
ATTI ACCADEMIA NAZIONALE DEI LINCEI

CLASSE SCIENZE FISICHE MATEMATICHE NATURALI

RENDICONTI

Mehmet Namik Oğuztöreli

On the optimization in distributed parameter control
systems

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche,
Matematiche e Naturali. Rendiconti, Serie 8, Vol. 47 (1969), n.6, p. 479–485.
Accademia Nazionale dei Lincei

<http://www.bdim.eu/item?id=RLINA_1969_8_47_6_479_0>

L’utilizzo e la stampa di questo documento digitale è consentito liberamente per motivi di
ricerca e studio. Non è consentito l’utilizzo dello stesso per motivi commerciali. Tutte le
copie di questo documento devono riportare questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)

SIMAI & UMI
http://www.bdim.eu/

http://www.bdim.eu/item?id=RLINA_1969_8_47_6_479_0
http://www.bdim.eu/


Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche, Matematiche e
Naturali. Rendiconti, Accademia Nazionale dei Lincei, 1969.



t 199] Mehmet Namik Oguztöreli, On the optimization in distributed, ecc. 479

Teoria dei controlli. — On the optimization in distributed parameter 
control system se). Nota di M ehm et Nam ik O g u z t ö r e l i^ ,  presen­
tata^*^ dal Socio M. P icon e.

R iassu n to . L’A. stabilisce in questo lavoro l’esistenza e l’unicità dei controlli 
ottimali per un sistema ordinario con parametri distribuiti spettante ad un funzionale qua­
dratico -  il costo prescelto.

In this paper we study the existence and uniqueness of optimal controls 
for a one-dimensional linear distributed parameter control system with a 
quadratic cost functional. Admissible controls satisfy certain boundary and 
integral constraints. The trigonometric method in [ i]-[3 ] is used in the 
construction of the optimal control. It is shown that optimal controls satisfy 
an integro-partial differential equation of the second order.

Consider a one-dimensional distributed parameter control system defin­
ed for o <  x  <  7i: and o <  /  <  tc, where a: and t  are the spatial and time 
variables, respectively. Put

The system is described by an input-output relationship of the form

for ( t , x )  6 R, where v ( t , x) and u ( t , x) represent the input {control) and 
the output variables at { t , x), and <E> ( t , x) and K ( t  , x  ;x  ,%) are given  
functions which are continuous for ( t , x) , ( t  , £) 6 R. A  control v ( t , x) is 
said to be admissible if it is continuous and twice differentiable with respect 
to x  on R and if it satisfies the conditions

(A3) v ( t , d) =  v ( t , tc) =  o for o <  t  <  7T,

(*)■ Tilis work has been supported by the National Research Council of Canada by 
Grant NRC-A4345 through the University of Alberta.

(**) Department of Mathematics, University of Alberta, Edmonton 7, Alberta, Canada. 
(***) Nella seduta del 15 novembre 1969.

I. Introduction.

( I . I ) R =  { ( t , x ) \ o  <  t  <  TZ , O <  X <  Tt} .

(1.2)
R
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and

(i-4)
dv ( t , x) j2

di J dx dt i .

We denote by V  the set of all admissible controls.
The performance of the system under a control v ( t , x) is measured by 

the cost functional

(1.5) J (v) =  { u2i (ß » x) +  v2 (ß > x) } dx dt,
R

where u ( t , x) is given by (1.2).
In this paper we deal with the following optimization problem:
F ind an admissible control v° ( t , x) fo r  which the cost functional J (v) 

acnieves its minimum on V.
Such a control will be called optimal.
Clearly, the method of Lagrange multipliers can be employed in the 

optimization problem formulated above. Accordingly, consider the functional

( 1.6 ) F (v) =  )
R

U2 (t , X) +  V2 (t , X) --- [X dv ( t , x)Z  
dx dx d t ,

where [jl is the Lagrange multiplier. The Euler-Lagrange equation associated 
with the functional F (v) is the following integro-partial differential equation:

(1.7) [X —  v (t ,x )  =  ,x )  +  I j  K i ( t , X ; a ,-ti) v (a  ,ri) dvida,

where

(ï.8) Ol ( t , x ) =  K ( t  ® (T ,Ç )d  I d t ,
R

and

(i-9) Ki ( t , x  ; er, 7)) K . I )  K  ( t  , \  ; a  , y\) dÇ d r .

R

We shall see in the next section that [x >  o. Thus, any optimal control 
satisfies Eq. (1.7) with a certain (x, subject to the conditions (1.3).

2. C o n st r u c t io n  of a n  O pt im a l  C o n t r o l .

Consider the Hilbert space ^  =  L2 (R) of functions v — v ( t , x) which 
are square integrable on R. We have V C ty, and the functional J (v) is strongly 
continuous on V  and J (v) >  0 for all v e V.
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Consider the functions

(2.1) ( t , x) — 2  ĵk sin j t  sin k x , (n =  1 , 2 , 3 , • • • )

where the ocŷ ’s are constants. Clearly, any vn ( t , x) satisfies the conditions
(1.3). Hence vn ( t , x) is admissible if it satisfies the condition (1.4), that is, if

(2.2) y  \ n )2 t?  n 2 9I 2  s in //  cos /fer d;r d/ =  —— ^  Jz o%k =  1 . 
/ (y,^=i ) 4 7,̂ =1

Put a =  (&jk) , j  — 1 , • • •, n, and

(2.3) / .(« )  =  J W -

The function (a) is a positive definite quadratic form in the variables 0Ljk. 
Since f n (a) is continuous on the surface <sn% of the ^-dim ensional ellipsoid 
defined by (2.2) and Gn* is compact, f n (a) achieves its minimum at some point 
a0 € <jn2. Put

(2.4) 

and

(2 .5)

' ( t , x) — 2  °h'k sin j t  sin kx
J,k=i

= / *  (a°) =  m in /,, (a) =  J (z£).
a 0̂ 2

We have >  o and ^ +1 <  [xJJ for any Hence the sequence { [x̂ } is con­
vergent:

(2.6) [x° =  lim \±n =  lim J (v^).
n —>• 00 n —> 00

Note that [x° >  o. By virtue of the convergence of the sequence { and 
of the condition (1.4), we see that the sequences { un ( t , x )}  , {v*n ( t , x)}  and 
\ dvl(tiX) )
.̂.....—..—  ̂ are all hounded, and therefore weakly compact in V. Thus we can

extract subsequences from these sequences, converging weakly to certain 
functions uS ( t , x) , v° ( t , x) and h ( t , x), respectively, belonging to V:

un( t , x) =  <D ( t , x) +  jj K ( t , x  ; t  , Ç) ^  (t,  £) d£ dr  — (V , x)
R

=  $  ( t, x) +  jj  K ( t , x  ; T , £) (t  , £) d£ dr,

u / ,  \ w 0 / ,  \^  ( /  , X ) ----- ► V i t , X)
3vl { t, x)

(2 -7) ■A ( t , x ) ,
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with

(2.8) {[u° ( t , x ) ] 2 +  [v° ( t , x ) ] 2 } àx dt =  [x° , i l  ( t , x) dx dt =  1.

In the following, we show that the function v° ( t , x) is the required optimal 
control.

First of all, v° ( t , x) satisfies the conditions (1.3). We now show that 
v° ( t , x) is twice differentiable with respect to x  in R, and

(2-9) h ( t , x) __ dz/° ( t , X)
dx

almost everywhere in R. Indeed, we know that the positive definite form 
/„(oc) assumes its minimum fx̂ , subject to the constraint (1.4), at the point 
oc°EGnt. By the method of Lagrange multipliers we have

4(2 .10)

for oc =  a0, which yield the equations

(2.11) jj  I u l ( t , x )

2  kt*.# sin j t  sin kx
j , k = 1

dx dt =  o

$ 0 ,, -, 2ul{ t ,x)  0
r*  1- vn ( t , x) sin j t  sin kx

ßK

0 dv*n (Lx) . )
—  ^ — - k sin j t  cos kx  ̂  dx dt  =  o

for y , k =  I , • • - , n. Multiplying each of the equations (2.11) by an arbitrary 
constant yW and summing over j  and k from 1 to n, and manipulating on 
the first term, we obtain

(2 .12)

where

(2.13)

+  / 1 Ki ( t , a: ; a , 7)) v°n (a , tj) der dvj + v l ( t ,  x) Q* (t, x)

„0  K ( * ’x ) SQn ( t , x ) \  
^  dx Sx ) dx dt — o ,

Qn (f > x) =  2  Yŷ  sin j t  sin k x . 
y,£=i

Integrating by parts the last term in (2.12), and taking into account the 
conditions (1.3), we find

(2.14) $ 1  ( t , X) +  jj  Kl ( t , X ; G , 7]) v i  (a , 4 ) dyj d<r - \ - v l ( t ,  x ) Q„ (t,  x)

I v i  ( t , x) ~ I  dx dt o .
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We now select arbitrarily a twice continuously differentiable function Q ( t , x) 
such that

(2.15) Q ( t , o) =  Q ( t , tu) =  o for o <  t  <  n .

Clearly, we can choose the coefficients yj*> in such a manner that

(2.16) lim f  f I Q{n ( t , x) —  Q(‘} ( t , x) |2 dx dt =  o (i — 0 , 1 ,  2)
n->co J J

R

where Q(nz) ( t , x) and Q(z) ( t , #) denote the partial derivatives with respect 
to x  of Qn ( t , x) and Q ( t , x) of order z, respectively. Then, passing to the 
limit as n -> 00 in (2.12) and (2.14), and taking into account the relations 
(2.6) and (2.7), we find

(2.17) j j \ w ( t ì x ) Q ( t ì x) — y ? k { t ì x) j dx dt  =  o
R

and

(2.18) JJ jzv ( t , x) Q ( t , x) —  n° v° ( t , *) - -.j Ar =  o ,
R

where

(2.19) w ( t , x )  =  <!>! (7 , x) + V 0 ( t , x )  +  I I K t (t , x  ; <t , yj) t-0 (cr, yj) dyj d a .
R

Clearly w  ( t , x) € L2 (R). Consider the function

(2.20) W  ( t , x) =  —  J  G (pc , £) (V, £) dÇ,
0

where

We then have

G (x ,Ç) =

£ (tt— ;e;
TV

x (tt — g)
TC

for . Ç <  # ,  

for ^

(2.22)
1 =  w(t> x) for (f, x) e R ,

\ W (V , o) =  W ( t , 7t) =  o for o <  t  <  re.

By virtue of Eq. (2.15) and (2.22), an integration by parts in the first term 
of Eq. (2.1$) leads us to the following equality:

[W (t , x ) —  v° ( t , x)] 3 -% ^ ’X'>
R

(2.23) dx dt =  o .
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Note that the function
71

(2.24) Q ( t , x )  =  — J  G (x , Ç) [W ( t , l )  —  [J,0 27° ( t , l)] d%
0

is in L2 (R) and twice differentiable with respect to r  on R. Further 

(2-2S) 8 ^ 2 ’x) =  W ( t , x) —  (X» v° ( t , x) , Q ( « , o )  =  Q(if,7ü) =  0

almost everywhere in R. Thus, combining Eqs. (2.23)-(2.25), we obtain

(2.26)

Therefore

(2.27)

j I [W (V , #) —  (jl° (V , ;r)]2 d# At —

[x° v° ( t , x) =  W (V , #),

almost everywhere in R; and, since the function W (t, x) satisfies Eq. (2.23), 
we have

(2.28) ^  —  v° (t, x) =  $1 (t, X)  +  J
R

Kl (/, #  ; G , 7j) (<T , 7]) dvj do-,

i.e., the function v° (V, #) is twice differentiable in R and it satisfies the 
Euler-Lagrange equation (1.7).

We now establish Eq. (2.9). To this end, let us integrate by parts Eq. 
(2.18). Then, on account of the conditions (1.3) and (2.15), we obtain

(2.29) w ( t  , x ) Q ( t  , x)  —  |A° dv° ( t , x) 3Q { t , x) 
dx dx

Ax At =  o,

or, subtracting (2.17) form (2.29),

(2.30)
dv° (t , X)

dx h ( t , x) 9Q (t , x)
dx Ax At =  o .

Since Q ( / ,  x) satisfies Eqs. (2.15) and is continuously differentiable in x, 
but otherwise arbitrary, we can easily show that Eq. (2.9) is valid almost 
everywhere in R.

Thus the control v° ( t , x) is admissible and, by virtue o f Eqs. (2.8) and 
the definition of p,0, it- is optimal, as asserted.

3. U n iq u e n e s s  of t h e  O pt im a l  C o n t r o ls .

In the previous section we constructed the optimal control v° ( t , x). 
Suppose that we have another optimal solution, say v1 ( t , x). Consider the 
function v ( t , x) =  v° ( t , x) —  v1 ( t , x). Since both v° ( t , x) and v1 ( t , x)
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satisfy Eq. (1.7) with p. =  p,0 >  o, we have

( 3-0
o 32v( t , x )  _

dx2 =  v ( t , x )  fi- Ki ( t , #  ; a  , yj) v  (g , 7)) dï) d a

R

for ( / , ^ ) e R ,  and z/ ( / ,  o) =  z> (V, 7u) =  o for o <  t <  tu. According to Eqs. 
(2.20)—(2.22), the solution of Eq. (3.1) subject of the boundary conditions 
v ( t , o) =  v ( t , tu) — o for o <  /  <  7T, satisfies the integral equation

JT
(3.2) (A0 y (t, x) =  —  j G ( x  ,%) v (t,  £) +  j j  Ki (/, £ ; a , tj) v (a , tj) drj d(7 d L

Thus the uniqueness of the optimal control z»0 (/ , x)  is equivalent of the uni­
queness of the solution v ( t , x)  — o of Eq. (3.2).

For further discussion on this subject we refer to [5].
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