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Presiede 1/ Presidente BENIAMINO SEGRE

SEZIONE 1

(Matematica, meccanica, astronomia, geodesia e geofisica)

Analisi matematica. — On a non—linear mixed problem for the
Navier-Stokes equations. Nota III di Giovannt Prouse®, presentata ¢
dal Corrisp. L. AMERIO.

RIASSUNTO. — Si dimostra un teorema di unicita della soluzione del problema posto
nella Nota I.
4. Let us prove the following uniqueness theorem.

— —
Let u(t), v (¢) be two solutions on o ~'T of the Navier-Stokes system (in
the sense indicated at § 3), corresponding to the same initial and boundary

conditions.  Then u @) = 77(1‘) N N N
We observe, first of all, that, setting w (¢) = % (#) — v (¢), the function

z;)(t) satisfies, by (3.135), the equation
(4.1) f{—@ O KON, + (0 (&), b v+ 6w @), %), 4 (®) —

— @), 0 ), A@)) d =

T %

:JJ;(—— %uf(o,xg,t)—}—}z—v%(o,xz,t))/zl(o-,xz,t)—i—
0

F(Lwr,zm, 0 — Lo (l,xz,t)>/z1 U, %, t)%dxzdz‘_

\

(*) Istituto Matematico del Politecnico di Milano.

Lavoro eseguito nell’ambito dell’attivita del Contratto di Ricerca « Equazioni Funzio-
nali» del Comitato per la Matematica del C.N.R. '

(**) Nella seduta del 13 dicembre 1969.

23. — RENDICONTTI 1970, Vol. XLVIII, fasc. 3.
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_U Bi(e1, &) (|, 0,8)| wa(1,0,8) — | 0a(1,0,8)| w1, 0, 8)) o1, 0, 2) +
00

+ Boly, 0) (|ug(zy, &,8)| ua(xy, £, ) —|va(2y, 4, )| va(x1, £, 8)) ho(2y, £, 8)} dxy de.

Repeating the procedure followed to prove (3.37), it can be shown that,

if Z(z‘) is a solution on 0T, then o (?) e L (o =i ; Ve-1) (see also Baioc-
chi [8], Lions [11])@. By a theorem of Strauss[12] we obtain therefore, set-

ting in (4.1) % () = () and bearing in mind that 2 (0) = o,
t

42 Llw@R + e f Lo (n) 2,y + f GG (n), () () —
0

0

— b @), v (), w (n) dn =

t k
=Hg{<——uf<o,x2,n>+v§<o,x2,n>>w1<o,x2,n>+
00

+ <%(f<l’x2’71)_”%(l’x2:7’])> wl(zyx2y7))}dx2 d'Y]———
t 7
_ff{ﬁl<x1!n> (|%2(x1:0ﬂ)>|”2(x1,0:7)>“lvz(xl,0,ﬂ)lﬂz(xl»oﬂl»wz(xl,(),ﬂ)+
00

+ l62<x1171> (l 74’2@"‘1’ k’Y))‘ %2<xl"é)"))_|y2<xls ,é’v))| Vg (xl :k> 7])) w2<x11k’vl>}dxldn'

Observe that the last integral on the right hand side of (4.2) is, by the
assumptions made, >o0. Hence

t

43 lw®Z+ 2uf||;;(n>}{%1dn£2f| bGa ), n ()@ (m)—

0

— b @ (), v (), (n)| dn +
[ (@ mm) £ o107, m) |k O, 3, 7) +
/]

tlw @, For (02, m) |k (20, m) ) day dy .
On the other hand,

(4-4) |6 (u,u,w)y—b@,v,w)| <|b(w,v,w)|+|bwu,w,w)|

(1) Per tutte le citazioni bibliografiche vedi Nota I, questi « Rendiconti », -vol. XLVIII,
fasc. 1, p. 26 (1970).
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and, by an inequality of Ladyzenskaja,

(4.5) ] b(w,v,w) |S l!w 1[144(9)‘ I}HI(Q) “ w ”L‘(Q) = YZ ” v [’Hl(g) L IILz(Q) |w “HI(Q) =

N
<%i]w“2 + Cu”” “w|v

Analogously, we have
- > - 7 — — -0 > an
(4.6) [6(w,w,w)|<|u ”Lc(g) | 'IH‘(Q) | ”L‘(Q) <y2|u L (@) | "Hl(sz) |w e (@) =

W
<-|w |w2 + | % ”L‘(Q ||w l&vo— - |]w l|v1 + cuf 'nv,,” u |1V,H w “%7.,
4! ) !

Moreover, by the usual embedding theorems, bearing in mind that

#(£), v (2) are Vy-bounded, we obtain, since 6> o,
)
(4.7) [tme m.0+ue om0l m.0+
;
Floun (0w, ) o0, 2, 8)|w? ([, %0, 2)} dap <
< 10 % O liay + 170 B o) | Y0 () aey <
< a1 (1% ) lyarone @ T [7 @) lyarone @) l® w (¢) 30 @) <
<a(u@OREOR +17ORTOED 1w @ [P O <
<a(u®i + 1o w @ le@ <
<a(u@l+1v O [ qu @R +17 O @ @R, +
RO T O e )] <
<ule@B +ale@®p+1vOR) |w O,
Hence, by (4.4), (4.5), (4.6), (4.7),
(4.8) 2[6(u@t), u®),w®)—b60@),00),w0)|+
.
+f{|u1(o,x2,z)+vl(o,x2,t)|w§(o,x2,t)+
p

o (02, 6) i, x, )| w? (2,8} dap<

<2ulw R +a(u@B +1vOR) |w@®F,.
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Since % (£), o (/) € L2 (0~ T ; V), we have

(4:9) [ OF,+ 10 OB, =10l o T).
Introducing (4.8), (4.9) into (4.3) we obtain

¢
@ @F, <o 2@ @,
0
from which follows that |w (¢) |, = o.
The theorem is therefore proved.

5. By a similar procedure to that followed in the preceding paragraphs
it is possible to give existence and uniqueness theorems for the solutions of
problems which are slightly different from the one so far considered.

We can in this way prove a uniqueness and existence (in the small)
theorem of the solution satisfying the initial condition (3.1) and the boundary

conditions (3.4), (3.5), (3.6) and

p(O,xz,f):(Z]_<x2,t>

(SI) p(l,xg,l‘)zoﬁz(xzyf>
or

u1<0,x2,l‘>:0€1(x2yf>
(5-2) ‘

wr (0, x9,0) = g (29, 2) .

It is, in other words, possible to assign on the initial and final sections
the values of the pressure or of the velocity.
If, instead of system (1.1), we consider the linearized Navier-Stokes system

O,
Sl + 2= G=1,2)

2 Suk

(5.3)

:Oy

=1 o,

then the existence and uniqueness of a solution satisfying the initial condition

(3.1) and the boundary conditions (3.4), (3.5), (3.6), (5.1) or (3.4), (3.5), (3.6),

(5.2) can be proved in the large, that is on the whole interval o/~ /T.
Observe, finally, that, if we consider the linearized system, conditions

(3-4), (3.5) may be substituted by the following, more general, ones

ﬁ(xl»O,O:'“‘Bl(xlyl‘) pl(u2(x1!01t>>y

p(xl)'é’t>: BZ(xlrt) 92(%2(x1,k,t)>,

where p; (§) (/ =1, 2) are continuous functions of € —oo oo, non-decreas-

ing, with p; (0) = 0 and such that
lE'<EB)<v &,

v; and vy being positive constants and ¢ > 1.

(5-4)



