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Analisi matematica. — On a class o f integro-dijferential equations. 
Nota I di M eh m et N am ik  O g u ztö re li^ * * * ', presentata (***) dal 
Socio M. P ic o n e .

R iassunto. ■— In  questo lavoro si studia la soluzione di u n ’equazione integro-diffe- 
renziale a derivate parziaji del second’ordine dipendente da due param etri.

In  the present article we investigate the solution of an integro-partial 
differential equation of the second order depending on two param eters.

I. Introduction.

In this paper we consider the integro-differential equation

C1-1) x 9 U' ^ y ') +  (x —  f u ( x , y ) = g o { x , y ) f r  p j j  K ( x  , y X , f ) u ( f  , v))d^dv]
R

subject to the boundary  conditions

(1.2) u  (o, yy)  — u  (1 , y)  =  o for o < y < i ,

where R =  { ( ; r , y ) | o < ; r , y <  1 } , X and pi are real param eters, g 0 (x , y)  
and K (x , y  ; \  , r\) are given real-valued functions which are continuous 
on R and R x R  respectively, and u (x , y)  is the unknow n function. In the 
following we investigate continuous solutions of the boundary value problem
(1.1)—(1.2) for arb itra ry  X and for sufficiently small p.

Before dealing w ith the general case, we consider the following special 
cases obtained from  .(1.1) by putting X — o , X =  1 and p =  o.

For X =  o Eq. (1.1) reduces to the following Fredholm  integral equation:

(1.3) u (x , y )  +  JJ. j I  K (x , y  ; I  , f )  u  (Ç , yj) d i  dyj =  g 0 (x , y )  .
R

Clearly, Eq. (1.3) does not, in general, have a solution which satisfies the 
boundary conditions (1.2).

t*) D epartm ent of M athem atics, U niversity of Alberta, Edm onton 7, Alberta, Canada. 
(**) This work was partly  supported by  the N ational Research Council of C anada 

by G rant N R C -A  4345 through the U niversity of Alberta.
(***) Nella seduta del 13 dicembre 1969.
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Further, for [x =  o we have the differential equation

(m )  x - ~ 's*2,y) +  (x ~  0  u (x > y) =  so'(x >y) ■

Solving Eq. (1.4) Subject to the boundary conditions (1.2) is equivalent to 
solving the following Fredholm  integral equation:

1

(1.5) u  (x , y )  =  ~ f o ( x  , y )  + j  G (x , a) u (a , y )  da ,
0

where

(i-6)

and

G (x , <t) =
00

1 . V7t2
sin krzx sin kiza

¥
\ x  (1 — a)

t <7 ( l — x)

for o <  X <  G< I , 
for o <  cj<  x <  I ,

0 -7) fo (x , y  )

1

G (x , a)g 0 (a , y )  da .
0

It is well known th a t the eigenvalues and eigenfunctions of the sym m etric 
kernel G (x  , a) are k2 n 2 and 0>k (x) =  ]l2  sin kizx^ respectively. Thus, if

i.e., if

C1-8) x = H =■ ! _!^2TC2 (/è=  1 , 2 , 3  >•••)

then Eq. (1.4) has a unique solution which is given by the formula

(1.9) u  (x , y)  =  —/o  (x , y )  +  \ 2 ’ J , a — ) / 0 (a , y )  dor,
0

where F ( r „ ( j ; v )  is the resolvent of the kernel G (x , or):

sin kizx sin kiza(I.IO) T ( x , a ; v) =  2 ^  ■
k = l yè2 TT2---V

T he solution can also be given in the form

oo
X— I ,/— fo ,k (y)  sinÂizxCi.h ) u (x , y)  =  -=rh{x , j/) +

with
l

C1*12) /o,x ( t )  ' =  Y2‘j  fo (x , y )  s m k n x d x ,  1-, 2, 3 , • • •'.
6

Further, if X =  X*o for some index >éo, then Eq. (1.4) has a solution, not 
uniquely determ ined, if and only if /o,*0 O') =  O for o <  y <  1. In this case
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the solution is given by the form ula

(ï •13) u ( x  , ÿ )  =  ( i — k\  7T2)/o  (x  , y )  +
OO

+  ^ l " ‘ "  +  O  l y )  s in  h  ,
(£ = 1 k    k Q
\k^k0

where ® '(y) is an arb itra ry  function continuous in the interval o <  y <  1.
Finally, for X — 1 Eq. (1.1) reduces to the following simple integro- 

differential equation:

(I-I4) - ul xx; y) = £ o ( x , y )  +  \ L j j K ( x , y ; Z , y i ) u ( $ , r ù d t d y i .
R

We can easily show th a t solving Eq. (1.14) subject to the boundary condi
tions (1.2) is equivalent to solving the Fredholm  integral equation:

(1.15) u ( x , y )  = f o ( x , y )  +  y. j j  H (x , y  ; I ,  tj) u  (£ , vj) d£ dvj,
R

where
1

(! • 16) H (x , y  ; £ , ri) =  j  G (x , a) K (er, y  ; £ , vj) da.
0

The kernel H (x , y  ; \  , tj) is not symmetric, in general. By the theory of 
integral equations Eq. (1.15) has a unique solution for sufficiently small (x.

Clearly, the num bers defined by Eq. (1.8) lie in the interval |—.1 2 , oj
and form a m onotonie increasing sequence approaching zero:

( I -17) —zr~2~ <  Xi <  X2 <  • • • <  X̂  <  • • • <  o , lim X̂  =  o .
1 71 k-*oo

In  the following we always assume X =|= o.

2. Solution for Small [x.

In  this section we deal w ith the boundary value problem  (i . i ) - ( i .2) 
for sufficiently small [x. For this purpose we seek a solution of the form

l u o  , y) =  2  v-n un ix  > y ) .
(2.1) < ”“ °

( U„ (O , y)  =  Un (1 , y)  =  o for o < y ^ <  i ,  n =  o , i , 2 ,- ■ ■■

Substituting (2.1) into (1.1) and com paring the coefficients of [xÄ on both 
sides, we find

j x d*U°d% ’y) +  0  —  0  ( x , y ) ^  g 0 ( x , y ) ,

(2.2) < - f  (X —  \ ) u n ( x , y )  =  J J  K  (x , y  ; \  , V)) «»_i (E, , y]) d% dv),

R! n =  I , 2 ,
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Note th a t the first equation in (2.2) is exactly the same as Eq. (1.4) whose 
solution is discussed in § 1. Further, we can easily verify th a t each un (x  , y),  
for n~> I, satisfies the Fredholm  integral equation

(2.3) H (x , y  ; £ , 7]) 1 (£ , Yj) d£ dv] +

1

+  J G (^ , or) (a , y) d a ,
0

where H (x , ; £, , Y j)  is given by Eq. (1.15). Thus, if X \ k then Eq. (2.3)
has a unique solution given by the formula:

(2.4) u n ( x , y )  =  —  T
R

where
1

(2.5) Q, (x  , y  ; E,, 7} ; v) =  H (x , y  ; yj) +  v j  T (x , a ; v) H (a , y  ; I , 7)) da .
0

If  X == X̂  for some k =  ko,  then Eq. (2.3) has a solution, not uniquely deter
mined, if and only if

1 11

(2.6) J j J H (x , y  ; E, , Y]) un_\  (E, , Y]) sin /èo 7c;r d£ dY] d r̂ =  o
0 0 0

holds for o < y <  1. In  this case the solution is of the form

(2-7) u„(.x >y) =  C1 — ^ 0  ^2) ) f n  (x > y) +  4  y 2 X  ^n'h y S1 O) sin/èoUA:( Æ = 1 Æ  /L )

where <1>„ (j/) is an arb itrary  continuous function in the interval o <  _y<  1, 
and

<2.8)

f o ( x ' ,y)

1

f  G (x  , <T) g 0 (a , y ) d a ,
0

f«:(x , y )  =  — J J  H {pc , y  ; 4) «*_ 1 (£ , 4) d£ dv),
R

1

f » , & ( ÿ ) = 1 2 j  f „ ( x , y )  sin k nx dx ,  k  =  1, 2 ,3  , • • -,
0

7* =  I , 2 , 3 ,* * '

n — o , 1 ,2 , • • •.

T he above recursive process works if we can choose the arb itra ry  functions 
(y)  , ®i (y)  , • • •, {y)  , • • • in such a m anner th a t the orthogonality

condition (2.6) will be satisfied for any n.
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To establish the convergence of the series (2.1) we first introduce the 
notation

(2-9) I w  1 =  m ax | w (x , y)  |
R

for any  w  = w  (x , y )  defined on R, and 

H =

(2.10)

rv =

J J  1 H (#  ; £ , 7)) 1 d£dï)
R

, K = J j  1 K ( x , y  ; 5,7;) 1 dEdvj
R

1

J 1 T (x  , a ; v) 1 da
0

, ^v = f j  1 Q.(x, y) l , - r ì - ,v)\àldrì
R

X— I
where v =  . Note th a t ||/ 0 || <  y  \\gü jj, H <  -1 K and Ov<  (i +  | v | Ty) H
by Eqs. (1.7), (1.15), (2.5) and (2.10). Further, by virtue of Eqs. (1.9) and 
(2.4), we m ay write

(2.11)

i, I + I v I rv
< -----pp----- ll/o

I v ;i <" ^ \” I + I v I rv
1 ” '| — I x| ! [ I x I ) m « ’ »  =  1 . 2 , 3 • •

and, by  Eqs. (1.4) and (2.2),

32 u{

(2.12)
ar2 ,

d 2 Un

8 +  | y | - hv«rv „ »
'  ^ 0 1 >

<

8 | X|

(I +  | v i r v) (K +  | v I n v) / n v \* - i
dx2

Clearly, the series

C2- ^ )

and

8X2 1*1

I + |V|rY I/o ! (^t F I F I"11=0 1^1

» = 1 . 2 , 3

(2 . 14)
8 + | v | +v2r v

81X1 II *,1 +  2n = 1
(I +  | v | r v) ( K +  |v I O,,)

8X2 ik .  I ( ^ r ) " - 1 1111-

dom inate the series X  un (x  , y )  and ^

converge for

(2- !5)

n — 0

<

n — 0

M
n v

„ 32un ( x , y )
dx2 respectively, and both

T he ilniform  and absolute convergence of the series X  F" ■Sun x̂ ’^  can be
dx

established sim ilarly. Thus, the series (2.1) converges absolutely and uniform ly 
on the square R, and can be twice differentiated term  by term  with respect
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to x  for [x satisfying* the inequality (2.15), where X=f=X*. Hence, assuming 
tha t X =f= o, we have the following

Theorem i .  For \  - t  \ k and for  fx satisfying the inequality (2.15), there 
exists a unique solution u (x  , y), given by Eq. (2.1), of the boundary value 
problem  ( i . i) - ( i .2 ) .
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