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Matematica. — A  new approach to the definition of topological 
degree fo r  m ulti-va lued  mappings. Nota di A r r ig o  C e l l i n a  e 
A n d r z e j  L a s o t a  presen ta tan  dal Socio G. S a n s o n e .

RIASSUNTO. —  Si usa un teorema di approssimazione precedentemente dimostrato 
dal primo autore per ottenere una nuova dimostrazione del teorema antipodale per appli­
cazioni multivoche e per definire il grado topologico per le stesse.

I n t r o d u c t io n .

The approxim ation theorem  proved in [1] perm its us to obtain new simple 
proofs of fixed point theorem s for m ulti-valued mappings. In  this Note 
we shall show how it is possible to apply it to a larger class of problems 
for m ulti-valued m appings. We use it to get a new proof of the theorem  on 
antipodes for m ulti-valued m appings [3], and we use it to define the topolo­
gical degree for m ulti-valued m appings [2], [5]. The point is th a t this approach 
is quite elem entary and does not require any knowledge of homology theory. 
M oreover we can im m ediately get these theorem s for m ulti-valued m app­
ings in m etric locally convex spaces starting from the known theorem s for 
single-valued m appings in finite dimensional spaces. An additional advan­
tage of our approach is th a t the proof of the A ntipodal Theorem  for m ulti­
valued m appings can be obtained independently of the definition and pro­
perties of topological degree. For this reason we present it at the beginning.

A  draw back of the m ethod is th a t it requires the m apping to be convex­
valued and therefore does not yield the extension of the theory of topological 
degree to acyclic m appings defined on Euclidean space (as presented in [4]).

N o ta tio n s  a n d  b a sic  d e f in it io n s .

If  S is a m etric space, ^   ̂e S, then d  (x , s) denotes the distance of 
from s. If  Z is also a m etric space, S X Z is a metric space with d  ((s , # ) , ( # ,  y)) =  
=  m ax {d (s , x) , d  (z , y)}. For A C S , d  (x , A) =  inf {d (x i y) : y  e A}. The 
separation of A  from  B, d* (A , B) is defined to be sup {d ( x , B) : x  € A}. 
An open ball about x  of radius e >  o is denoted by B [x , s]. We also set 
B [A  , s] =  {y  c S : d  (y  , A) <  s}. For A contained in the metric linear 
space Y , SA denotes the boundary of A, A  its closure, and ~coA the closed 
convex hull of A.

2Y is the set of subsets of Y, K (Y) the set of convex subsets of Y and 
CK (Y) the set of closed convex subsets of Y. A  m apping F : S -> 2Y can be 
considered as a m ulti-valued m apping from S into Y. For A C S  we set

(*) Nella seduta del 13 dicembre 1969.
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F (A) =  U r o ) .  The set T (S) will be called the range of T and is denoted
x  €• A.

by R (F). By the graph  G of the m apping F we m ean the subset of S x  Y 
defined by

G =  {(s , y) : s e S  and y e  F (j)} .

A  m apping F : S -> 2Y is called upper semi-continuous (u.s.c.) at .5* if 
T 0 ) =}= 0  and if given s' >  o there exists a 8 >  o such tha t T (B [s , 8]) C 
C B [ r  (s) , s]. r  is called u.s.c. on S if it is u.s.c. at each point  ̂ e S.

A u.s.c. m apping F : S -> 2Y is called compact when its range is pre- 
compact, and it is called finite dimensional when its range is contained in 
a finite dimensional space.

The im bedding m apping from S C X  into X is denoted by i. A  m app­
ing <D ; S -> CK (X) of the form  O =  i —  T, where T is u.s.c. and compact 
(finite dimensional) is called a compact (finite dimensional) vector field.

The same definitions hold for single-valued m appings. For example, 
9 : S -^  X is a com pact vector field when f  — i  —  ® is a continuous com pact 
m apping.

B a s ic  a p p r o x im a t io n  t h e o r e m .

O ur results are based on the following Approxim ation Theorem  [1] and 
a simple Lem m a.

THEOREM i . Let X be a metric space, Y a metric locally convex space, 
F : X —> C K (Y) a u.s.c. mapping such that R (T) is totally bounded. Then 

fo r  s >  0 arbitrary, there exists a continuous single-valued mapping 
f  : X - ^ ^ R  (F) depending on s, such that

d* (F , G) <  £

where F  and  G are the graphs of f  and F respectively. Moreover the range of f  
is contained in a finite dimensional subs pace of Y .

Lem m a i. Let X and Y  be metric spaces, F : X —>'2Y a u.s.c. multi­
valued mapping and let f n : X  -> Y  be such that d* (Fn , G) o where F^ 
and G are the graphs of f n and  F respectively . Then i f  (xn , y n) C Fn and 
0 «  , Vn) -> (x0, , y o)>

Oo. yd) c G.
Since the convergence introduced in the preceding Lem m a will often be 

used in w hat follows, we introduce the following definition.

Definition 1. Let X and Y be m etric spaces, F : X ^ 2 Y a m ulti-valued 
m apping; we say th a t a sequence {F^} of m ulti-valued m appings from  X 
into 2Y convèrges to F (denoted by Fn -> T) when

d* (Gn , G) -> o

where G^ and G are the graphs of Fn and F. The same definition holds when 
r*  are single-valued.
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T h e  a n t ip o d a l  t h e o r e m .

The following is the A ntipodal Theorem  for com pact u.s.c. m appings 
in locally convex spaces. This theorem  has been proved in [2] in Banach 
spaces.

THEOREM i. Let X be a metric locally convex space, with unit ball B. 
Let T : B CK (X) be compact u.s.c. mapping. Set ® =  i —  P and assume 
that

<1> (x ) n  XO (■— x) =  0

fo r  all o <  X <  1 and all x  e 3B. Then there exists a fixed  point of T in  B, 
i.e. fo r  some x  e B,

x  e T (x) .

Proof. By the A pproxim ation Theorem , there exists a sequence {/„} 
of single-valued m appings / „ : B - > X ,  such th a t f n -> P. S e t . <p„ =  i-— f n . 
W e claim  th a t for all n  sufficiently large, cpK (x) =j= X<pK (•— x) for all x  e 3B 
and 0 <  X <  I .

Suppose not. Then there exist sequences {xn} C 3B and {)•.„} , o <  X„ <  1, 
such th a t <p„ (xn) =  X« <pK (— x„). I t follows then th a t

( ̂  f~ Li) Xn f n (xn) f t fn  ( -f«)

Since

f n (x„)ecdR (P )  , /„  (— x„) ecöR  (P)

and XöR (T) is com pact by  a theorem  of M azur, we can assume (taking 
subsequences if necessary) th a t there exist y 0, y 16 rbR ( r )  such th a t f„ (xn) ^ y 0 
and / » ( — x f)-> y1. W e can also assume th a t X„ —> Xo. Therefore there exists 
xo e 3B, such th a t (1 +  XB) x„ X0);r0 . By Lem m a 1 it follows th a t
To e r(ar0) and jq e  r ( —  x 0), so th a t (x0— y 0) e (x 0 —  r ( ^ 0)) and X0 (— x Q —y i) e 
eXo(— xo — r ( — ^0)). On the other hand  (xo— yo) =  X0 (— xo — yi),
contradicting the hypothesis.

E a c h /«  has a finite dim ensional range. Consider its intersection with B. 
By B orsuk’s Theorem , each /„  has a fixed point, say y„ e B. Since each 
fixed point belongs to the com pact set côR (T), we can take a converging 
subsequence y K ~>y0. Again, since (yin, y if)  e Fkn (FK stands for the graph  
of /„ )  and (y kn , y kfi -> (y 0 , y 0), by  Lem m a 1 it follows th a t (y 0 , y 0) e G, 
i.e. y 0 e T (y 0).

D e f in it io n  o f  topolo g ical  d e g r e e .

L et X be a m etric locally convex space and D an open, bounded (with 
respect to the m etric d  of X) subset of X. L et 9 : D X be a finite dim en­
sional vector field. For any finite dimensional subspace Y C X containing
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the range of f  — i —  9, the topological degree of 9 |y (the restriction of cp 
to Y) at a point p e  Y \ c p ( 3D), is meaningful. We denote this degree by

(1) deg (>  , <pjY , D n  Y) .

From  known properties of the topological degree in finite dimensional spaces, 
it follows th a t (i)  does not depend on the choice of Y. Therefore we can 
define the topological degree of the finite dimensional vector field 9 : D -> X 
at the point p, setting

deg O  > <P , D) =  deg (j>, cp |Y , D n  Y) .

Definition. L et $  : D -> CK (X) be a compact vector field and let 
p £  ® (SD). Let {cpn} be a sequence of single-valued finite dimensional vector 
fields converging to O. We define the topological degree of ® to be

(2) deg (J>, €>, D) =  lim deg (j>, <p„ , D) .
n ~>oo

For the preceding definition to m ake sense, we have to show th a t:
(0  given any such <P, there exists a sequence of single-valued? finite 

dim ensional vector fields cpn converging to <D;
(ii) for n sufficiently large, p$<pn (3D), so tha t deg (p , <pn , D) is 

defined;
(in) the limit of the right hand  side of (2) exists and does not depend 

on the choice of the sequence.

Proof of (i). Set O =  i — T. By Theorem  1 there exists a sequence 
of finite dimensional m appings { fn} ( f n : D -> co R (T)) converging to T. It 
is easy to see then th a t <pn =  i  —  f n converges to <D.

Proof of (ii). Suppose the claim false, then there exists a sequence of 
integers {k„} such th a t p  =  xin— f kn(xki)  for some x ^ e  dD. It is easy to 
show th a t the compactness of R (T) yields the compactness of {fkn(x kn)} 
T aking a  subsequence if necessary, we can assume th a t f%n(xkf  converges 
to a point y 0. Then xkn converges to x 0 = y 0-{-p. By Lem m a 1 it follows 
th a t

y0 xq p € r (̂ 0), 6 s
contradicting the assum ption.

Proof ç f (Hi). To prove the claim we are going to show th a t for any 
given sequence {cpj converging to <£> and n and m  sufficiently large,

H ( t ,x )  =  tcpn (x) +  (i —  t) <pm (x) =j= p

for all t e  [0 ,11 ] and all x e d D .
Suppose hot. Then there exist two sequences of integers, {kn} and {ln}, 

a sequence of real num bers {tn}C [o , 1 ] and a sequence of points {xfiCdD  
such tha t

4 9^ OO +-(i — 4) 9in fe ) =  P •
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Therefore

tnfkn (*„) +  (I —  tn) f ln (x„) = X n— p .

In  virtue of the com pactness of To R  (T), taking subsequences if necessary, 
we can assum e th a t ,fkn ( x ^ ) ^ y 1 and f i n (x^ )-^y2, for some t0 , y 1
and y 2. I t follows then th a t x n -> x 0 for some x 0 e3D. Therefore

+  (1 —  ^o)T2 =  * o — p
or

to (x o ■ Ti) +  (1 —  to) (x o — y 2) =  P •

Since

h  C*o Ti) +  (1 —  *0) (*o —  y 2) 6 h  (i —  T) (x0) +  (1 — t0) (i —  T) (x0) 

we have

P e (? —  F) (*0) , x 0edD

contradicting the hypothesis.

P r o p e r t ie s  of topolo g ical  d e g r e e .

In  the following X is a m etric locally convex space; D , D*- are open 
and bounded subsets of X; O and are com pact vector fields defined on D
with values in CK (X).

Proposition I . If  ®, and p  € O (3D), then 

deg (P > , D )-> deg (J) , <D , D) .

Proof. I t  is easy to verify tha t for sufficiently large n \ p  I>Ä (3D), 
so th a t deg (p , <£>n , D) is m eaningful. For each n let {9^} be a sequence 
of single-valued, finite dimensional vector fields, such th a t (pn£-+ oo),
Choosjng subsequences if necessary, we can assume th a t deg (j> , <pm- , D) =  
=  deg;.C^,®«,D) for i> n .  I t is easy to check th a t <pwn->® and consequently

deg (p ,® , D ) =  lim deg (J>, <pnn , D) = T im  deg (P , , D) .
n—>~ 00 n—> 00

CÒROLLARY. Let 9 : X be a single-valued vector fie ld  such that
9 (x) € ® (x) fo r  all x  e D.

deg (/>, 9 , D) =  deg (p , O , D)

whenever the right-hand side is meaningful.

Proposition 2. Let ®o , ®i be homotopic avoiding the point 7 , i.e. there 
is a family (/ € [o , 1 ]) of com pact vector fields which depend continuously
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on t  (® ^-> ® , in the sense of Definition i, when tH->t) such tha t

/ < ? ® , ( 3D) , / e [ o , i ] .

Then

(3) deg (p , (D0 , D) =  deg (j> , ® i , D) .

Proof. From, Proposition 1 it follows th a t the function 8 (t) =  deg (J> , D)
is continuous. Since the range of 8 is discrete (the integers) and [o , 1] is 
connected, then 8 (f) m ust be constant.

The preceding proposition can be formulated in a stronger form using 
a different definition of hom otopy [1], [3].

Proposition 2 '. L et H =  i —  T and let T : [o , 1] x D - ^ C K  (X) be a 
u.s.c. and com pact m apping. Assume th a t H (o , •) =  ®i (•) , H [1 , •] =  €>2 (•) 
and p<t H ( t , 3D) for t e  [o , 1]. Then (3) holds.

Proof. By Theorem  1, there exists a sequence { fn} of finite dimensional 
m appings converging to T. By the usual argum ent we can show th a t for n 
sufficiently large, p  =j= x  — f n ( t , x) for all t e[o , 1] and all x  €3D. Set 9* =  
=  t — f n (o , * ) and <pl =  i — / „ ( I ,•)• Then deg (j> , <pi , D) =  deg (j>, <fn , D). 
M oreover Oi and 9^-> O2 and by Proposition 1 the assertion follows.

n
Proposition 3. If  D =  U D t- , D 2- are disjoint, and 3DZ-C 3D, then for

2 = 1
every p  € 0-(3D),

n

deg (J> » ® > D) =  X  deg (J>, O , Df) .
2=1

Proof. Since the result is true for single-valued compact vector fields, 
the proof follows from  the usual convergence argument.

T he same argum ent applies to the proof of the following

Proposition 4. If  p  and q belong to the same component of R” \ < p ( 3D),
then

deg (J? , ® , D) =  deg (q , ® , D) .

Proposition 5. If  deg (j>, 9 , D) =(= o, there exists x 0 e D such th a t 
p e O ( x 0).

Proof, By definition of topological degree there exists a sequence of 
?« (single-valued) such th a t O and deg (j> , cpn , D )-^  deg (p , ® , D). 
Therefore for each sufficiently large n, there exists xn such th a t p =  cpn (xn). 
Since the range of i  —  ® is precom pact we can assume, passing to subsequ­
ences if necessary, th a t the sequence xn —  9 (xH) is convergent. Therefore xn 
is convergent j too. Set x 0 =  lim x n . By Lem m a 1 it follows th a t p  e® (x0) 
which completes the proof.
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