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Analisi Matematica. — On a non—linear mixed problem for the
Navier-Stokes equations. Nota 11 di Giovanni Prouse @), presen-
tata ™ dal Corrisp. L. AMERTIO.

RIASSUNTO. — Si dimostra un teorema di esistenza della soluzione del problema posto
nella Nota 1.

3. Let Q be the rectangle o<x; </, o<xy< £ and Q the cylinder
Qxo™IT (T >o0.). We shall prove, in this §, an existence theorem, for suffi-
ciently small t, of a solution of the system of Navier-Stokes (in a sense we shall
specify later) satisfying the initial condition

(3-1) u (xy, %9, 0) = & (%1, %3)

and the boundary conditions

(3-2) S0, %, )+ 0, %, ) = (5,2,

(3'3) %%%(l”%’n+p(lyx2’t>'_:°°2(x2’t>’

(3-4) p(xl’o’l‘) = _Bl(xl’t)”Z(xl :0>t) |u2<x1r0:l‘)|’

(3'5) p<x1"é>t>= B2(x1,t>%2(xla'é:t) l”Z(x1>k>t)”

(36> %1<x1 ,O,f) = %1<xl)éyt) =%2(O,x2:t> = %2<lvx2yt) =0,

where o; and «, are given functions and By, 8, are permeability coefficients, >o.

Let 9T denote the manifold of vectors Z(xl y xo)={vy (1, %9), vy (21, x9)}
indefinitely differentiable in Q, with null divergence and such that v, (x; , 0) =
= (%, k) =vy(0,x) =0y (/, x%5) =0 and let N° be the closure of 9T in
H°(Q). It is, evidently,

(3.7) N°CH®(Q) when o <o <15
moreover, the embedding of N! in N° is compact. There exists then, as is
well known, a sequence of real positive non-decreasing numbers, {);}, with

lim ; = 4 oo and a sequence of elements {};} € N! such that {z} is a basis

j—>00
‘in N° and N! and
> > - - - =
(3-8) (gj ’ Z/)Nl =N (gj ’ 'z’)No , VoeN! | (g} ’gk>N° = Oj-

(*) Istituto Matematico del Politecnico di Milano.

Lavoro eseguito nell’ambito dell’attivita del Contratto di Ricerca « Equazioni Funzio-
nali» del Comitato per la Matematica del C.N.R.

(**) Nella seduta del 13 dicembre 1969.
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Let us denote, Yo=> 0, by /- the space of sequences {«} of real numbers
such that

00

(3.9) E Y4y < + oo

Setting
(3.10) (o}, (o D2 = 27\,, o

22 is a Hilbert space.
Finally, we denote by V, the space

G (2N {0, 5 €2}, @, @)y, =@, &} {0, £ D2

It is evident that the spaces V, and 72 so defined are isomorphic and
that N© and N?! are isomorphic to Vo and Vi respectively.

If #; and ¥y are two Hilbert spaces, by the notation [#;, 3]s we
shall denote the (Hilbert) space ;=% 3] which is intermediate between It
and ¥z according the definition given by Lions in [7]®. We have (Baiocchi [8])

(3.12) Vo, Vele = Vaqa—o) + po (0<% <)

and also (see for example Magenes [9])

(3.13) H*(Q) = [L*(Q), H' (Q)], 0<o<1).
Hence, bearing in mind (3.7),

(3.14) V. CHY(Q) (0<e<T).
Let us now give the deﬁnition of solution of system (I.I).
Setting & (u v w) 21 i w,E dQ, we shall say that u(z‘) is a weak

iy

solution in 0T of sysz‘em (1.1), satisfying the boundary conditions (3.2), (3.3),

(3.4), (3.5), (3.6) if w(@)€L® (0 1; Vo) L2 (0" 1; V1) and satisfies the
equation

(3.15) f @), B Oy, + 0 (®), ROy, + 6@(®), 5(0), H(E) —
0

—(f), K@)y} dt =

I3

ff% oy (%2, )“—ul(o xz,z‘)>};1(o Xy, t) —
0

—-(ocz(xz,z‘)—?uld,xz,t)) ﬁl(l,xz,t)‘dxzdt——

(1) Per tutte le citazioni bibliografiche vedi Nota I, questi « Rendiconti», vol. XLVIII,
fasc. 1, p. 26 (1970).
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t 7

—”{mm,o|uz<x1,o,f>|u2<x1,o,z>ﬁ2<x1,o,f>+

00
+ Bo(wr, &) | (oen, &, 8) |z (21, b, 6) ha(2r, £, £)} day de

VA €C 01 V) with A(f) €L (015 Ve, () — 4 (o) = o.
Relation (3.15) can be obtained in an obvious way multiplying the first

—_
of (1.2) by %(#) and bearing in mind the second of (1.2) and the boundary
conditions.
Let us now prove the following existence theorem.

Assume that:

D fel*@ Q= Qx0T
I) ()= {u(x,£);rel1}el®0 T ;L3
(Flz{xl:o;xzeol"%);
g (£) = {oa(xa, £); 72 € T3} € L® (01T ; L2 ()
(T3 ={x; =1; x, €0 1p);
D) Bi(2) = {P1(a1,#) ;21 €2} €L® (07T ; L®(TY)
(Ty ={x1€0/77; x, = 0);
Ba(t) = {Be(m1, &) s m€ Tu} € (0 T; L (Tw)
(I‘4:{x1€0|‘|l;x2:é);
Bi(x,8) =0 (J=1,2);

-> I
V) z€V, , o<o<~_.

1t is then possible to find 1, with o <1< T, such that in 01 there exists
a solution of the system of Navier-Stokes satisfying the initial condition (3.1)
and the boundary conditions (3.2), (3.3), (3.4), (3.5), (3.6). Moreover,
(3.16) %(#) €L®(11; V) N L2 (01 Viy) .

— —
Bearing in mind the properties of the sequence {g;}, let us denote by z,

. . . —_ —_ —
a linear combination of g;,¢s, -+, g, such that
. — —
(3.17) lim z, =z.
7 —>00 Vs

Setting then

(3.18) () = )Y 2, (1) &
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let us consider, for the system of 7z ordinary differential equations

(B19) (), &)y, + (D)8 BGn®), 1), ) — (F), )y, —

%
— [t )= w7, ) n 00 —
6

I

— (@, )= d € 5, 0)a, U x| de +

!
‘|‘J {51@51»5‘) |%2:n(x1 »O’tﬂ %Zvn<x1 ’O>t>g2,j(xl ) O) +
0

+ Ba (21,0 [0, (1, £, )| t4a,, (21, £, £) g, ; (%1, R)} dxy = O

the initial value problem
(3.20) 0, (0) = 2,

As can easily be seen, the assumptions of the existence and uniqueness
theorem for the solution of the initial value problem for systems of ordinary

differential equations are verified. We shall therefore denote by u_: () the

solution of (3.19), (3.20) which exists, for # >0, in an appropriately small
neighbourhood of the origin.

i .
Let us now establish, for #,(¢), some evaluations which are independent
of z.

Multiplying (3.19), by ¥} a, (#) and adding, we obtain, setting

n

21 z ocj”(z‘)gz A’ Zn(t) and bearing in mind (3.10) and (3.11),
=
d .~ = ‘ — - ¢
G20 LR+ wlwOR, |+ ), m0), A ) —
3
= (f<f>,A0%n<f))v“ -+ f%(al (%9, 8) — % u%,n<o,x2, z‘)) A%uy (0,xq,2) —
9

— (ol ) — % w20, D) A1, (0,2, 8) | diy —

/
—f{Bl<xli i) ]%2,,1(.%‘1,0 ) Z)' %Z,n(xlyo’i) AG%Z,n(-xl ,O,l‘) +
0

+ BZ‘ (xl ) t) qu,n<xl> ’é) t)[ %2,n<xl’ 'é) t) AG%z,n(xl ) 'é7 t)} dxl'

Hence, denoting by vy, the ‘“trace’ operator on the boundary I' and

—_—
by #? the vector with components #? and 22 , we obtain, bearing in mind
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assumption III),
322) e lm@B, T elwOk <1600, %@, A% @)] +
1O, At @)y |+l (o B2 Yo A 2 (Dpagey | +
1) Yo A 0 Dgegey | + | @), Yo A1, D)y | <
< 1 50, 18, A%, (0| 1Dl | ATl + 1] Y072 @) oy -
I oA Oy + (o Olonry + 1% Ol 11085 Ol -

On the other hand, by well known embedding and isomorphism theorems
(cfr. Magenes [9], Nikolskii [10]) we have, Ve with o0 <e <%———c,

(323) 1| YO A‘G %n(i) }!L2 () S 52 " A‘G un@) HH(]./2)+£(Q) S 53 H A'G %n <t> “V(1/2)+8 =

— aln Ol g
G2d)  Vom @l = [0y, < al gy < sl O,
(3-25) | & (2t(2) s () Au, )| <|u.?) IiL‘l(g) | 224(2) i'Hl(Q) | A% 22,(2) “L‘l(g) =

< ¢¢ " Uy (t> “H1/2(Q) ” Uy (t) ||H1(Q) n A’ Uy, <t> “HIIZ(Q) <

- — —
< ” Uy (t) "V1/2 “ Uy (t) "v1 “ Uy, <t> ”V20+(1/2) .

It follows therefore, from. (3.22), (3.23), (3.24), (3.25), by the hypotheses
made, that

—

(3:26) LS m@f + ulw®d,,, < alu®ly, w10k, .+

t cal @By, 0 Oy, o + 2O Ol
where 3 (®) €L2(0'7T), % () =o.
Moreover, by theorems on interpolation spaces (cfr. Baiocchi [8]) we

obtain

4, Ol < ol O, TR

— — A/2)—o— — s +
[on Ol oy = 10l Ol T @'::EVGJ):G °,

(3-27) N -
[ Dlyy < en o ORY O

PRGN PRO| PRG i
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From (3.27) it follows then that

(328) crlwn@l,, [ @y, 110 Oly,,, o + 6l @, 0O, <

< 13 0 )y, [ Dy, 10 0]

-
OWapamee = 1t [ OB+, @0t <

Vor1

2—0’+e > 1+6 —&

< Glm @B, +v o [m @l o0 ).

Choosing v = —“
2C14

and introducing (3.28) in (3.26) we obtain

1+o0—¢

(320) 5 g 1 OB + 51 ®OF,,, < asln®l =" + a1 O, ,

Hence there exists f, with o0 <1< T such that

— P>
(3.30) Sup [w (), <My / @, At <Ms,
OSfS; o 0 c+1
where 7, My, Mz, are independent of 7.

It is therefore possible to select from {Z,,(z‘)} a subsequence (again denoted

by {u—;(z‘)}) such that

(.31)  lmu () =  w(@ , lm uQ 7@,

7n—>00 12 (Olﬁli;va-}-l) 7n—>00 L°°(0|

£V

respectively in the weak and weak® topologies.
Moreover, by the same theorems utilized above we obtain, since

1
e<——o0
2 )

(3.32) @ 0| < anlwly,,, [0,
(3.39) 8w, 0) | < s [ ramorg 19 by | Phstey <

— - —> — — ' —
= ‘19 ”w”HG(Q) “w”m(g) “ ""”H1~°(Q) = a0 ”w “Vo ”w"V1 “ 7’”V1““ )

(3.34) \ f lea, ) w0, ) jor(o, ) — (o () — -2 4 ) o (4 )] oy
0

‘|‘f{31(x1,f) | wg (%1, 0) | g (%1, 0) v (%1, 0) + Ba (21, 2) | wa (v, £)|-
0

wy (%, £) v (21, &)} dy

< e O (@i, + @) [Plomie g < @ (@l + a@lok,

being, by the assumptions II), III) ¢y (£), co9 (), ca3 (£) €L® (0! T).
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Let vwz nL]gj be an arbitrary element of Vi and set 2—7 E Jg],

multiplying (3 19) by {; and adding, we obtain

(335) (@), 0y, + 8 @@, )y, + 660, 0@, 5)— (F), By, —

%

— ocl(xz,z‘)—%%?,n (0,%,2)|v, , (0, x5) —
Jil )

0

—_— (“2 (%9 ,8) — % %f’n TS z‘)) v, (0, %) E dxg +

/
'T'_f{gi (xl,t>]%2an<xl ’ Ort> l”?:n(xl ) O’Z> 7’2m<x1 ’ O> +
0

+ BZ (xl ) f) lu'Z:n(xl ) é ) t) l %2;n<xl ) 'é ) t) 7}2m<x1 ) 'é)} dxl = 0.

Therefore, by (3.32), (3.33), (3.34), (3.35), denoting by (-, -} the duality
between V,_; and Vi_g,

(@), 20| = | @@, 2y < var i@l 1oy, +
+ e |1 Dly_ 1Ol [y + @) (@R, + @ oy, <
< (wenr 10, @ly,,, + el Oly Ol +
+ s Ol O [, QK + o Oy, -
Hence, by (3.30),

(3-36) | <”n @, 2, ) | < egs ()] ‘”nﬂv s’

with ¢y (2) € LY (0 1)),

By (3.8) and the definition of the sequence {;j}, we have, on the other
hand,

), o)y, = @@, 0y o, <ok,
Consequently, (3.36) becomes, V;E Vi,
| (), 9) | < a6 (0) |2y,
As V, is dense in V;_; we obtain, finally,
(3.37) [ @ly,_, < an®),

being ¢y (£) € LY? (07 1) independent of 7.
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From (3.30), (3.37) it follows, by an embedding theorem, that

- L '
(3.38) ty ) €H 7 (0 1; Vo) A L2 (0 7; Viys) C
CH™O7; Vo) M L2 (07717 Vous) CHY (0715 Vs ayy)
and, moreover, since the evaluations obtained are independent of 7,

| —
(3-39) i| ty (2) “H3/16 o'z Vot ayz <Mjs,
with M3 independent of 7.
As the embedding of HY (0l ™'7; Vyyap) in L2007 7; 14(Q) is
compact, it is possible to select from {Zn (©)} a subsequence (again denoted

by {Zn (#)}) such that
(3.40) lim () = w0
7n —> 00 L2 (Ol—l E‘;LA Q)

On the other hand,

G41) Yo @] < cog | 0 ()]

H3/16 (0! ~!7 5 HO () HI/18 0/ 7 Ho+0/2) (g =

—
3629” u, (t <M4

3|
/ [!Ha/m ©—'F Vo

Hence, as the embedding of H*"® (o~/7; H*(I)) in 12 (0'7; L2 (IV)
is compact, we may assume that

(3-42) limyyu, () = you().
7n—>00 L2 (0|A|l ;L2 (I))

Let
G4 A0 =Fv0g . OO, v =yH=o.

We have then

t ¢

Gan  lim [ 7O 0= — lim [0, 7 @)=
.0 n—> 00 _O

—— [ @@, ¥ oy, @,
0

(3.4) tim [ Ga ), F O bt = [ G50 T, et
0 0

14. — RENDICONTI 1970, Vol. XLVIII, fasc. 2.
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t

G4 lim [5G0, w @ FO) &= (060,10 A0,
0

¢
(3-47) nli)ff:o [«[Jﬂ%<°‘1 (%2, 2) _%”m (0, xy, f))/h (0,%,8)—
by

(G ) — 1,0 0 30, D) (0 7, )]yt —

i
—fj{sm,z)|u2.,,<x1,o,z>|uz,n<x1,o,t>ﬁ2<xl,o,f>+
0 0

+ B2 (71,9 [%2,n<x1’é)t>l Uy, (%1, £, ) h2(x1)'é,l‘)}dx1dlf =
I

= [ (a0 =30 0) om0
00

—(m G, G o x, O) I (L 20, )] dry dr —

—Hmmxl,r»|u2<x1,o,t>|u2<x1,o,t>ﬁ2<x1,o,t>+
0 0

+82<x1,l‘>[%2(x1,/é,t)|ug(xl,lé,f) ﬁz(ﬁcl,é,t)}dxldl(.

In fact, (3.44), (3.45) follow directly from (3.31).

. - — —
To prove (3.46), observe that, setting w, = u, —u ,

é(;n,ﬁ_;,Z)—é(Z,Z,Z)=b(zZ,,,Z,,Z)——é(Z,zZn,7z):

- > = - > - 2 —
=b(w,,u,, %)+ b(u,h,w,) — E U Wy, , 1y, cos nx; dI.
7,k=1
. — e — .
Hence, being | y,2 |, @ = 0 Yo ¥ o =canlv {}Vm, we obtain
- > > - > = > - —
(348) | &y, 0, , ) —b(u,u,hb)| < cy|w, eyl %0 v, [ 2 e @) +

+ cao | u ﬁLt(g) K "vl |, "L‘(Q) + ¢33 | Yo, [, (T | 2 “V3/4 | 7 i|v3,4 .

Relation (3.46) follows immediately from (3.30), (3-40), (3.42) (3.48).
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Finally, observing that

|8 — B = (2, — ) + (3, — 1) = (g, — 1) oty )P+
+ (%Z,n - %2)2 (uZ,n + %2)2 g [(ul,n - %1)2 + (uZ,n'_ %2>2] *
[+ )+ Gt 10)?] = |1y —u? [y - w2,
[t |0 — 1] 0] = | 120 Gt — ) + ¢ (0] — [ ])] <

— — e — — >
< || oty — 0| + || |0, —u]|,

we obtain, analogously to (3.48),

(3.49) | &= xiar| < [(w] |+ | 7] ar <
T T

l] YOwn “Lz(r) “ YO” + Yo u'll_}(I‘) II Yo h”L*(I') <3 ” Yo Wy ”LH(I‘) ” Z{’n_l"%"v, “IZHV‘ ’

J] |2t — || )5 AT

< [ 1wl (5] + D] 4] ar <

< cas | Youlie gy (2l + [1¢ly) 151y,

Relation (3.47) follows from (3.49) bearing in mind the assumptions
made on the coefﬁc1ents and (3.42).

The function « (t) therefore satisfies, by (3.19), (3.44), (3.43), (3.46),
(3-47) equation (3.15), VZ(t) given by (3.43). As the space of these functions
is dense in that of the ““test functions” of (3.15), Z(z‘) is a solution on o7 of
system, (I.1) sat1sfy1ng the given boundary conditions. Moreover, by (3.37),
the functions u (¢) are V,_;—equally continuous on o!™!%; as the embedding

of Vo_y in Vg, with ¢ << 6— 1, is compact, the functions u,, (#) have, on the
other hand, V, —relatlvely compact range Vz€o 7.
Hence, by the (vectorial) theorem of Ascoli-Arzela,
(3.50) lim 1, () = 2 (£)
7% =00 VQ
uniformly on o!™3.
By (3.17), (3.20), (3.50) we obtain therefore
“ (0) = z.
VQ
Bearing in mind relations (3.31), we obtain also,
©(t) €L® (01, VL2 (07113 V).
The existence theorem is then completely proved.

As we shall prove in the subsequent note III, the solution found is also
unique.



