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Analisi Matematica. — On a non—linear mixed problem fo r  the 
Navier-Stokes equations. Nota II di G io v a n n i P r o u se  (#), presen
ta ta  (*#) dal Corrisp. L. A m erio .

RIASSUNTO. — Si dimostra un teorema di esistenza della soluzione del problema posto 
nella Nota 1.

3. Let Q be the rectangle o < x 1< l ,  o < x 2< k  and Q the cylinder 
£ÌXo*~*T (T > 0 .) .  We shall prove, in this §, an existence theorem, fo r  suffi
ciently small t f of a solution of the system of Navier-Stokes (in a sense we shall 
specify later) satisfying the initial condition

—>■ —>-

(3.1) U ( x 1 , *2 , o) =  2  (xx , X 2)

and the boundary conditions

(3-2) — u\ (o , x 2 , t) +  p  (o , x 2 , t) =  oq (x2 , t) ,

(3.3) — u\ if  y x 2 , t) +  p  (/ , *2 , t) =  a2 (x2 , t) ,

(3 4 ) P(x i>o>t )  =  —  ßxG i , t )  «2(^1 )Of l ) \ u 2(xl t o t t ) \ f '

(3-s) P  G i  > ^ , 0 =  ß2 G ì  > 0  ^2 G ì  » æ > 0  j «2 G ì  >k  > 0 1 »

(3.6) % G i j °  j 0  =  ^ i G i G 4 ) = « 2 ( 0 ^ 2 ,0  =  u2 (J , x2 i t) =  o ,

where oq and a2 are given functions and ßx, ß2 are perm eability coefficients, >  o.

L et 0 £ denote the m anifold of vectors v (x1 , x 2) =  {v1 (x1 , x 2) , v2 (x1 , x 2)} 
indefinitely differentiable in Q, with null divergence and such th a t vx (x1 , o) =  
=  v1 (x1 , k) =  v2 (o , x 2) =  v2 ( I , #2) =  o and let N° be the closure of 0 £ in 
H°(Q). I t is, evidently,

(3.7) N °C H °(0 ) when o <  g <  1 ;

moreover, the em bedding of N 1 in N° is compact. There exists then, as is 
well known, a sequence of real positive non-decreasing num bers, {Xy}, with

lim Xy =  +  00 and a sequence of elements { g f  € N 1 such th a t {g/} is a basis
j —>00
in N° and N 1 and

(3* )̂ (<£}’ » (<§/ 5 ^)n° ’ ^ ^  ’ (<£/' ’ Ä)n° *

(*) Istituto Matematico del Politecnico di Milano.
Lavoro eseguito nell’ambito dell’attività del Contratto di Ricerca « Equazioni Funzio

nali » del Comitato per la Matematica del C.N.R.
(**) Nella seduta del 13 dicembre 1969.
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L et us denote, Vcr> o, by l\  the space of sequences {09} of real num bers 
such th a t

00
(3.9) 2 » / <  +  00.

=1
Setting

00
(3.10) ({ «y } - { <*ÿ })/02 =  2  X? <*!!,

J=1
/o is a H ilbert space.

Finally, we denote by V ö the space

(3 • 11 ) {» e N® ; { (» , £>)n„ e / 2} , (v , w \ g =  ( { (» , gj\ . } , { (w , gj)N„ }yc .

It is evident th a t the spaces V 0 and t la so defined are isomorphic and 
th a t N° and N 1 are isomorphic to Vo and Vi respectively.

I f  Ki and 7i 2 are two H ilbert spaces, by the notation [% , we 
shall denote the (H ilbert) space which is interm ediate between
and according the definition given by Lions in We have (Baiocchi [8])

O -1^) [Va , Vß]# =  V a(i_o-) + po* (o <  »  <  i)

and also (see for exam ple M agenes [9])

(3.13) H°(Q) =  [L2 ( ü ) , H 1 (Q)]0 (o <  a <  I )  .

Hence, bearing in m ind (3.7),

(3-14) V0 C H ° (0 ) (o <  a  <  1) .

L et us now give the definition of solution of system  (1.1).
/   ̂ dv

2  uj ^r~ wk d ß , we shall say that u (f) is a weak 
j,*=i dxJ

solution in  o * H of system (1.1), satisfying the boundary conditions (3.2), (3.3),

(3.4), (3.5), (3.6) i f  u (t) e L°° (o 1-11 ; Vo) O L 2 (o 1—11 ; Vi) and satisfies the 
equation

7

(3.15) J  {— («(#) , +  \x(u ( t ) , h (0)v, +  , u ( t ) ,h{t))  —
0

-  ( m  &  =
7 k

=  j  j  |(* l(# 2 » 0 ---Y U7 ° ’ X2 >7 ) h ( p , X 2 , t )  —
0 0

■— ^«2 (*2 7 j hi ( I , x% , t) j cbr2 dt  —

(1) Per tutte le citazioni bibliografiche vedi Nota I, questi « Rendiconti », voi. XLVIII, 
fase, i, p. 26 (1970).
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t IJ" j  { ßl 0̂1 » 0 I ̂ 2 ? o , /) I M2 (pcx , O , t') h<i (xx , O , t) -f- 
0 0

+  ß2 (x\ , /) I « 2 (*1 , k , t ) \ u 2 ( x ± ,  k , t) hz ( x i , k , t ) }  dx± d t

V Â ^ e C ^ o 1 ^ j V i )  with ^ e L ^ o 1' lt ;Vo) ,  h(t) =  h(p)  =  o.
Relation (3.15) can be obtained in an obvious w ay m ultiplying the first

of (1.2) by h(t)  and bearing in m ind the second of (1.2) and the boundary 
conditions.

L et us now prove the following existence theorem.

Assume that'.

I) / e L 2(Q) (Q =  Q x o '- 'T ) ;

II) ai (t) =  {oL1 (x2 , t ) ; x 2 e r 1} e U xl(o]~' iT  ; L2^ ) )

(Pi =  { x L =  o ; x 2 e o H /è) ;
a2 (t) =  { a2(*2, t )  ; *2 e T3 } e L°° (o1-1T ; L2 ( r 8))

( r 3 = { x x =  I;  ar2 e o ]~ ]k);

III) ßi (t) =  {$i(xi , t ) ; x x e r 2} e L°°(oH T ; L°°(r2))
( r 2 =  {xx e o |—'/ ; x 2 =  o) ; 

ß2 (f) =  {ß2(* i, t) ; xx e r 4) e L ~(o1-1T ; L°°(r4))

( r 4 = { x 1 e o l~ l/ ; x 2 =  k)\
$j (x1 , t ) > o  (J =  I , 2) ;

IV) 7 eV 0 , o < < 7 < - .

I t  is then possible to f in d  t, with o <  I <  T, such that in  o |—11 there exists 
a solution of the system of Navier-Stokes satisfying the initial condition (3.1) 
and the boundary conditions (3.2), (3.3), (34), (3.5), (3.6). Moreover,

(3.16) ~u (t) e L°° (o l"~11 ; V0) n  L2 ( o 11 ; V0+1) .

Bearing in m ind the properties of the sequence {gj}, let us denote by zn
— -4 1—̂

a linear com bination of g x , g 2 , • • •, gn such tha t

(3-17)

Setting then 

(3.18)

lim zn — z .
«->03 V0

*(0 =  2j =1
u.
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let us consider, for the system  of n ordinary differential equations

(3-19) K  0 0 . <&)v„ +  f* K 0 0  .i>)Vl+  b (u » ( f ) > « » ( 0  - g ì )  — C/O), &)Vo —

k

—  I I ( ^ 2 ,0
0

— ( oc2 ( x 2 , t )  — -

— u\  (o , *2 , £i,y (o , x 2) — 

«1 (/ > * 2 .0) £1 >y (0 *2) I d*2 +

+  J  { ß l f a ,  *) |«2,„(^i ,O , 0 | «2,»(*1 . O , t ) g 2 , j ( x x , O) +

0

+  ß2 (^ 1  > 0  I U2,n (%! , /è , t )  I U 2>n ( x i  , k  , t ) g 2 , j  ( x \  , 0 } d*l =  0 

the initial value problem  

(3-20) u „ ( o ) = z „ . .

As can easily be seen, the assum ptions of the existence and uniqueness
theorem  for the solution of the initial value problem  for system s of ordinary

—̂
differential equations are verified. We shall therefore denote by un (t) the 
solution of (3.19), (3.20) which exists, for t >  o, in an appropriately small 
neighbourhood of the origin.

—>-
L et us now establish, for un(t), some evaluations which are independent 

of n.
M ultiplying (3.19), by Xyocy„(V) and adding, we obtain, setting

n
J )  Xy cLjn(t)gj — A° u j f )  and bearing in m ind (3.10) and (3.11), 
j =1

(3-2l) T  “V  i^»Wlvo +  H-||«»(0lvo+1 +  b tUn ( f ) , u J S ) ^ Un(})) =
k

=  (/>(/), A° un (V))Vo +  J j {a.x (x2 , t) —  V  ui,„ (o , x 2, /)) A° ux ,„(o ,x 2 ,t) —
0

---(<*2 (* 2 > *) —  Y  «1,* (7 , *2 , tj] A° «!,„ ( / ,  *2 , t) j dx2 —

I

—  J { ß l ( * l .  t) I , t) I «2,« Oa . O , t) A° U2,n(xx , 0 ,  t) +
0

+  ß a ( * i , 0  \ u2,n(xx , k , t )  I «2„ ,0 a ,  -è, 2“) K a u t,H(xx , k , i)} dxx .

Hence, denoting by y0 the “ trace ” operator on the boundary V and 

by u*n the vector with components n and n, we obtain, bearing in m ind
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assum ption n i ) ,

(3 .2 2 ) — “J r  I Un (t) |j^ +  H K  (9 ||^+i <  I b (U„ (t) , Un (T), K ° U n (it)) I +

+  I ( / ( 9  > A ° Un (9 )V„ I +  I (YO (9  > Ï0 A ° Un (9 )L* (D I +

+  I («1 (0 , Yo A ° «1,* «»Lvro I +  I (a2 (9 > Yo A ° ux,n (9 ) lW  I ^

<  I b (un( t) , u j t ) , A 0 «„(9 ) I + 1/(9  iVt II A° «*(9 Ilv„ +  Cl I Yo ul  (9 1L2(d '

II Yo A  «»(9 IIl«(d ( II a i (9  II* <ro A  I! a2 C9  II® (r3)-̂ Il Yo -A un(f) 11* (r> •

On the other hand, by well known em bedding and isom orphism  theorems 
(cfr. M agenes [9], Nikolskii [10]) we have, Vs with o < z —  a,

(3-23)

(3-24)

(3-25)

I| Yo A  « « (9 I I l* (D  —  ^2 IA  ^ « ( 9  llH(l/2 )+ e(£3) A  Cz IA  « „ ( 9 l l v (

=  C3 \\un(t)\L ,0 " y|lv2a+(i/2)+8

(1/2)+ 8

II T o ^  ( 0  llL2( r )  =  I T o « » ( * )  ll*4(r )  ^  ^4 1 Un(t) I® 8/4(0) <  5̂ 1 « „  ( 0  fv 3/4 ,

I & (Un(f) ) Un(f) ) A  UrkfŸ) I —  Il UJJ)  1 l4(Q) II Un(jty I h 1(Q) II ^  Un(f) I l 4(Q) —

^  I un if) IIh1/ 2^ )  II ( 0  IIh^Q) II ^  Un 0 0  1h1/2(Q) —

<  C1 I un 0 0  ||y1/2 i Un ( 0  lv 1 1 Un (f) llv2o+(1/2) *
It follows therefore, from  (3.22), (3.23), (3.24), (3.25), by the hypotheses 

made, th a t

(3 • 26) — -gJ  1 Un(f) ||yo +  H* Il u n(f) ||vo+1 — C7 I Un 00 lv1/2 I Un^f) Ik̂  1 Un(f) I V2o+(l/2)

+  ^8 \ Un ( O f V  \\Un(f)\\v +  X 0 0 l l ^ 0 0 l l vI »II ^  ̂ î‘Vg/4 tt * \ y hv2o+(1/2)+e  ̂w  uv2ö+(1/2)+8

where x (0  G L 2 (o 1_1T), x (0  ^  °-
M oreover, by  theorem s on interpolation spaces (cfr. Baiocchi [8]) we 

obtain

I u n (9  Hv3/4 <  C9 I Un (9  11̂ /  J  Un ( 9  |Ç ,

K c o iy ia+(W+. ^  ^ ni S ) t ^ - v c ni m : : r  •
(3-27)

1 un (£) ||Vi/2 <  ax  I un (9  Ç >+° I un (9 1|^ 2| - °  ,
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From  (3.27) it follows then th a t 

(3.28) Crj I ^  (Olv ll^»(0ilv1 ll^»(0lv2o a/2) +  Cs ÌI Un (0  llv ||^ (0 lv ,v2a+(i;2)+e <

i «. (0lv1/21! «- (0SVl I! «* 00lv2a+(1/2)+E ^ *n !«» (0Kr+0+8 II *« (0IFvUU ^
0+1

2 — 0  +  8 l+o—e

Choosing v

<  t u  (vII « . (0 !lvo+1 +  v ° - e I un it) |Vo «-« ) .

and introducing (3.28) in (3.26) we obtain2^14

I d 1+0—8

<3-2 9 )  T  d7 +  V  I U« 00 llv„ I , ^  C15 I U« 00 llv 2-0+8 +  <06 X (0 II ä v o +1

Hence there exists t, w ith o <  t <  T  such tha t

(3.30) Sup Ju j t ) |v <  Mi , / |+ M(0 |v ,, d/ < M 2 ,
0 < /<  t vo + l

where t , M i , M2, are independent of n.

It is therefore possible to select from {uj t ) }  a subsequence (again denoted 

by such tha t

(3.3!) lim un(t) =  u(t)  lim un(t) =  u(t) ,
L-(0'—1 #;Va+1) L°° (01 1 / ; Vö)

respectively in the weak and weak* topologies.
M oreover, by the same theorem s utilized above we obtain, since

s <  T  a’

(3-32) I (w , v)Vi I <  c17 ||w|vo+i |®lv1_ o

(3-33) I b (w , w ,v )  I <  cw | + | L2/(i-0)(Q) |M h,(Q) H L2/0(H) <

—  ^19 I^ Ih O IQ ) Ï W I!h>(Q) J V |lH 1~ a (Q) —  ^20 || W l v o IIW llvj. ii ^  Hv1_ 0 >

(3-34)

+

aj+ 2  ,t) —A  w \(o , #2)) »1(0, x 2) — (x2 ;t) — A  w\ (I, x p j vx (/, #2) j dx2+

I

j  { Pi ( X 1 . t )  I (x l , o) I W2 (*1 , o) Z>2 +1 , o) +  ß2 (+  , t ) \ z v 2 ( X X , k ) \ -

w2 (xx , k) v2 (xx , k)} dxx <

< <̂21 (0  (Hlv3/4 + <r22 (0) S 27 ilH(l/S) + e (£2) <  £23(0 (IMiv3/4 +  cn(t))\v\yx_a .

being, by the assum ptions II), II I)  c21{t) , c22{ t ) , c2Z(t) ( o ^ T ) .
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Let v — 2  tyjgj be an arb itrary  element of Vi and set vn =  2  \
j =1

m ultiplying (3.19) by and adding, we obtain
j= 1

(3-35) <X (0  - v„)v +  [x («„ (0 , v„) +  b (un ( t ) , un { t) , v„) —  (J  ( t ) , vn\

— j  J (a, (x2 , t) —  ~  u\'H (o , :r2,0) +* (o , *2) —
()

— (a2 (*2 , i) — y ^  (/, V^n (/ , x2) J dx2 +
I

+  J  {ßi (x i , t) I , o , t ) \ u 2:n(x1 , o , t )  v2,n(xx , o) +
0

+ ß2 (X1 > 0 I Ui ,n (X1 , k , t) I «2,„ (xx , k , f) V2tn(X\ > )̂} ̂ 1 = O.
Therefore, by (3.32), (3.33), (3-34). (3-35). denoting by (• , •) the duality

between V 0_i and V i_0 ,

\(u*(t) , v„) I =  I (u„(t) , vn) \ <  [ir17 i |^ ( /) ||v [»„IL +0 0 + 1 1—o

+ 2̂0 !! 00 !!v0 ! un 00 iky II lv1_0 + ^00 (IK(0ilv3)4 + 2̂2 00) lz,»Hv1_0 ^

< (̂ 17 ll̂ «(0llvo + 1 + 2̂4 l««(0Svol̂ «(0iva+1 +

+  r23 ( O Î + + + Ç L 0 !+„(/)^ +îo +  2̂2 ( 0 ) k l L o •

Hence, by (3.30),

(3-36) I (u'n (/) , v n) \ <  r26 (t) j| v„|jVi_ o ,

w ith C26 (if) € L4/3 (° 1 ' <).

By (3.8) and the definition of the sequence {gj}, we have, on the other 
hand,

—> —>■ ■—>■ —̂ —>- ■—>-
(tln (V) , ^w)y (0 > ^)y j; j|y ^  Ij V ||y

O Ö N n v l _ a  I II V 1 _ 0

Consequently, (3.36) becomes, V ^ eV j,

\ {Un( t ) , v )  \ <  ^ ( O l l ^ I y ^

As V x is dense in V i_0, we obtain, finally,

(3-3 7) !|^ (0 !!yo_1 <  *26(0 >

being <;26 (0 E L4/3 (o  ̂ V) independent of n.
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From  (3.30), (3.37) it follows, by an embedding theorem, tha t

(3-38) Un (t) e I ; V„_0 n  L 2 (o1“ 11 ; V0+1) C

C H 3M ( o '- ' t ; V 0_x) H L 2 (o'“ 11 ; V0+1) C H 3/16 (o'“ 11 ; V 0+(1/a) ) 

and, moreover, since the evaluations obtained are independent of n,

[ 1 13]

(3-39) II «* CO IH8/1«(0i <  M
1 ; V0 + (l/2))

3 >

with M 3 independent of n.
As the em bedding of H 3/16(oM  t ; V0+(i/2)) in L 2 (ol—1 t ; L4 (Q)) is

compact, it is possible to select from {un (t)} a subsequence (again denoted

by such tha t

(3.40) lim un it) =  u (t) .
n->oo L2(0'~h ; L4 (Q))

On the other hand,

(3-41) ü Un ^  ^ ( O 1 b ;H°(r)) ~  2̂8 ® ^  ^  L 3/16(0h l / ;H°+(1/2)(Q)) ~

<  2̂9 1 (0 Ir3/16 (0I —I <
* ;V0 + (l/2)>

m 4 .

Hence, as the em bedding of H 3/16 (o' 1 / ; H° (r ))  in L 2 (o1 ' t ; L 2 (T))
is compact, we m ay assume tha t

(342 ) lim Yo un (t) =  To u( t ) .
L2(0|—h ;L2(T))

Let

(343 ) h  (t) =  2  Vy (f)gj , Vy (t) e.C1 (O1“ 1 1) , Vy (o) =  Vy (Ì) =  O .
finite

We have then

7 7

(3.44) lim I (u„ (t) ,  Ä (7))v d^ =  —  lim | (m„ (if), (t)) di -
W->0O ,/ 0 K->00 J 0

0 0
7

=  —  (  (« (0  , A' (#))Vt d i ',
Ó

t t

(345 ) lim I (un (if), h (l))v dt =  f  (u (t) , 1  (if)) d i',
n~+ooJ 1 J 1

0 0

14. — RENDICONTI 1970, Voi. XLVIII, fase. 2.



178 Lincei -  Rend. Se. fis. mat. e nat. -  Vol. XLVIII -  febbraio 1970 [i 14]

(3-46)

t  t

lira I b {un ( t ) , u„ ( t ) , h (t)) dt =  I b ( u ( t ) , u  (t) , ~h (t)) d t , 
n~>oo J J

~ 0

(3.47) lim al Ĉ 2 > 0  2 u l ,n  ( p  ) x 2 ) 0 ) ^1 (° ) ^2 > 0

â2 (*̂ 2 ) 0  2 ^l,n (/ > 1 Oj (I , X% , f) | Ó.X2 d^

7 /

- / / «  1  ( ^ 1  )  0  I ^ 2 , 7 2  ( X 1 )  0  )  0  I ^ 2 , 7 2  ( ^ 1  ,  o  ,  t )  h<i ( x I  ,  o  ,  f )  - | -  

a 0

$2  ( X 1 7 0  I ^ 2  >72 O l  7 ^  7 0  | ^ 2  >72 ( * 1  7 ^  7 0  ^ 2  ( # 1  J ^  J 0 1  d ^ J  d ^

(«1 (*2 » 0  —  Y  «1 (o , *2 , 2)j hx (o , *2 , t) —

- «̂2 ( 2̂ 1 0  — ( I , x2 , t)j ( I , x2 , t") j dx2 d/ —

{ ßj (-̂ i , 7)) J 2̂2 (̂ "l j O , 7) j 2̂2 (x̂  , 0 , 7 )  h<i (x1 , O , 7) -j-

t  k

0 0

0 0

+  %  O l  7 0  | «2  O l  > ^  7  0  | - « 2  O l  7 k  , 0  h  O l  7 ^  7 0 }  d * l  d  ̂ •

In  fact, (3.44), (3.45) follow directly from (3.31).

To prove (3.46), observe that, setting wn =  un — u  ,

b (un 7 un , h) —  b ( u , u ,  h) =  b (wn , , A) —  b (u >wn , A) =

r 2 ^
== b (wn , un y A) b (u y h , wn) — I 2 J uy^,72 hk cosnx7- dF.

J  j , k = 1r

Hence, being | y0 v ||L4(r) <  cso j y0 v ||h i/4 (r) <  c31 || v jjy^ , we obtain 

(3.48) I b (« , , un ,1 ) —  b ( u , u ,  t)  I <  Ci2 \w„ |l1(£3)|| un i!vJ j l | |L1(fl) +

+  *W I «  |L1(Q) Ih  ||Vi I W n ||L1(ß) +  ^33 I Yo Wn llLMr) | «  l v , /4 Ï *  |V„ 4 •

Relation (3.46) follows im m ediately from  (3.30), (3.40), (3.42) (3.48).
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Finally, observing th a t

I U\  U* |2 “  (Ul ,n  ^ l ) 2 +  (U 2>n U 2)2 ~  ( ^ l , n ---- «1T  (^1,«+ % )2 +

+  (U 2,n ^2)2 (^2,» +  ^2)2 <  [(%,»   ^ l) 2 +  (^2,n ' U 2) 2 ] *

• [(«1,» +  Ul f  +  («2,1» +  ^2)2] =  \un ---« J2 I un +

I I I juj uj =  I I U„ I (un U) T  U ( | Un | --- | 'll | ) | <Ç

^  I Mn i \ 'M'n ---- ^  I +  | ^ |  I u n  t l  I ,

we obtain, analogously to (3.48),

u

( 3 4 9 ) j  (ul — u2) x  k dr < J<  J  \ W n \  I U „  +  u  I
r

d r  <

^  I To W n ||L 2 (r) !i To U n +  To U ||L« (D  I To h II« (F)' —  3̂4 II Ÿ0 W n ||L 2 (r )  I Un +  u  j|Vi I h ||Vi , 

j J  ( \ un \ un - -  \u \u)Xk>  d r  <C j' I w n | ( | ^ k |  4" I ^ I ) I ^ I  d r  <

— 3̂5 II To Wn |lj_» (D (ll.^lv! 4 " |M Vl) m Vl-

Relation (3.47) follows from  (3.49) bearing in m ind the assum ptions 
m ade on the coefficients and (3.42).

The function u( t )  therefore satisfies, by (3.19), (3.44), (3.45), (346),

(347 ) equation (3.15), i h  (t) given b y  (343). As the space of these functions

is dense in th a t of the “ test functions ” of (3.15), u(t)  is a solution on o 1“-1 1 of 
system  (1 .1) satisfying the given boundary  conditions. M oreover, by (3.37),

the functions un (/) are V 0_ i—equally continuous on o ' 4; as the em bedding

of V 0_! in V e , w ith p <  g —  I , is compact, the functions un (t) have, on the 
other hand, V c-relatively  com pact range i t  e o  4 .

Hence, by the (vectorial) theorem  of Ascoli-Arzelà,

(3-5°) lim .un (t) =  u( t )
n —> 0 0

uniform ly on o '  ̂I.
By (3-17), (3.20), (3.50) we obtain therefore

u  (o) =  z . 
ve

Bearing in m ind relations (3.31), we obtain also,

u(t) e L°° (o!'“ 4  ; Vc) n L 2 (o''“ 4  ; V0+1) .
The existence theorem, is then completely proved.
As we shall prove in the subsequent note III ,  the solution found is also 

unique.


