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Teoria dei controlli.— O the optimization in distributed parameter
control systems ©. Nota di MEnMET Namix OGuzTORELI Y, presen-
tata “*? dal Socio M. Piconk.

R1AssuNTO. — L’A. stabilisce in questo lavoro l’esistenza e l'unicithi dei controlli
ottimali per un sistema ordinario con parametri distribuiti spettante ad un funzionale qua-
dratico —il costo prescelto.

In this paper we study the existence and uniqueness of optimal controls
for a one-dimensional linear distributed parameter control system with a
quadratic cost functional. Admissible controls satisfy certain boundary and
integral constraints. The trigonometric method in [1]-[3] is used in the
construction of the optimal control. It is shown that optimal controls satisfy
an integro-partial differential equation of the second order.

1. INTRODUCTION.

Consider a one-dimensional distributed parameter control system defin-
ed for o <x <w and 0 <# <=, where x and ¢ are the spatial and time
variables, respectively. Put

(1.1) R:{O‘,x)‘ogtgn,ogxgrc}.

The system is described by an énput-output relationship of the form

(1.2) u(t,x):@(z‘,x)—i—ff]((z‘,x;r,ﬁ)v(‘r,g)didﬂr

for (¢,%) €R, where v (#,x) and u (¢, x) represent the input (control) and
the output variables at (¢,%), and ® (z,x) and K (¢,x;7,£) are given
functions which are continuous for (¢, x), (v,&) € R. A control v (z,x) is
said to be admissible if it is continuous and twice differentiable with respect
to x on R and if it satisfies the conditions

(1.3) v(#,0)=v(@,n)=o0 for o<z<m,
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and

7

(1.4) |f [@%’;ﬁrdx dr— 1.
JR

We denote by V the set of all admissible controls.
The performance of the system under a control v (¢, x) is measured by
the cost functional

(1.5) J @ ::ff{%z (z,x) + 02 (¢, %)} dx dt,

where % (¢, x) is given by (1.2).

In this paper we deal with the following optimization problem:

Find an admissible control 1° (¢, x) for which the cost functional | (v)
acnieves its minimum on V.

Such a control will be called optimal.

Clearly, the method of Lagramge multipliers can be employed in the
optimization problem formulated above. Accordingly, consider the functional

v

(2,2)
v J\de daz,

(1.6) F(v)sz?uz(t,x)~i—v2(l,x)—p.
K

where . is the Lagrange multiplier. The Euler-Lagrange equation associated
with the functional F (v) is the following integro-partial differential equation:

Ry (¢, x)

(1.7) w—mm  — v x) =07, %)+ fJ-Kl(z‘,x;c,v;) v(o,7) dy do,
K

where

(1.8) cpla,x):f K (c,E;¢,%) ®(c, 8) dE dr,

and

(1.9) K1<z‘,x;c,v]):f K@, 2;7,8) K(z,&;0,n)dEdr.
K

We shall see in the next section that p >o. Thus, any optimal control
satisfies Eq. (1.7) with a certain u, subject to the conditions (1.3).

2. CONSTRUCTION OF AN OPTIMAL CONTROL.

Consider the Hilbert space % = L2 (R) of functions v = v (¢#,x) which
are square integrable on R. We have VC, and the functional J (2) is strongly
continuous on V and J (¥) > o for all v€V.
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Consider the functions

2.1 v, (t,2) = Y, o sin jzsin Ax, m=1,2,3, --
bt % J 3

Jrk=1

where the a;,’s are constants. Clearly, any v, (¢, x) satisfies the conditions
(1.3). Hence v, (¢, x) is admissible if it satisfies the condition (1.4), that is, if

o 12 ”
(2.2) // % 2 ko sin ji cos kx% dr dz = —TA? E P o(?k =1.
./R./ 7,k=1 ) k=1
Put a:(djk>,j’é::]:’...’%, and

(23) Jo(@) =] @)

The function f, (&) is a positive definite quadratic form in the variables o.
Since f, () is continuous on the surface o, of the »?-dimensional ellipsoid
defined by (2.2) and 6,2 is compact, f, («) achieves its minimum at some point
ol € G2 . Put

n

(2.4) ) t,x) =3 oc]q,g sin y¢ sin kx
=

and

(2:5) = fo (&) = min £, () = J @).

We have pf > o0 and p) <y for any ». Hence the sequence {0} is con-
vergent:
(2.6) u) = lim p) = lim J (23).

7—>00 7n—>00
Note that u® > o. By virtue of the convergence of the sequence {92} and
of the condition (1.4), we see that the sequences {u, (z,x)}, {v) (¢, x)} and
\ 20 (2,1 ;
3%% are all bounded, and therefore weakly compact in V. Thus we can
extract sﬁbgequences from these sequences, converging weakly to certain
functions #° (¢, x), 2% (¢, x) and /% (¢, x), respectively, belonging to V:

%2(!,)6)5 (D@,x)—l“ffK@,x;T,@'Ug(”-',a)dZd‘r-——w»%O(z‘,x)

=0 @¢,x) + {fK(z‘,x;r,E)vO(f,E)didf,

R

0 w 0 SU:U’X) w
(z.7) U, (L, x)—> v (¢, %) , (¢, %),

ox
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with

(2.8) f {[o®(, ) + [° ¢, 2)]2}da de = po Jf/zz (Z,x)dxds = 1.

R

In the following, we show that the function 0 (¢, x) is the required optimal
control.

First of all, % (¢, x) satisfies the conditions (1.3). We now show that
0 (¢, x) is twice differentiable with respect to x in R, and

20 (¢,
(2.9) B,z =200

almost everywhere in R. Indeed, we know that the positive definite form
f» (%) assumes its minimum p5, subject to the constraint (1.4), at the point
«® €c,:. By the method of Lagrange multipliers we have

(2.10) -S-%; % Fo () — / / L?; ko sin st sin kxT% dedt=o

for o = o9, which yield the equations

) S 0 Sug (¢, %) 0 .
(2.11) / 2%,, (z‘,x)T—l—vn (¢, x) sin j¢ sin fx
K 7
0 302 (Z‘ ’ x) . . ?
— ksm]tcoséxsdxdtz o
forj,2=1,---,n Multiplying each of the equations (2.11) by an arbitrary

constant y% and summing over j and % from 1 to z, and manipulating on
the first term, we obtain

(2.12) f/ 3[@1@‘,%)—!—[/Kl(t,x;c,n)vﬂ(c,n)dcdv)—!—vg (#,2)Q, (#, %)
R R

0 (%) 3Q,(t,%) 1 B
" 5% o gd"d"“o’

where
(2.13) Q,(,x) = X P sin j¢sin kx.
Jhrk=1

Integrating by parts the last term in (2.12), and taking into account the
conditions (1.3), we find

(2.14) H%[@l(z,@+ffK1<z,x;G,V))v£<c,n>dndc+y2<z,x> Q. (¢, %)

°Q, (2,2

2 drdz=o.

—pgﬂg(f,ﬂf)
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We now select arbitrarily a twice continuously differentiable function Q (¢, x)
such that

(2.138) Q@#,0=Q(¢#,m=o0 for o<t< .

Clearly, we can choose the coefficients Y;('Z) in such a manner that
(2.16) lim ﬂ|Q$’><z,x)—Q@(z,x)Fdxdz:o (¢t=o0,1,2)
n—»00 J
)

where Q¥ (¢,x) and Q¥ (¢, %) denote the partial derivatives with respect
to x of Q,(¢,x) and Q (¢, x) of order ¢, respectively. Then, passing to the
limit as # —> oo in (2.12) and (2.14), and taking into account the relations
(2.6) and (2.7), we find

(2.17) ffgw(z,@g(z,@—w;;@,x)a‘?é+")gdxdz=o

and

(2.18) U w(t, %) Q%) —pd o (£, x) LD

dx df = o,

where

(2.19) w<z,x>=<I>1<r,x>+v0<z,x>+UKI<x,x;c,n>v°<c,n>dndc.

Clearly w (¢, x) € L? (R). Consider the function

(2.20) W(z‘,x)z—fG(x,&)w(z‘,E)di,
0

where

S f?.@::.fi for ggx}

T
( z(E—8) for x <E&.
We then have

S FPW (£, x)

(2.22) =w (¢, x) for (#,x)€R,

W{E,00=W({,m)=o0 for o<t <.

By virtue of Eq. (2.15) and (2.22), an integration by parts in the first term
of Eq. (2.18) leads us to the following equality:

(2.23) H[W(z B)— o0 (¢, )] S0 2oL drdr=o.
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Note that the function

G2  QE=—[GE. DIV D—wE D
6
is in L% (R) and twice differentiable with respect to x on R. Further
2
@25) SRR -WEn—wan . QEo)=Q¢ =0

almost everywhere in R. Thus, combining Egs. (2.23)-(2.25), we obtain

(2.26) f([W (¢, 2) —pd (¢, x)>dx dt = 0.
Therefore
(2.27) oo (z,x) =W (¢, x),

almost everywhere in R; and, since the function W(z, x) satisfies Eq. (2.23),
we have

2_0
(2.28) uoa—zj—égé-’ﬂ —vo(z‘,x)———-@1(2‘,9&)—{—[]1{1@,5‘5;G,VDUO(G:Y])CIV] do,
K

ie., the function 2°(¢,x) is twice differentiable in R and it satisfies the
Euler-Lagrange equation (1.7).

We now establish Eq. (2.9). To this end, let us integrate by parts Eq.
(2.18). Then, on account of the conditions (1.3) and (2.15), we obtain

(2.20) U w (t,7)Q(t, ) —po LA D Hgpqr = o,

or, subtracting (2.17) form (2.29),

(2.30) f“—a”—"g;i‘)——ﬁ(z,x) Q8D grdr=o.
R

Since Q (¢, x) satisfies Eqs. (2.15) and is continuously differentiable in x,
~ but otherwise arbitrary, we can easily show that Eq. (2.9) is valid almost
everywhere in R.

Thus the control 20 (¢, x) is admissible and, by virtue of Egs. (2.8) and
the definition of wf it is optimal, as asserted.

3. UNIQUENESS OF THE OPTIMAL CONTROLS.

In the previous section we constructed the optimal control 2°(z, x).
Suppose that we have another optimal solution, say ¢! (#,x). Consider the
function v (#,x) =2 (¢,x) —o! (#,x). Since both 20(¢,x) and 2! (¢, x)
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satisfy Eq. (1.7) with w = p® >0, we have

o, x

(3.1) p,OT):v(z‘,x)—]—Jle(t,x;c,vﬁv(c,n)dndc
K

for (¢,x)€R, and v (#,0) =v(¢,n) =0 for 0 <# <m. According to Egs.
(2.20)—(2.22), the solution of Eq. (3.1) subject of the boundary conditions
v(t,0)=v(,n) =o0 for o <¢ <=, satisfies the integral equation

(3.2) wWoit,x)=— |G, lv# 8+ || Ki# E;06,m)v(c,n) dnds|dE.
] f

Thus the uniqueness of the optimal control 20 (¢, x) is equivalent of the uni-
queness of the solution v (¢, x) = o of Eq. (3.2).
For further discussion on this subject we refer to [5].
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