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Analisi matematica. — Lim its of double layer potentials. Nota 
di J o s e f  K r â l , p resen ta ta^  dal Corrisp. G. F i c h e r a .

R ia ssu n to . —  In questa N ota si studiano i potenziali di un doppio strato distribuito 
sulla frontiera di un insieme di Borei nello spazio Euclideo R m. Si stabiliscono le condizioni 
necessarie e sufficienti per resistenza dei limiti angolari e ordinari dei potenziali con arb i
tra ria  densità continua.

Let C be a Borei set in the Euclidean m -space R m, m  >  i, and suppose 
th a t the boundary B of C is compact. Let S) denote the class of all infinitely 
differentiable functions w ith com pact support in R m. Given z  e R m we define 
for any =  support ^ }

WfiJj (z) =  J g rad (pc') • - dx

(compare and <2>). 
For fixed z,

(1)

represents a distribution on R m\  {^ } whose support is contained in B. Neces
sary and sufficient geom etric condition for the functional (i) to be continuous 
with respect to the uniform  convergence in (z) was established in lem m a 2.2 
in 0) and m ay be expressed by (2) below. Let us briefly recall the necessary 
notation. Put P =  { 0 ; 0 G R m, | 0 | =  1 } and, for each 0 € P, consider the
half-line H 9 =  {z  +  rd ; r  >  0 } . We shall write § (f) =  { H 9 ; 0 e T } . A
point y  6 H? is term ed a h it of H 9 on C provided each neighborhood of y  
meets both H 9 D C and H 0\ C  in a set of positive linear measure. The
to tal num ber n (0 , z) of all the hits of H 9 on C is a Baire function of the
variable 0 G V and we m ay define

v ( z ) =  dKL-! (0),
r

where is the H aus dor ff ( m — i)-m easure. Then

(2) v (z) <  00 (*)

(*) Nella seduta del io  gennaio 1970.
(1) J. KÈÂL, The Fredholm method in potential theory, Transactions of the American 

Mathematical Society, J25, 511-547 (1966).
(2) Ju . D. VURAGO and V. G. Maz ja, Some questions in potential theory and function 

theory for regions with irregular boundaries {Russian), Zapiski naucnych sem inarov LOM I, 3, 
5-86 (1967).
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is a necessary and sufficient condition for the existence, of a finite signed 
Borei m easure vz such th a t

(3) W+ (z) =  f  4>d vz, 41 e ® 0s) ■

T he m easure vz is uniquely determ ined by (3) and the additional assum ption 
'h ({*}) =  O. The support of v2 is contained in B and v (z) equals the total 
variation of vz. Assum ing (2) we m ay thus define

(4) W / 0 ) =  j  f  dv.

for each bounded Baire function /  on B. The quan tity  (4) m ay be interpreted 
as the value a t z  of the potential of the double layer w ith d e n s ity /.  Indeed, 
if the boundary B of C is formed by a sufficiently sm ooth hypersurface, then 
Wf  (z) reduces to

B

where n (y) stands for the exterior norm al at y  e B. For further investigation 
of the double layer potential it appears natural to adopt the following 
assum ption (A):

(A) There exists an (m +  \)-tuple of points z1, • • - , zm+1 € R m in general 
position (i.e., not situated on a single hyperplane) such that v (V) <  oo fo r  all 
j  =  I , •  • -,  m  +  I.

In  w hat follows we always assume (A). Then v [z) <  oo for all z G R m\  B 
and, moreover, sup v ( M ) < o o  for each set M C R m\ B  having a positive 
distance from B (see 2.9 and 2.10 in <1}). L et cB denote the B anach space 
of alj bounded Baire functions on B equipped with the suprem um  norm. 0  will 
s tand  for the subspace of all continuous functions in cB. For each /  e cB, 
Wf  (z) is defined for all z £  B and represents a harm onic function in R m\ B .  
W e thus arrive at a continuous m ap W  : f - > W f  of cB into the space of all 
harm onic functions in R m \  B endowed with the topology of com pact converg
ence.! E ven if f  e 0  , Wf  need not, in general, possess angular limits at points 
of B. We now fix a point y  G B and are going to investigate necessary and 
sufficient conditions on C guaranteeing the existence of angular limits of Wf  
at y  for each /  e 0. F o r M C R w we denote by M the closure of M. If  y e  R m 
then contgMy  will stand for the contingent of M at y  which consists of all 
the half-lines { y  +  rQ ; r  >  0} e S (y) for which there is a sequence of points 
zn e M \ { y ]  tending to y  such tha t lim (zn — y) \ \zn — y  | =  0. £lr (^) will

n
denote the open ball of radius r  and center z  and d ( / '  will denote the 
m -d en sity  of C at z  defined by

(5) d (z) =  lim
r->0 +

volume (ü r (z) n  C) 
volume Q,r {z)
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for those z € R m for which the limit (5) exists. (According to 2.7 in (1V d(z) 
is available whenever (2) holds). Finally, put Ca =  {z  ; d (z) =  a} for 
a  =  o  , I , 1/2. Clearly, C1/2 C B , Ci C C , R m\ C  C Co . Now we are in a 
position to announce

Theorem i . Let y  6 B and suppose that there is a 0 € T such that neither 
{y  +  rQ ; r  >  0} nor { y  — rQ ; r  >  0} belong to contgBy. I f

lim sup I W f  {£) I < 0 0
z - > y
0 e h

fo r  each H e S (y ) \ c o n t g By  and each /  e ß ,  then 

(6) v {y) <  00

and

(7) sup
r  >  0

Hm- i  (Qr (y) n C1/2)
r m - l <C 00.

The proof of this theorem  is based on the principle of uniform  bound
edness and on reasonings sim ilar to those used for the proof of the estim ate 
(2.17) in W.

The conditions (6), (7) are not only necessary, but also sufficient for the 
existence at y  of angular limits of the double layer potential with any con
tinuous density. This follows from

T heorem 2. Let S C RW\ B  , y  e S n  B and suppose that

(contgci/2y) O contggjv =  0 .

I f  (6), (7) hold then

lim sup I Wf  (z) I < 0 0
*->jyz es

fo r  each f  € cB. I f  besides thaty contggy  reduces to a single half-line, then 
there are r  >  o and i ( =  o or i) such that

n r ( y ) n  s e c ,

and

lim  W / (z) =  Wf i y )  + f ( y )  H m- i  (T) (i -  d (>))
z —> y  
z  £  S

or each f  £ gB that is continuous at y.

A  refinement of the argum ent used for the proof of theorem  2.15 in 
yields also the following theorem  concerning ordinary limits of double layer 
potentials.
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Theorem 3. Let y  e B. I f  

iß) lim sup [ Wf  (z) [ < 0 0
Z y
z g  B

fo r  each f  G @, then

(9) lim sup v (x) <  00 .
x  —> y  
xGB

Conversely, i f  (9) holds, ^ (y) <  00 (8) zk zWzV/ fo r  each f  e eB; i f ,
besides thaty f  is continuous at y , limits

L ,.=  lim W / »
,e c .

exist fo r  2 =  0 ,  I (in the case y  g Q  we set L,- =  (—  i ) ’ x/ ( y )  H ot_ i (T) +  
+  W /(y ) ^  definitione) and

Li —  Lo =  H ^_ i ( T ) / ( j )  , L i +  Lo =  2 W /(>) + / (y) H m_i (T) (1 —  2 d O ) ) •

Remark. -  There is an extensive literature dealing with double layer 
potentials and their applications. References to the work of G. C. Evans, 
G. Fichera, R. Leis, E. R. C. Miles, C. M üller and others m ay be found in 
S. D üm m ebs article <3h The corresponding bibliography and further details 
will be given elsewhere.

(3) S. DÜMMEL, Einige Eigenschaften von k-äimensionalen \-Potentialen der einfachen 
und der doppelten Belegung, «A tti della Accademia N azionale dei Lincei, Memorie», 
ser. V i l i ,  voi. V II, 173-201 (1965).


