ATTI ACCADEMIA NAZIONALE DEI LINCEI

CLASSE SCIENZE FISICHE MATEMATICHE NATURALI

RENDICONTI

MEHMET NAMIK OGUZTORELI

On a class of integro-differential equations. Nota I

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche,

Matematiche e Naturali. Rendiconti, Serie 8, Vol. 48 (1970), n.1, p. 20-25.

Accademia Nazionale dei Lincei

<http://www.bdim.eu/item?id=RLINA_1970_8_48_1_20_0>

L’utilizzo e la stampa di questo documento digitale & consentito liberamente per motivi di

ricerca e studio. Non é consentito 1'utilizzo dello stesso per motivi commerciali.
copie di questo documento devono riportare questo avvertimento.

Tutte le

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)
SIMAI & UMI
http://www.bdim.eu/


http://www.bdim.eu/item?id=RLINA_1970_8_48_1_20_0
http://www.bdim.eu/

20 Lincel — Rend. Sc.:fis. mat. e nat. — Vol. XLVIII - gennaio 1970 [20]

Analisi matematica. — On a class of integro—differential equations.
Nota I di Meumer Namik OGuzrdreLi @ 9, presentata ¢ dal
Socio M. Picone.

RIASSUNTO. — In questo lavoro si studia la soluzione di un’equazione integro-diffe-
renziale a derivate parziali del second’ordine dipendente da due parametri.

In the present article we investigate the solution of an integro-partial
differential equation of the second order depending on two parameters.

1. INTRODUCTION.

In this paper we consider the integro-differential equation

(L) A ZEED Lo uir, ) —go (e, y>+uf K(x,y;8,mu,ndEdy

subject to the boundary conditions
(1.2) uwO,y)=u(1,y)=0 for o<y<1,

where R = {(x,y)|o<x,y<1},\ and p are real parameters, g, (x, )
and K(x,y;%,n) are given real-valued functions which are continuous
on R and RXR respectively, and % (x, y) is the unknown function. In the
following we investigate continuous solutions of the boundary value problem
(1.1)%(1.2) for arbitrary A and for sufficiently small p.

Before dealing with the general case, we consider the following special
cases obtained from (1.1) by putting A=o0,A=1 and p=o.

For A = o Eq. (1.1) reduces to the following Fredholm integral equation:

(1.3) %<x>y)+uffKOf,y;i,n)u(i,n)dEdn=go<x,y)~
R

Clearly, Eq. (1.3) does not, in general, have a solution which satisfies the
boundary conditions (1.2).
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Further, for . = o we have the differential equation
a b
(1.4) ATEED L D, y) =g (x,9).

Solving Eq. (1.4) subject to the boundary conditions (1.2) is equivalent to
solving the following Fredholm integral equation:
1

(1.3) u(x,y)=~/o(x,y) G(x,0)u(s,y) ds,
¢

where

__i{oﬂ sin £mx sip &nc _Sx(l—c) for o<x<o<1,
(1.6) G<x’6>-ﬂ2k‘=’1 & " lo(1—x) for o<oc<x<1,
and

1

(1.7 folw9)=— [ g (o,9) do.

0

It is well known that the eigenvalues and eigenfunctions of the symmetric
kernel G (x,0) are #n2 and ®,(x) = J2 sin Anx, respectively. Thus, if

n2, ie., if

(1.8) Ay = s (f=1,2,3,--")

then Eq. (1.4) has a unique solution which is given by the formula
1
A— A—
(1) @) =3 he,y) G [Tl o 5 6,5 da,
0
where I' (x ,6;v) is the resolvent of the kernel G (x, o):

(I.IO) F(x’ c; V) — 2 sin Anx sin Anc '

TRy

The solution can also be given in the form

(11) w(e, ) =30 (x,9) +7 szljz;k e
L
with
1
(1.12) f0,k<3/>=V;{fo(x,y)sin/mxdx, E=1,2,3,

0
Further, if A =2, for some index 4o, then Eq. (1.4) has a solution, not
uniquely determined, if and only if f ; () = 0 for o< y< 1. In this case
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the solution is given by the formula
(r.13) w(x,y)=0—k)folx,y) +

+O—HKT B2 EM—I— @ (y) sink mx
| &
where @ (y) is an arbitrary function continuous in the interval o< y< 1.

Finally, for A =1 Eq. (1.1) reduces to the following simple integro-
differential equation:

) P g b [ Ryt me @ azay.
R

We can easily show that solving Eq. (1.14) subject to the boundary condi-
tions (1.2) is equivalent to solving the Fredholm integral equation:

(L.13) u(x,y>=fo<x,y>+uf H(x,y:8,m)u(,ndEdn,
R

where
1

(1.16) H(x,y;i,n)sz(x,c)K(c,y;E,n)dc.
b

The kernel H (x,y;&,7) is not symmetric, in general. By the theory of
integral equations Eq. (1.15) has a unique solution for sufficiently small p.

7 0)

Clearly, the numbers A, defined by Eq. (1.8) lie in the interval‘ - :_

and form a monotonic increasing sequence approaching zero:

(1.17) ;2<7\1<7\2<---<7\,e<--‘<0 , lim) =o0.
I—m k—>o00

In the following we always assume A==o.

2. SOLUTION FOR SMALL .

In this section we deal with the boundary value problem (1.1)-(1.2)
for sufficiently small w. For this purpose we seek a solution of the form

u (x,y) = E V-n%n<x:y)!
(2.1) #=0

u,(0,¥)=u,(1,y)=0 for o<y<<1, n=0,1,2, --

Substituting (2.1) into (1.1) and comparing the coefficients of w” on both
sides, we find

AEIED) L=y, 9) = g0 (79D,

(2.2) ‘ :-)2un(x,y) +O\_—I)% (x y) JfK(x ¥, Z ‘Y])%n I(EJ 'Y]) dad'f],

( n = 2 3’...
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Note that the first equation in (2.2) is exactly the same as Eq. (1.4) whose
solution is discussed in § 1. Further, we can easily verify that each #, (x, y),
for »> 1, satisfies the Fredholm integral equation

@ w=—3[[HE it e e

1
+1;‘fe<x,c>u,,<c,y>dc,
0

where H (v, y; &, ) is given by Eq. (1.15). Thus, if A==, then Eq. (2.3)
has a unique solution given by the formula:

(24 u,(r,y) Z*%ffﬂ(x,y;i,n;k—:—l)un_l &, m)dEdn,
R

where
1

(2.5) Q(x,y;?:'_,,n;v):H(x,y;E,n)—}—vfl’(x,c;v)H(c,y;i,v))dc.

0

If X =2, for some £ = Ao, then Eq. (2.3) has a solution, not uniquely deter-
mined, if and only if

111

(2.6) f{fH(x,y;E,n)u,,_l(&,n)sinéonxdidv)dx:O

000

holds for o<<y< 1. In this case the solution is of the form

fulr o)+ Bz B Lt

@7) w2, 9)=(1—k ) yo—
btk 0

+®,(y) sinkomx

where ®, (¥) is an arbitrary continuous function in the interval o< y< 1,
and
1

fo<xf,y>=—fe<x,c>go (c,9)ds,

0

0o | @ =—[[HE it Do i =123
R

1
fn,k<y):V;ffn(x,y>5inknxdxy 'é:I)Z’?)y"" 7n=0,1,2,"--"
0

The above recursive process works if we can choose the arbitrary functions
Do (y), ®1(»), -+, D,(¥), -+ in such a manner that the orthogonality
condition (2.6) will be satisfied for any 7.
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To establish the convergence of the series (2.1) we first introduce the
notation ‘

(2.9) lw | = mﬁx |w (x, )|

for any w = w (x, ¥) defined on R, and

H = Hj’le@,y;a,n)ldadnH , K=M|K<x,y;e,n>1dadn

(2.10)

K

where v = 7‘71 . Note that iffo}|<%|[g0 H,H<%K and Q,<(14|v|I')H

by Egs. (1.7), (1.15), (2.5) and (2.10). Further, by virtue of Eqs. (1.9) and
(2.4), we may write

r = Hof| F'x,o;v)|ds Qv=HIJIQ(x,y;i,n;v)IdEdV)

%0‘ I+||Pv
(2'“)31 )

v Qv”I‘f“'\)I‘v 1
I %, T ”u” 1|I<<l)\1)“—%;f“’ n:I)ZJ?)y"'

and, by Eqgs. (1.4) and (2.2),

32 24, 8+|v‘+v2I‘,.
( S“ x2 82| ;gOh’
021ty I'))(K Q,
? 9;?2 (I+|VI )( +' ’ )( ) ”g()Il n=1,2,3, -

Clearly, the series

et v T,
(2.13) XS (R T
and
\ V2I‘v - v Fv v v, i Qv "
1o T g |+ X OELITIER 0 (Bt

dominate the series E w* u, (x,y) and E w” 9u"h(x’ylrespectwely, and both

converge for

(2.15) lul<gh-

Oun (%,y)
ox

established similarly. Thus, the series (2.1) converges absolutely and uniformly
on the square R, and can be twice differentiated term by term with respect

The uniform and absolute convergence of the series Z W - can be
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to x for p satisfying the inequality (2.15), where A==2,. Hence, assuming
that A <=0, we have the following

THEOREM 1. For A=k, and for u satisfying the inequality (2.13), there

exists a wunique solution wu(x,y), given by Eq. (2.1), of the boundary value
problem (1.1)—(1.2).

BIBLIOGRAPHY.

[1] M. PicoNE and T. VIOLA, Lezioni sulla Teoria Moderna dell’ Integrazione, Edizioni
Scientifiche Einaudi, Roma 1952.

[2] V. 1. SMIRNOV, Zntegral Equations and Partial Differential Equations. Volume IV — A
Course of Higher Mathematics, Pergamon Press, Oxford-London-Edinburgh-New
York—Paris-Frankfurt 1964.



