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RENDICONTI
DELLE SEDUTE

DELLA ACCADEMIA NAZIONALE DEI LINCEI

Classe di Scienze fìsiche, matematiche e naturali

Seduta del 14 febbraio 1970 
Presiede il Presidente B eniamino S egre

SEZIONE I
(Matematica, meccanica, astronomia, geodesia e geofìsica)

Matematica. — Density and continuous functions. Nota di O felia  
T eresa  A las, presentata(#) dal Socio B. S egre .

RIASSUNTO. — Studio di alcune proprietà (densità, pseudo-calibro, ecc.) di un tipo parti
colare di spazi topologici e cenno di possibili applicazioni all’uniforme continuità delle funzioni 
di variabili reali nei gruppi topologici.

The purpose of this Note is to study certain properties (density, pseudo- 
caliber, etc.) of a particular type of topological space. These results apply 
in the study of uniform  continuity of real-valued functions in topological 
groups. T hey can be regarded as generalizations of some theorem s which 
appear in [2], [4] and [5].

I. Introduction. D ensity.

D efinition ([3]). The density of a topological space is the smallest 
cardinal num ber such th a t there is a dense subset of this cardinality.

Let q be an infinite cardinal num ber and T  be a set of cardinality  | T  | 
greater or equal to q . For any t e T ,  let be a set and a H ausdorff
topology on X*-. On X =  n X; we consider the topology cr generated by the

class of the subsets of X, where Nt belongs to Gt for any t e  T  and
I e t

I {t e T  I V* =j= X t } I<Ç q. (A set like this one will be called an elem entary 
open set).

T h eo rem  i. I f  T  =  {0 , 1 }s , where | S | >  q, and fo r  any t e T, X* has 
density less or equal to | S \q, then X has density less or equal to | S \9.

Proof. F irst, we study the set T  with the topology generated by the 
class B of tFe subsets n W , of T, where J {s e S | W , =f= {0 , 1}} |< q .  Pu t

I cs

(*) Nella seduta del 15 novembre 1969.
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A  =  {x  e T  \ \ {.s* e S \ x s =  1} \ <q } ,  where x  — ( ^ ) , e s • I t is not difficult to 
prove th a t | A  | == | B | . (For instance, by using the fact th a t if E is an infinite 
set, then E  and E X E have the same cardinality). W e recall th a t if E  is a 
set such th a t | E  | >  q, then the set { Y C E | | Y | < ^ }  has cardinality  less 
or equal to | E \9. Finally, we prove that | A |  =  | B | =  |S |^ .

We fix an element b E A; let H denote the class of the disjoint subsets 
of B w ith cardinality  less or equal to q\ thus, | H | — | S \g. Let us denote 
by D the set of the functions/  of T  into A, such tha t there is Z e H , /  is constant 
in each element of Z and is equal to b outside the union of Z. Thus, | D ) =  ] S \9 . 
Now, for any t E  T, let U, be a dense subset of X, of cardinality less or 
equal to | S \9, and gt be a function of A  onto U*. We put g  : AT -> n U*,

/GT
where ^ ( ( ^ ) / e T) =  (gt (^ ) ) /g t-  The set ^ (D ) is dense in X and has cardinality 
less or equal to | S \9, T he proof is completed.

Remark. It is interesting to observe tha t the intersection of “ q ” open 
sets of the topological space T  is an open set, thus, the union of “ q ” closed 
sets of the topological space T  is a closed set. I t follows th a t if P is a subset 
of T, with I P I < q ,  there is a fam ily of disjoint open subsets of T  , ( H ^  € P, 
such th a t p  E for any p  E P. (This can be useful in the last p art of the 
proof of the theorem  1).

Suppose th a t for any t  6 T  , has at least two points and th a t m  is a 
cardinal num ber such tha t mq =  m. U nder these conditions we prove the 
following theorem.

THEOREM 2. The topological space X has density less or equal to m i f  
and only i f  X* has density less or equal to m fo r  any tE  T  and  | T  | <7 2 m.

Proof. I t is evident th a t if X has density less or equal to m , then X* has 
density less or equal to m  for any tE T. If  this is true and | T  | <Ç 2 m, by 
virtue of theorem  1, X has density less or equal to m.

Suppose, now, th a t X has a dense subset D =  {.(xt)t e t  | j  € J }, where 
I J I <Ç m. For each tE  T, let \Jt and W t be two nonem pty disjoint open 
séts of X^. We consider the function h : T ->  {o , 1 }J, where h (f) =  (y  - (t))ye j 
and yj (t) =  o if x Jt does not belong to U* and yj (t) =  1 if xJt belongs to .

L et r  , p  G T  , r , =j= p, and consider the elem entary open set Y 1  , where 
» *eT 

V r=XJr , V p= W p , and V /= X / , otherwise. There is n G J, with {xT)teT £ I I V ;
/G T

thus, y n (r) =  1 and y n (p) =  o. It follows that h is injective and | T  | <  2m.

2. C o n tin u o u s  fu n c tio n s .

In  this paragraph  we suppose tha t | X* | >  2, for any t e T.
D e f in it io n . The pseudo-caliber of a topological space is the smallest 

cardinal num ber such th a t any class of disjoint open sets has cardinality 
less than  this cardinal.

L et m  be a cardinal num ber (not necessarily such th a t mq =  m)?
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THEOREM 3. I f  X* has density less or equal to mq fo r  any /  € T, then X 
has pseudo-caliber less or equal to the successor of mq.

Proof. If  I T  I <  2 m\  the density of X is less or equal to mq and thus 
the pseudo-caliber of X is less or equal to the successor of mq.

Suppose th a t I T  | > 2"*  and let {Uy \ j  e ] }  be a class of disjoint ele
m entary  open sets of X; we shall prove th a t | J | <  mq. Thus, if for any
J 6 J > Uy =  X I V?, we pu t H • =  { t e T  | V* =j= X*}. Let K be a subset of J

t GT  ‘ J

with cardinality not greater then 2 m9 and let T2 be the%union of Hy, when j
changes in K. It follows th a t | T2 | <  2™q and { I I  V / \ j  E K } is a disjoint

t e  t 2

class of elem entary open subsets of n X, (on this last set we consider the
feT,

topology analogous to the topology a on X); thus, | K  | <  mq. I t  follows 
th a t I J I <  mq. The proof is completed.

N otation . Let T' be a subset of T, in the following, theorems 
“ t  , y  e X , xt =  y t , for any /  e T' ” means that “ x  =  (xt)te l : , y  =  (j^)<€T, 
and x t — y t , for any t e  T'

Lemma. I f  k  is greater or equal to the pseudo-caliber of X and  C is an 
open covering of X, with cardinality less than k, there is a subset T, o fT , with 
I T i I <  k ( I T i I <  k i f  k is a regular cardinal), such that ip' x  , y  e X , x t =  y t 

fo r  any /  e T i , then i f  x  belongs to some Y € C, y  belongs to the closure of Y.

Proof. F  or any Y € C, there is a m axim al set H (Y) of elem entary open 
subsets of Y (by virtue of Z orn’s theorem). It follows th a t if V  =  H  V

t C- T
belongs to H (Y ), then | { /  e T  | V, 4= X ,} | <  q. W e pu t L  (Y) =
=  U { { / e T | V #= j = X , } | V  e H  (Y )} and, since | H (Y) | <  k, the cardinality  
of L  (Y) is less than  k.

Now, let T i denote the union of L  (Y) when Y changes in C. It follows 
th a t I T i I <  k\ furtherm ore, if k is a regular cardinal then | Ti. | <  k.

W e recall th a t the closure of the union of the set H (Y) is equal to the 
closure of Y, for any Y eC . This set T i verifies the thesis.

Theorem 4. I f  k is the pseudo-caliber of X , E is a metrizable space 
f  : X -> E is a continuous function , there is a subset T2 of T, with  | T2 | <  k,
such that i f  F , y  6 X , x t =  y t fo r  any t  € T2, then f  (x) =  f  (y).

Proof. F or any  natural num ber n  >  1, there is an open covering B (n) 
of E, with \ B (n) \ < k, and such th a t each element has diam eter less than
i[n. P u t C (n) =  { /  1 (Z) I Z e B (n)}; calculate for C (pi) the set T i (n ) as in
the lemma. F inally  pu t T2 equal to the union of T i (n), when n >  1. F u r
therm ore, if £ is a regular cardinal num ber, then | T2 | <  k.

Suppose now th a t E  is a H ausdorff space such th a t each point has a fun
dam ental system  of neighborhoods W, with | W  | less or equal to q. U nder 
this condition we prove the following theorem.
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Theorem 5. Suppose that fo r  any t e T  , o> is the discrete topology. I f  k 
is the pseudo-caliber of X and f  : X -> E is a continuous function , there is a 
subset T i of T, with | T i | <Ç k, such that i f  x  , y  c X , x t — y t fo r  any t € T i , 
then f ( x )  = f ( y ) .

Proof. For any z  e E  the set /  3 ({#}) is open and closed in X. Put 
C =  { f 1 ({#}) I z  6 E } and apply the lemma.

Theorem 6. Suppose that mq — m. I f  fo r  any t e T  , X, has density 
less or equal to m a n f  f :  X ->  E is a continuous function , there is a subset Ti 
of T, with \ T i \ <Z m, such that i f  x  , y  6 X , x t — y t fo r  any t E T i , then 

f ( x ) = f ( y ) .

Proof. I t is an im m ediate consequence of theorem s 3 and 5.

Remarks. If  on X we consider the product topology instead of the 
topology cr, the analogous of theorem s 1, 2 and 3 have been already proved. 
For instance, M arczewski ([4]) proved the analogue of theorem s 1 and 2 for 
separable spaces; our proof is a generalization of the m ethod developed 
in [4]. For more details and references see [5] or [2], pages 80, 96, 97 and 98. 
Ross and Stone proved the analogue of theorem  4 for separable spaces and 
supposing th a t E  is a second countable H ausdorff space.

To have an idea about the applications of these theorems, as well as of 
the theorem s proved here, to the study of uniform  continuity in topolo
gical groups see [1 ].
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