \ u i ( P  , x 2 , 1) +  Vl (o , x 2 , t ) \ w l ( o  , x 2 , t) +
0

+  I U X ( I , ^2 > 0  +  Vx ( / , x 2 , f) I w\  ( /, x 2 , t) } dx2 <

^  (II To « (t) |L2(r) +  I] To v (t) ||LS(r)) ji Yo w  (t) ||24(r) <

<  Cl ( j| U (t)  j|H(i+0)/a (£3) +  I V 00  3h(1+0)/2 (Q)) II W  00 |h s/4(Q) <

<  2̂ (l| «  (0  ^  I U (t) 1̂  +  il v (t) ft* I V (0 ||̂ 2) i| W  (t) ||^2 I W (t) |j2/2 <

^ <* (I u (0 ilvf + il v (0 O  IIw it) lv? I w (0 ly <

<  ^  ( I « ( 0 llv? +  M Ollv?) [ -  ( I « ( 0 llv? + IK O llv ,) '1 lì® ( 0 +

^ (S I^ (0 l!v /12 +  b ( 0 l O 3 IIw  ( 0 1!201/2x3 <

^  H- IIw if) llvj +  ci (I u if) llv, +  1 v i f  llv,) IIw i f  !v0 •

Hence, by (4.4), (4.5), (4.6), (4.7),

(4-8) 2 I b {u(t) ,u(£)  , w  00) — b (v (t) , v (t) ,  w  (7)) | +
k

+  { I Ui (o , ar2 , t) +  vx (° , *2 , t) I w\ (° , ar2 , t) +
0

+  I ux (/ , *2 , t) +  vx (/ , x 2 , t) I w\ it , x 2 , t)} dx2<  

<  2 (A I w it) fVi +  £5 (II »  (0 Hv, +  II » (0 I2,) 1 »  (0  llv0 •
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Since u( f )  , v  (f) € L2 (o *  ̂T ; Vi), we have

(4-9) I u  00 ly, +  I! v  (t) ly, =  X 00 e L 1 (o 1 1T ) .
Introducing (4.8), (4.9) into (4.3) we obtain

t

Iw  00 !v, ^  o  I  x  OD I w  (4 ) | 2  _ dv),
Ò

from which follows m at || w (t) j|v =  o.
The theorem is therefore proved.

[160]

5. By a similar procedure to that followed in the preceding paragraphs 
it is possible to give existence and uniqueness theorems for the solutions of 
problems which are slightly different from the one so far considered.

We can in this way prove a uniqueness and existence (in the small) 
theorem of the solution satisfying the initial condition (3.1) and the boundary 
conditions (3.4), (3.5), (3.6) and

^  ^ ( O , * 2 > 0  =  al (*2>0
P (J > *2 > 0  =  0C2 (*2 » 0

or
ux (o, ^2 > t) =  <*1 (x2 yt)

(5.2)
«1 (J ) *2 » *) =  «2 (*2. 0  •

It is, in other words, possible to assign on the initial and final sections 
the values of the pressure or of the velocity.

If, instead of system ( i . i ), we consider the linearized Navier-Stokes system

(5-3)

du.
J

dt ' ̂  + Irj
duk
dx.

( 7 = 1 .  2)

then the existence and uniqueness of a solution satisfying the initial condition
(3.1) ,and the boundary conditions (3.4), (3.5), (3.6), (5.1) or (3.4), (3.5), (3.6),
(5.2) can be proved in the large, that is on the whole interval o ^ T .  

Observe, finally, that, if we consider the linearized system, conditions
(3.4), (3-S) m ay be substituted by the following, more general, ones

. P (xi > 0 . 0  =  — ßi (xi , t)  pi («2 (4i , o , t)) ,
5’4 P ixi , k , t) =  ß2 (xx , t) p2 (u% (xx , k , t)) ,

where p,- (£) ( 2=1  , 2) are continuous functions of \  6 — 00 00, non-decreas­
ing, with p; (o) =  o and such that

'h.| ? |° <  4P)- (E)< v2 I 4 !" , 

vx and v2 being positive constants and a >  1.


