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Seduta del 13 dicembre 1969 
Presiede il  Presidente B eniamino S egre

SEZIONE I
(Matematica, meccanica, astronomia, geodesia e geofisica)

Matematica. — A  theorem on the approximation of compact 
multi-valued mappings. Nota di A r r ig o  C e l l in a ,  presentata (,) 
dal Socio G. S a n so n e .

R iassunto . — Si presenta un teorema di approssimazione mediante applicazioni uni
voche, per applicazioni multivoche semicontinue superiormente, il cui codominio sia contenuto 
in un insieme compatto. Si dimostra poi un teorema di estensione per omotopia.

Introduction.

In  [ i ] it was proved th a t given an upper sem icontinuous point-to-convex 
valued m äpping T, defined on a com pact subset K  of a metric space X, it 
is always possible to “ approxim ate ” it by continuous single-valued m app
ings. Precisely it was proved th a t for any e >  o there exists a continuous 
single-valued function / ,  defined on K, such th a t d* (F  , G) <  s, where F 
and G are the graphs of /  and T, and d * m eans the separation of F  from  G 
(cfr. the definition below). As an application of this theorem , a simple proof 
of K akutan i Fixed Point Theorem  was presented.

Purpose of the present Note is to show th a t an analogous theorem  holds 
for compact m ulti-valued m appings defined over an arb itra ry  m etric space. 
N either of these results contains the other: in fact, in the theorem  we are 
going to prove, the dom ain of definition of V need not be compact, and in 
the theorem  proved in [i]  images of points were not required to be com pact 
(nor even closèd) and therefore the range of T did not need to be compact.

(*) Nella seduta del 13 dicembre 1969.
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As applications of our m ain theorem  we shall present an extension 
theorem, analogous to D ugundji’s Theorem  for single-valued m appings, 
and a hom otop y extension theorem  for m ulti-valued mappings.

N otations and basic definitions.

If  S is a metric space, x  , s e S, then d  (p c , s) denotes the distance of x  
from  If  Z is also a metric space, S X Z is a m etric space with d ((s , z) , (pc , y)) =  
=  m ax {d (s , x) , d  (z , y)}. For A  C S , d  (pc , A) — inf {d (pc , y) : y  e A}. The 
separation of A  from B, d* (A , B) is defined to be sup {d (pc , B) : x  € A}. 
A n open ball about x  of radius e >  0 is denoted by B [x , s]. W e also set 
B [A , z] =  {y  c S : d  (y  , A) <  z}. For A  contained in the m etric linear 
space Y , 3A  denotes the boundary of A, Ä  its closure, and cöA the closed 
convex hull of A.

2y is the set of subsets of Y, K (Y) the set of convex subsets of Y and 
CK  (Y) the set of closed convex subsets of Y. A  m apping F : S 2Y can be 
considered as a m ulti-valued m apping from S into Y. For A C S  we set 
T (A) =  U T O). The set T (S) will be called the range of F and is denoted

x €f A
by R-(T). By the g raph  G of the m apping F we m ean the subset of S x Y  
defined by

G =  {(s , y) : s e S and y  e T (s)} .

A  m apping T  : S -> 2 Y is called upper semi-continuous (u.s.c.) at if r(j)=(=0 
and if given e >  o there exists a S >  o such th a t T (B  [s, §]) CB[r(j) , s], 
T is called u.s.c. on S if it is u.s.c. at each point s € S.

A  u.s.c. m apping T : S -> 2Y is called compact when its range is pre
compact, and it is called finite dimensional when its range is contained in a 
finite dimensional space.

Results.

The following is the Approxim ation Theorem  for com pact m ultivalued 
m appings w ith images in a m etric locally convex space. In  its proof we 
shall assume th a t the m etric has been chosen so th a t balls are convex.

Theorem i. Let X be a metric space, Y  a metric locally convex space, 
T : X 4 CK (Y) a u.s.c. mapping such that R  (T) is totally bounded. Then 

fo r  z > 0  arbitrary, there exists a continuous single-valued mapping f :  X -> 
-> co R (T) n  B [R (F) , s], depending on z, such that

d * ( F , G ) < z
where F  and G are the graphs of f  and F.

Proof. Let

p (x , z) =  sup {8 <  s : g  x 1 e B [x , s] 9 F (B [x , s]) C B [F (pc') , e/2]} .

Since T is u.s.c., p(x, z )> o  for all j e X .  We are going to prove th a t p(-,  s) 
is a lower semi-continuous function from X to the positive reals.
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Let i ° e X .  We claim th a t

p° =  p (x°} s) <  lim p (pc, s)
X—>x°

Suppose not. Then there exists a sequence {x„}C X  , x„ x°, such tha t 
n >  N implies

Px =  P (x„ , s) <  p° —  7] ,

for some y) >  o. For a fixed Ç , o <  Ç <  7), there exists > d  (x° , x'à) =  
e —  sx , ex >  o, such tha t

r  (B [aO , pO _  Q )  C  B [r (x'o) , e/2] .

L et 7]x <  sx and M >  N such th a t n  >  M implies (#„ , x°) <  ry. Then 

T (B  [*„, p°—  Ç —  Yj1] ) C r ( B  [x° , p° Ç])CB [T (pc') , s/2]

and d  (xn , x') <  s. Therefore « >  M implies p„ >  p° — Ç i.e. lïrn p„ >

p„— Ç—  y]x. Since 7)! was arbitrary ,

lim p„ >  p° —  Ç
72—*00

contradicting the hypothesis. (An analogous reasoning would show th a t p 
is continuous).

Since R (T) is totally  bounded, for a fixed s >  o there exists a finite 
num ber of points y { e R  (T) such th a t R ( F ) £ U B  [y,-, e/2]. L et us define 
the sets 02- by

O» =  {x e X : B [ys , s /2 ]n  r ( B  [x , p ( x , s)/2]) =j=0 }.

W e claim  th a t the O,- are open. L et x e ( / .  Then there exists x ' , d ( x  , x') =  
=  p (x , s)/2 r), , o, such th a t T (xr)(~) B [y,-, 3/2] =j= 0 .  Since p is lower
semi-continuous, there exists a § > o  such th a t p (Ç , s)/2>  p (^ , s)/2 —  7 /2  
for every £ e B [x , §]. I t follows then th a t when d  (2, , <  m in {8,7/2},

e B K > P (? > £)/2] and therefore 2 e ( / ,  i.e. Of is open.
I t  is clear th a t X c  {0,}(=1. L et {/,};= 1 be a partition of unity  subordinat

ed to {0,-]v=1 and set

f ( x )  = L ; ( r ) y .
Z = 1

The fu n c tio n ,/ : X Y is continuous and for each fixed x, f ( x )  is a convex 
com bination of some y { , y , - e B  [T (B [x , p (x , s ) /2 ]) , e/2]. From  2.2 it 
follows th a t there exists an x ', d  (x , x ') <  s, such th a t T (B [x , p (x , s ) / ] )  C 
C B  [F (x ) , s/2] and so y { 6 B [T (x1') , s]. Since T (x'~) is convex, also 

/ (x) 6 B [T / ' ) ,  s]. F inally

d  ((x , f ( x ) ) , G) <  m ax {d (x , x ' ) , d  ( /  (x) , T (*'))} <  e 
i.e. d* (F  , G) <  e.

Remark 1. The approxim ating functions are finite dimensional com pact 
mappings.
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THEOREM 2 . Let X be a metric space and Y be a metric locally convex 
space. Let T : A  -> C K  (Y) be a u.s.c. compact mapping defined on the closed 
set A C  X. Then V can be extended to a compact u.s.c. mapping F : X CK (Y) 
such that R ( T ) C ^ R  (r ) .

Proof. Let j, o. Following Theorem  2.1, let / v : A  -> coR (T) such 
th a t d* (F v , G) <  sv, where F v and G are the graphs of / v and T ; / v are 
com pact m appings. By D ugundji’s theorem, each f v can be extended to  a 

/ v : X -> TdR (T).
L et x  € X and consider the set

A 09 =  { y  ■ 3 {».} -Inv 09 -+y} .

Since cöR (T) is com pact by a theorem  of M azur, A (x) =j= 0  for all x  € X. 
M oreover we have th a t for x  e A  , A (x) C T (x): in fact suppose not. Then 
there exists a / e A  (x) , y * $ T  (x). Since G is closed, d  ((x , y*) , G) =  y) > 0 .  
Since for n sufficiently large the graps of f n are contained in a neighborhood 
of G of radius 73/2,- this contradicts the existence of a subsequence f n (x) y*.

Let D be the graph of the m apping x  -> A (x) and D its closure (in 
X x  Y). Since G is closed, we have tha t in A x  Y , D C  G. Let A : X -> 2Y 
be the m apping whose graph  is D. Then A is a closed m ulti-valued m apping 
and since it range is contained in the compact set ö?R (T), it is u.s.c. and 
compact. The m apping T defined by

 ̂ T (x) for x  e A 
^  \ coA(x) for j g X \ A

is clearly u.s.c. and is the required extension.

The following theorem  is the H om otopy Extension Theorem  for m ulti
valued com pact vector fields. W e define a m ulti-valued com pact vector 
field to be a m apping O th a t can be represented in the form

0  (x) =  x  —  T (x)

where F is a com pact m ulti-valued m apping. A  compact m ulti-valued vector 
field O is said to be singularity free when o € R (®). Two compact u.s.c. 
vector fields (x) =  x  —  r x (x) and ®2 (a) =  x  —  r 2 (Y), where F2- : S -> 
-> C K  ( Y \ o )  , i  =  1 , 2 ,  are called homotopic when there is a u.s.c. com pact 
m ulti-valued m apping H : S X [o , 1] -> C K  ( Y \ o )  such that

H (o , x) =  F t {x) and H (1 , x) =  F 2 ( x ) .

THEOREM 2.4. Let Y  be a metric locally convex space, X C Y  and X° a 
closed subset of X. Let , ®2 : X ° - > C K ( Y \ o )  be two homotopic singularity 

free compact u.s.c. vector fields. I f  there exists an extension : X -> CK ( Y \ o )  
of (bf over X, there exists also an extension ®2 : X -> C K  ( Y \ o )  of ®2 over X 
such that ®i and ®2 are homotopic as mappings from  X into C K  ( Y \ o ) .

Proof. U sing Theorem  2 .3  the proof follows with m inor modifications 
the one presented in [3 ]  for single-valued com pact fields.
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Applications of Theorem. 1 will be presented in [2]. A n application of 
Theorem  3 to the existence of critical sets for equations of evolution has
been presented in [4].
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