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Geometria. — Normal rational curves and (g + 2)—arcs in a
Galois space S, ,,(¢ = 2"). Nota di J. A. Tuas, presentata ® dal
Socio B. SEGRE.

SUNTO. — Definito il nucleo N di una curva razionale normale C di Sy,;, dove ¢ = 2%,
k=3 ,7r = ¢— 2, si dimostra che — aggregando a C il punto N - si ottiene un (¢ -+ 2) — arco
di Syq.

1. INTRODUCTION.—Let GF(g) denote the Galois field of ¢ elements,
where ¢ = p*, p is a prime and /% is a positive integer. Denote by S, , the
projective space of 7 dimensions defined over GF(g).

InS,,,n>2, a k-arc is a set of £ points such that no /-4 2 lie in
an S;,,/=1,2,--,2—1 (for a k-arc having £ > #, the last condition
holds for all / when it holds for /= 7% —1) [1].

If g = 2% then ¢ + 2 is the maximum value of £ for which there exist
k-arcs in S,_5, [2]. In [2] we give also a construction of (g -+ 2)-arcs in
Si2,4 (P = 2).

In this short paper we construct a (g + 2)-arc of S,_9,(g = 2%, 4 > 3)
adding to a normal rational curve of S, 5, a point defined by it in the
manner specified later on and called its nucleus.

2. THEOREM.—Consider in Sy_, ,,q = 2" and h =>t— 1= 2, the nor-
mal rational curve C whickh is given by x; = Zzt_%" w' G=o0,1, -, 2 2),
where [, m are homogeneous parameters (the curve C is a (g + 1)—arc of Syt_g.,)-
Then the intersection of the q + 1 osculating hyperplanes of the curve C is
a (271 — 2)—dimensional projective space Syt-1_g,. Moreover, the g+ 1
tangents of C have a point in common with S The g + 1 points of

f—1_ .
Szf_l_“‘ obtained in this manner are those of Za noz;’iaml rational curve CY
of Szt_l_qu.
Proof.—Consider in Syt 9, 9=2" and A >¢—1 =2, the normal
rational curve C given by x; = Z2t_2_im" G=o0,1, ", 2 — 2). Denote by

P (Z,m) the point P € C which corresponds with the parameter values 7, 7.
The osculating hyperplane of C in the point P (/, 7) is given by the equation

2l —2 IR oo i
— —2—17 57 .
€ i;} ( ; )m l"x; = o.

Now we have

(¥77) = ERE N i) gy
7 ' 2 . 3 . 4 - e ’

(*) Nella seduta del 15 novembre 1969.
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with 6 odd. Consequently, <2f?2 is even when 7 is odd and odd when ¢
is even. So there follows that (1) is equivalent to:

2f—1-1

¥ m? ¥ x9; = 0.

=0
There results that for all /, 7 the osculating hyperplane of C in the point
P (,m) contains the (2!~1 — 2)-dimensional projective space Sy-1_4,
defined by the equations xy; =0,7=0,1, -, 21—, Consequently,
the intersection of the ¢ 4- 1 osculating hyperplanes of C is at least (2*~1 — 2)—
dimensional.

Next consider the 2/~! osculating hyperplanes in 2/~1 distinct points

Py (lyymy), Py (ly,my) -+, Py (ly—1,my—1) of C (this is always possible,
since 271 < 2% 4+ 1 = ¢ 4 1). The intersection of these 2¢~! hyperplanes is
a (271 — 2)~dimensional projective space if and only if

. o927 7 1
rank [a;./. — 8;‘ ”; Zz']lsis%-l,os;‘szf—z =2z,
where
{ o if jis odd
3, = |
j - -f . .
{ 1 if 7 is even.
Now we have:
o 2225 9 —
A= I“Z-j =" A T

lm?t T sz' ﬁsiszf—l,ogszf—lq = I;I (Lim; + 1 2
where 7,7€{1,2,---, 271} and 7 < (remark: f: GF (2*)— GF (2%), a > a?
is an automorphism of the Galois field GF (2%)). Since the points Py, Py, -
-+, Py_1 are two by two different, we have A==0. It follows immedia-
tely that the intersection of the 21 hyperplanes is (2/~1-— 2)-dimensional.
So we conclude that the projective space S is the intersection of the
g -+ 1 osculating hyperplanes of C.
The tangent of C in the point P (/, ) contains the point

2l-2,4

1 of —4 of ¢ 2 of—8 4 of 4
P()<O,Z ,0,0° "m0, "m0, - -,0,m ,0)652,_1_2,q.

Since f:GF (2*) — GF (2%), a > a% is an automorphism of the Galois field
GF (2%), we can use the new parameters //, 7' defined by the equations

I'== 2, m'= m?. So we obtain

rof—1__ roft—1_ ’ rof—1__ ’ rof—1_
P(D(o,lzt 20,0 T 0,1 4mz,o,---,o,m2 2,0).

Consequently, the point P® generates the normal rational curve CY of

S2tﬁ/1%_2’q given by
rot—l9—; 1; . t—1
Xgt_og =Xy, =0 xz,-+1_l m”, 1=0,1,-++,2 ~—2,

and the theorem is proved.
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3. DEFINITIONS.—We call the curve C defined in 2. the tangent curve
of C. The tangent curve (C)® of C% is denoted by C®, the tangent curve
(C®YD of C® is denoted by C® etc. Evidently, the curve C*"? is an irre-
ducible conic. The nucleus N of this conic is called the nucleus of the normal
rational curve C.

Remark—The point N is also the nucleus of the curves C?, C® oo, CTY

4. THEOREM.—Consider in S,—9,,,q=2" and h > 3, the normal rational
curve C given by x; = 12" u' f=o0,1,--,9—2), where 1, m are homo-
geneous parameters. Then, on adding to the (q +1)-arc C its nucleus N, there
results a (g + 2)—arc of S,—a,. ‘

Proof —Consider in S,_5,,¢=2% and %4 > 3, the normal rational curve C

iven b xz-zl"“zh"m’,z'zo,l,'--, —2 (C is a + 1)-arc of S,_5,).
g y q q 7—2,9
If x(lf, AP ?@‘_2 resp. are the coordinates of the nucleus N of C, then

N = o for all /== 922 . Let us suppose that the hyperplane S,_5,CS,_, ,,

defined by ¢ — 2 distinct points P1, Pz, -+, P,_5 of C, contains the point N.
From the point N we project the curve C on the hyperplane S,_; , with equa-
tion x_g92 = 0. The projection C’ of C is given by

2

% =0y i 7—2

Xg—-2)2 = O.

If Py, Py, -+, P,_y are the projections of the points P, Pz, -+, P,_5 resp.,
then we have P;€S, 5,NS, 3,=S,.4,,=1,2, -, g — 2 (the points
Pi,Py,---, P,y are two by two different). The collineation x, =%
(f=o0,1,---,g—2) of S, 5, transforms the curve C’ into the curve C”

with equations

@)

% P 2= 2 , Z-:i: ?:2
H(g—z/2 = O.

As a? = a,Va €GF (g), (2) is equivalent to

xy=1""

=0 mt

’ -7 4
2o =10""m

x’( —4)2 = a4
(3 !

Fg-22 = O
96';/2 = 1g44 m

' —6 3
Tgrop =1 m

\ xlq_g : me3,;
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Since ¢ — 2° distinct points of the normal rational curve (3) are linearly
independent, there results that the points Pj, Pj,---, P, are linearly
independent. Consequently, it is impossible that the points Pj, Py, - -, P, s
belong to a same (g — 4)-dimensional projective space, such that we obtain
a contradiction. So every set of ¢ — 2 two by two different points of C defines
a hyperplane of S,_; , which does not pass through the nucleus N of C. We
conclude that CU{N} is a (g + 2)-arc of S, 5,.

5. THEOREM.—/f sy,8y, -, 5,9 are q—2 distinct elements of the
Galois field GF (¢),q = 2% and h > 2, then
Fa-o2 (s1, 52, ) Sg2) = o E Siy Syt S _oye =0,
i g2
where 11,02, g 9p €{1,2, -, g—2} and i1 <ia<---<iy, gp.

Proof —Since the theorem is trivial for % = 2, we suppose for the remainder
of this proof that 2> 3. InS, 5,,7=2" and %2> 3, we consider the normal

rational curve C given by x;=/*">"*m'(;=0,1, -+, ¢ — 2) and its nucleus N.
Next we take the ¢ — 2 distinct points Py (s;, 1), Py (59, 1), -, P, o (5,0, 1)
of C. Since CU{N} is a (¢ 4 2)-arc of S, 5,, it follows that the points
Pi,P2,---, P,_5, N are linearly independent such that

o o ---0 I o} -0 o)

R A L e L I

A= A oL I LI Gl Sgvr 5 [ |==o.
2 -3 /2 —2)/2 —4y/2
e s I/ Car sl SR s, e 1

As A= H<‘9" + 5 Foooya (51, 52, -+, Sg—9), where 7,7€{1,2,---,¢g—2}
] 27
and 7 <j, we conclude that Fy_gp2 (51,9, -, S;—2) =F 0.

Remar—Squaring A and taking account of a? = a, a € GF (¢), we
obtain the formula

—1/2
Faoapz (51,52, 502 = [ L (i + 5 ,

27
i,j€{1,2,---,g—2}and i <j(g=2%%r=>2 and s;,585, -+, S,—2 two by
two different).
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