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Geom etria differenziale. —  On Misra s covariant differentiation 
in a Fins 1er Space. Nota di R. B . M i s r a  e K. S . P a n d e ,  presentata C) 
dal Socio E. B o m p ia n i ,

RIASSUNTO. —■ In relazione a cambiamenti proiettivi (che involgono una funzione di 
punto e direzione) in uno spazio di Sinsler il Misra aveva introdotto una connessione (indi
cata qui col suo nome) diversa da quelle di Berwald e Cartan. In questa Nota vengono date 
varie formule di commutazione fra la derivata covariante fatta con la connessione di Misra 
ed altre.

A projective change preserving the invariance of Berw ald’s curvature 
tensor has been considered by one of the present authors [3]. It has been 
proved therein the vanishing of the covariant derivative of the vector dk P 
for the special connection param eters G)k <i> is the necessary and sufficient 
condition to have the said invariance. In  the present paper we define the 
covariant derivative of any vector-field for these connection param eters and 
study the further aspects of this differentiation. The com m utation formulae 
involving this covariant differentiation w ith various processes of differentiation 
such as (i) the partia l differentiation w ith respect to (w.r.t.) i ^ ’s, (ii) the C artan  
covariant differentiation w.r.t. i ^ ’s, and (iii) the Lie differentiation have 
been derived. It is w orth noting that these results are sim ilar to those obtained 
by associating the Berwald covariant differentiation with the said processes 
of differentiation. It will be noted th a t this covariant differentiation does 
not possess all the characteristics which the Berwald covariant differentia
tion does.

I. -  P r e l im in a r ie s .

Let Fn be an ^-dim ensional F insler space in which the metric function 
F  (x t , satisfies the requisite conditions. The entities given by

C1-1) Sa (x ’ ■*) = ~  F2 - g iy(x >x ) g j i ( x , * ) =  &,  (a,-= a/a**'),

constitute the m etric tensor of the space which is sym m etric and positively 
homogeneous of degree zero in the F ’s. Defining the functions

(r *2) G* (pc , X )  —  ~ g îh f j g k h  +  ̂ k g h j-- *>h g j k  } X k , ( d j == d [ d x f  ,

(*) Nella , seduta del 14 febbraio 1970.
(1) Hencèforth we shall call them as Misra’s connection parameters and the correspond

ing covariant derivative as Misra’s covariant derivative.
(2) The indices i , j , k run from 1 to n. The line-elements (x* , &) will be briefly 

denoted by (x , x).
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Berwald introduced the connection param eters G)k and the co variant deri
vative X* of a vector-field X* (x , x):

0 -3)

(14)

G % ( x , x )  = d J GÌ =dj d t Gi,

X ! =  3,  X !' —  (3y X ’) Gi  +  X J G%.

Clearly the functions G* , G} and Gj& are positively homogeneous of degree 2, 
I, o respectively in the n ’s. Consequently they satisfy

C1 * 5) G)kXJ =  Gl

Introducing the tensors

G i ^  =  2 G ‘\

(1.6) 2Cÿk( x , ^ d igjl , Ghik{ x , x ) ^ G tjk,

which are sym m etric in their lower indices we have 

( i-7) C***» =  o =  C?***.

For these entities the co variant derivative of a vector X*’ (x , x) w.r.t. x h has 
been defined by [[2], p. 187]

(1.8) v, x* =3Äx* + c ^ x r

2. -  M i s r a ’s c o v a r i a n t  d i f f e r e n t i a t i o n .  

M isra [[3], eqn. (4.5)] defined the connection param eters 

(2.1) G)k (x , X) =  Gjk--- §(/ dk) P ---- ^ - x 1 dj dk P,

where P (pc , x) is an  arb itra ry  scalar function being positively homogeneous 
of degree one in iP s . Thus, G)k are also positively homogeneous functions 
of degree zero in x*’s and possess the same transform ation law as G)k- A na
logous to (1.3) if, however, we put

(2.2) Jjk = 3,G  i = % G ’,

whence the functions G* (x , x) and GI (x , x) are positively homogeneous 
of degree two and one respectively, we would have

(2.3) Gy* iry =  GÌ , GÌ xk =  2 G ‘‘

in accordance w ith (1.5).- Consequently the explicit expressions for the func
tions Giî and G! are given by

Gl G l - - ( x ' %  P +  PS!) =  G! - ,

G* =  G! ----- - Px‘.

(2.4)

and

(2-S)

1
2

2
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Now we define the co varian t derivative for these connection param eters 
in the m anner analogous to (1.4). D enoting by 9 ïlÂ X* the corresponding 
co variant derivative of the vector-field X* (x , x)  we thus have

(2.6) .

The following theorem  establishes the relationship of this covariant 
derivative with th a t of Berwald:

T h e o re m  2.1. -  The covariant differential operators 01c ̂  and 3Sk are con
nected by

(2.7) 2 (0R„ —  &k) X 2' =  (3yX ’) \  (Pxy) -  x JdjdA ( P x ) .

Proof. Pu tting  for G)k and G{ from (2.1) and (2.4), and using (1.4) the 
equation (2.6) im m ediately reduces to (2.7).

N oting the hom ogeneity properties of the functions P and F  we m ay 
derive, from the above theorem , the co variant derivatives of x% F  (x , x) 
and the un it vector-field T (x , x) — f f /F.  Thus we would have

COROLLARY 2.1. -  Like Berwald's covariant derivative Misra's covariant 
derivative of x l also vanishes.

C o rollary  2.2. -  M isra's covariant derivative of the metric function is 
given by

(2.8) m k F = d k (PF) .

C o ro lla ry  2.3. — M isra's covariant derivative of the unit vector I1 is given by

(2.9) m k F =  —  \ l d d k ( P F ) .

NOTE 2.1. — In  contrast with Berwald's covariant derivative Misra's covariant 
derivative of F  and 11 does not vanish.

The derivation of (2.7) m ay be generalised to any arb itra ry  tensor. 
Let T'.V. (x  , x) be a tensor of rank  (p  , q). Its co variant derivative is given by

(2.10) 2 (9 tc, — ® ,) t : : :  -  ( i T : : : H f p ^ ) ~

—  X  t : : : r: : : a A  (P * 'a) +  (p *o .
a  p 1

Also, for the m etric tensor gjk we have, in view of (1.7), tha t

(2.11) P^igjk  =  cBigjk +  P Gijk +  g h f f k)d- (Pxh) .

Thus, it follows from (2,11) th a t 011igjk does not, in general, vanish. 
Therefore wé have

THEOREM 2.2. -  Like Berwald's connection Misra's connection is also 
not metric.
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3. -  T h e  co m m utation  fo r m u l a e .

It is w d l known th a t the B erw ald’s operator %  commutes with the p ar
tial differential operator dh according to [[1], eqn. (4.6.11a)].

(3.1)

where G\kr (x , x) =  2>G\h is- a tensor-field sym m etric in all the lower indices. 
Also it m ay be seen by the ways analogous to those leading to the equations 
(2.1 a) of [4] and (4.7) of [5] th a t the Berwald operator cB̂  commutes with 
V* and the Lie operator £ according to

(3.2) (ffi* V* ~  V* ®a) X* =  Ckh cS r X* +  (®>k Chr —  p Ur) ,

and

(3.3) (2®* -  2) X ' =  Xy £G}, — (dj X’) £Gi.

In  the same way it m ay be desirable to have the corresponding com m u
tation formulae when the operator eB* is replaced by 0 ip . Therefore, in the 
following theorem s we derive the com m utation rules of the operator 01Zk w ith 
the operators dk , and 2 .

THEOREM 3.1. -  For a vector-field X*’ (x , x) the operators €(llk and dh com
mute according to

(3.4) — h  wtk) x ‘ =  -  g L  x r,

where

(3-5), g L ( x , * ) = K G  U.

Proof. -  A pplying (2.10) for the tensor 3,  X*' we m ay obtain

(3 -6) 2 (011, a4—æ,3,) x*' =  (5, a, x ‘) a, (P^)  —

— (a* XO ara* (PP) +  (a, T )  a* a* ( P ^ ) .

Also, differentiating (2.7) w.r.t. x h we get

(3.7) 2 (a* 0 K ,-à A ) X' =  (a,a, X ‘)a, (P.r) +  ( i  X’> i 3,  (P r )  —

— (a, Xr) a A  (P^) — x r a, a* a, ( p * ) .

Subtracting (3.7) from (3.6), and using (3.1) it follows tha t 

(011, 3,  — 3, 011,) X* =  — j G «r — 4  W r  (P * ) I Xh 

For (2.2), (2.4) and (3.5) this formula simplifies to (3.4).
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The derivation of (3.4) m ay be generalised for any arb itra ry  tensor 
T. (x , x) in the form:

(3.8) 3*9 k a) t ::: =  — X  g 4 t : : a : :  +  £  .
a  ß

Further, as a particu lar case, we m ay have the following deduction of the 
above theorem.

COROLLARY 3.1. -  For the vector-fields x % and ll the operators 0ÌG and 
dh are commutative.

Proof. -  Since the functions GI  are homogeneous of degree zero in P 's  
we have from (3.5)

(^3'9) G khr ^  O G fc fo l  .

Hence the corollary follows im m ediately from (3.4).

THEOREM 3.2. -  For a vector-field X* (x , x) the operators 01l k and 
commute according to

(3.10) (0rc, V* — Va ^ a )  X‘ =  CÎA WCr X’ +  C l  — G ir) xr.

Proof. -  O perating (1.8) by 01 we get

(3.11) 0R, Va X* -  m kdh X* +  (0Ra C l)  X r +  &  01U Xb

Also, an application of the form ula (1.8) for the tensor-field &Hk X* yields 

(3.2) Va 9TCa X* -  dk 0Ha X* —  (0F r Xf) Caa +  C l  0 ^  Xr .

T hus, the form ula (3.10) follows from (3.11) and (3.12) when we use (3.4).
In view of the Corollary 2.1 and the equations (1.7) and (3.9) it follows 

from  the above theorem  tha t

(0Fa Va — Va 01̂ a) x* =  o .
Thus, we have the

COROLLARY 3.2. — For the vector x* the operators 01^  and are also 
commutative.«

The com m utation form ula for the unit vector ll m ay be also derived 
from the above theorem. U sing (2.9) and the relations CI  lr =  o =  G l r f  
we would have the

COROLLARY 3.3. -  For the unit vector lx the operators 01U and commute 
according to

(3.12) ( * i Vi - V i ^ ) / 1= f - i / F ) / ‘ c A ( P F ) .

THEOREM 3.3. -  For a vector-field X 1 (x , x) the operators 011  ̂ and £ com
mute according to

(£9Ea —  WCh 2) X e =  X7 £G}a —  (dj X ‘) £GÌ .(3-14)
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Proof. -  Since Lie differentiation satisfies the Leibnitz rule for the 
differentiation of a product we get from (2.7) that

(3.15) 2 (20K, — 2®,) X ' =  (Zdj X*) 4  (P ^ )  +  (ây X ‘) 23,  (?*>) —

-  (2Xy) 3, 3,  ( P i ' h  Xy 23,9,  (P ^ )  .

N ext, applying the form ula (2.7) for the vector X* we have

(3.16) 2(9IC ,2 —  £) X 1' =  (â;  £ X ') ^  ( P / )  -  (£Xy) 3, i ,  ( P i ‘) .

As the Lie operator is com m utative over the partia l differential operator 
% [[5], eqn. (2.11)] we get, by subtracting (3.16) from  (3.15) and using (3.3), 
th a t

(29K , -  9 K, 2) X ! =  Xy£ j Gy,—  ±  3y3,  ( P / )  j -  (3,  X 2') £ j GÌ -  ±  3,(P ^ ')  j •

Finally, using (2.1) and (2.4) this identity  reduces to (3.14).
N oting Six1 =  .0 and (2.3) an im portant deduction of the above theorem  

m ay be had in the following form

COROLLARY 3.4. -  For the vector-field x* the operators 9 KZk and £ are also 
commutative.
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