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Teoria dei controlli. — Construction of optimal controls for a 
distributed parameter control system (*h Nota di M e h m e t  N a m ik  
O g u z t ö r e l i  (*N presentata (***} d a l S ocio  M . P ic o n e .

R iassunto . — Questo lavoro è dedicato alla dimostrazione dell’esistenza e dell’unicità 
di un controllo ottimo per un sistema lineare unidimenfionale ben posto con param etro di 
controllo distribuito, mediante un integrale inpu t-ou tpu t in connessione con un funzionale 
quadratico. Ammissibili controlli soddisfano talune condizioni al contorno e equazioni integrali 
alle derivate parziali del primo ordine.

Per mezzo di un metodo di approssimazione trigonom etrica si costruisce lina soluzione 
ottimale. Controlli ottim ali soddisfano una equazione integro differenziale di tipo ellittico. 
U nicità e controllo ottim ale sono discussi.

I. D escriptio n  of th e  Control S ystem and th e  O ptim ization  P roblem .

Consider a well-posed one-dimensional linear control system defined 
on the spatial interval 0 <  x  <  n  in the processing" time interval o <  / <  tc. 
Pu t

( i . i )  R  =  {(*,*) I

The boundary of the square will be denoted by 3R. We assume tha t the 
control system is described by an input-output  relationship of the form

(1.2) u ( t , x)  — 9 K (/ , x  ; T , Ç) v ( t  , Ç) d£ dv

for ( t , x)  e R, where v ( t , x)  is the input (control) variable at ( t , x) , u ( t , x) 
is the output variable at (t x) is a given function absolutely conti-
nuoüs on R, and K ( / ,  x  ; t  , Ç) is a given function on R  X R which is abso­
lutely continuous in ( t , x)  for almost all fixed ( t  , £) and square integrable 
in ( t  , E,) for fixed ( t , x).

A control v =  v ( t , x) is assumed to be admissible if it is square integra­
ble on R, and

(1.3) v(o  ,x) =  v(iz ,x )  =  0 for o < x < n  , =  0 ^or

and

(I.4) D W  =  JJ [(JÎT 1 f  +
dv ( t , X) A

dx dx dt =  I .

(*) This work has been supported by the N ational Research Council of C anada G rant 
NRC-A4345 through the U niversity of Alberta.

(**) D epartm ent of M athematics, U niversity of Alberta, Edm onton 7, A lberta, Canada.
(***) Nella seduta del 12 giugno 1969.
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Note tha t v i t , x) =  o is not an admissible control by virtue of the condition 
(1.4). W e denote by V the set of all admissible controls.

The perform ance of the system S under an admissible control v ( t , x) 
is m easured by the following- cost functional

(1* 5) J (v) =  ! j  [tt2 ( t , x) +  v2 i t , x)] dx  d t.
* R

In  the present paper we are concerned with the finding of an admissible 
control v° =  v° ( t , x) for which the cost functional J(v) assumes its minimum. 
Such a control will be called optimal .

I t is quite clear tha t the specific form of R is not a restriction for the 
generality of the problem.

The above form ulated optim ization problem  involves the minim ization 
of the functional J (v) on the space V subject to the constraint (1.4). Hence, 
for any optim al control, the functional

(1.5) * F  (V) =  j  j  j u2( t , x)~\-v2 { t , x)
R

11
' /9v( t ,x) \2 ( d v ( t , x ) \ 2

1 dt ) +  V 9* J . d x  d t

assumes its minim um , where p is the Lagrange multiplier, on the set of square 
integrable function v ( t , x)  satisfying the boundary conditions (1.3), where 
u =  u  i t , x)  is given by (1.2).

The E uler-L agrange equation associated with the functional F (v) is 
the following integro-differential equation of elliptic type:

( 1 . 6 )
' d 2 V  ( t  ,  X ) , d 2 v ( t , x ) \

- v ( t , x) =  q>i(t J j K i  ( t , x  ; a  , 73)  v (<7 , 7}) d r \  d er ,V 31 * 3 ^ 2 j

w h e r e

(1-7) ^8 II J j  K ( t  , \  ; t , x) 9 ( t  , I) d Ç  d v

a n d

R

( 1 . 8 ) K x i f , ) =  Jfj K  i t , x  ; t  , K  ( t  , \  ; a  , t j )  d ^  d v .

R.'

Thus any optim al control satisfies the boundary conditions (1.3) and the 
integro-differential equation (1.6) with a specified value of [i.

II. Construction  of an O ptimal Control.

Consider the H ilbert space V  == L2 (R) of functions v =  v i t , x) which 
are square integrable on R. Clearly V C  F  and the functional ](v) is strongly 
continuous on V. Obviously ](v) > 0  for all v E V.

The sequence {sin j t  sin kx)  { j , k  =  1 , • • •, n) is complete in V in the 
sense th a t for any z / e V  and any £ > 0  there exist a linear combination

n

vn == vn i t , x) =  2  ajk sin j t  sin kx,
j,k=i

( I I .i)
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such th a t J  z v — v \ <  z, where n depends on s, the 09/s are certain real 
num bers, and |j • [denotes the norm  in V.

A ny linear com bination vn ( t , x) satisfies the boundary conditions (1.3). 
Hence, vn (/, x)  is admissible, if it satisfies the condition (1.4). Thus, vn ( t , x) 
is admissible, if

2 n
(11.2) D ( o  =  y  x  0 '2 + & )  =  I •

j ,k=i

Put a — (oLjk) , j  , k  =  I , • • - , n, and f n (a) =  J (vn). Clearly the function 
f n (oc) is a positive definite quadratic form in the variables <x-k.

In  term s of oĉ ’s the optim ization problem form ulated in § I reduces 
to the m inim ization of the function f n (oc) on the surface S„2 of the ^ -d im e n ­
sional ellipsoid defined by Eq. (II. 2). Since the function f n (a) is continuous 
on S„2 and S*« is compact, f n (a) achieves its m inim um  at some point a =  a0 
of S«2. Consider the function

n

(11.3) i P ( t , x )  =  X  a, s i n  j t  sin kx,
j,k=l-

and put

(IL 4) (A®=/»(a°) =  m in /„ (a )  == J (»«).
a € Ŝ2

Clearly o for all n. It can be easily seen tha t the sequence is m ono­
tonie decreasing. Therefore the limit

( I h 5) fx° =  lim (JL® =  lim J (^ )
n —>00 n—> 00

exists and [X°>o.
Consider the sequence {vQn ( t , x)}. Since the sequence is convergent, 

there exists a constant M t such th a t o <  pA < M j for all n. Thus

{[û n ( t , x ) ] 2 +  [vl ( t , x)]2} dx  d t < M lt
R

where u°n ( t , x)  is defined by (1.2) with v =  tfl ( t , x). Hence 

(II. 7) J  j  [v® ( t , x ) ] 2 dx  d t <  M x
R

for ail n ., which shows th a t the sequence {z/J ( t , #)} is bounded in the H ilbert 
space V  =  L2 (R). Thus the sequence {v® ( t , x)} is weakly compact in V. 
Accordingly, we can choose a subsequence from the sequence { ( t , .r)} which 
converges weakly to a v° ( t , x)  fi F. We change the indices so that 
{vn (* j #)} will denote the weakly convergent subsequence:

v̂n ( t , #) —— > v° ( t , x).(II.8)
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We can easily show th a t the sequence

( II .9) {«» ( t , x)  =  <p (t ,  x) +  f l K ( t  , x  ; T , Ç) *0 ( T I) d l  dx)
R*

is uniform ly bounded and equicontinuous on JR, and therefore, by A scoli- 
A rzela’s theorem, is compact. Thus we can select a uniform ly convergent 
subsequence from {u® ( t , x)} converging to a continuous function u° ( t , #) 
on R. Changing the indices once more, so that n — 1, 2 , 3 , • • • refers to 
this uniform ly convergent subsequence, we can write

(II. 10) u%(t, x) u° ( t , x) =  y ( t , x) +  11 K (* , * ; T , S) *0 (t , S) dÇ d-r
' R

uniform ly on R. By the help of the dom inated convergence theorem, we 
obtain

(I I .1 1) J (z/°) =  lim J (v®) =  lim [A =  [x°,
n —>00 w ->oo

which shows tha t the functional J (v) achieves its m inim um  for v =  v° ( t , x), 
and [x° is the m inim al value of J (v).

W e now show th a t v° ( t , x)  is the required optimal control. To do so 
we have to prove tha t v° ( t , x) is admissible.

F irst of all, v° ( t , x)  clearly satisfies the boundary conditions v° (o , x) =  
=  v° (tt , x)  =  o for o <  x  <  re. Further, let us note that, since D (v%) =  1 , 
we have

(II.12) ^2
dt dx dt  <  I

a)
9a

2

dA d/ <  I ,

so th a t the sequences
3z/° (/, #) 

dt and 1 — / are bounded in V = L 2 (R),

and therefore they are weakly compact. Hence we can extract a weakly con­
vergent subsequence, which we shall write by the same indices, from the above 
sequences approaching to certain functions g  ( t , x) and h ( t , x)  of V:

(n .13 )
dv°n Ct  , X)

dt ~ g ( t , X ) dv°„ j* , x)
dx h ( t , x).

Obviously g  (t ,0 )  =  g  (t ,-k) =  o since vl  (t , x ) ’s are admissible. W e now
show tha t

/ t t  T A / ,  \ dz>® (t ,  x) t /■ v. dv® (t , X)
(I L i 4) . g ( ? , x ) = — , h { t , oc) = —

To do so we proceed as follows:
As it is shown above the positive definite quadratic form f n (oc) achieves 

its m inim um  fig subject to the constraint (1.4) at the point a °e S ,2 , By the
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m ethod of Lagrange multipliers, we have

3 \
(I L l 5) 3 0 ^ /* (« )— V  ja.jk cos j t  sin kx

\ j ,k=  1

+  I 2 )  s‘m ß  cos /ér d r  d/ =  o

for a =  a0, which yields to the following ^ -eq u a tio n s :

(II.16) u® ( t ., r ) dui (* » *)
3ocjk

+  ^2 (/ , oc) sin j t  sin kx

[JL° 
1 n

dz>l (t , x)
dt j  cos j t  sin kx-

dv°„{t,X)
dx k  sin j t  cos kx d r  dt — o

for j  , k =  I , • • •, n, where

du°n ( t \ x )  r  f
(IL  17)

dajk
=  j  j K  (/ , r  ; t  , £) sis in y r sin k^  dÇ dr.

M ultiplying each of the equations (II.16) by an arb itrary  constant y(*> and 
sum m ing over j  and k  from 1 to n, and m anipulating on the first term , we 
obtain

(11.18) ?i (t ,X)  +  J  j K]_ ( t , x  ; a , yj) v% (c , tj) dv) d<7 +  (/ , r)
R

Q* ( t , x)

dv°n {t ,  x) 3Qn ( t , x )  dv°H { t , x) 3Qn ( t , x)
dt dt +  • dx dx d r  dt =  o,

where

(II. 19) Qn ( t , r )  — 2  Ï $in ß  sin kx.
j  ,k=i

In tegrating by parts, we find

(H.2Ö) j <Pi ( t , x)  +  Jj K x ( t , r  ; <7 , 7)) (c?, yj) d?) da +  v® (/ , r ) ]  Qn ( t , r )

F-® z'® (/ , *)
32Q„ (*>■*) 32Q„ (*.*)

3r 3r2
d r  d / =  o.

Now! let Q ( / ,  r )  be an arb itra ry  function, twice continuously differentiable 
in R  satisfying the boundary condition
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Clearly, we can choose the coefficients in such a way that

(I I .22) lim Q<° ( t , x)  —  Q « (t, x)  |2 dx dt =  o ( 2 = 0 , 1 ,  2),

where QW (/ , %) and Qw i t , #) denote the partial derivatives of Qn i t , x) 
and Q { t , x)  w ith respect to t  and ;r of order i, respectively. Since -> p.0, 
v°„ (ß >x ) ( t , x)  weakly and tfi ( t , x)  -> u° (/ , *) uniform ly on R, we 
have

(11-23) , x ) Q  (I , x ) fJL° V° {t , r ) 52 Q (V , #) . d2 Q ( t , x) 
dt2 V  a*2

dx dt =  o

where

(I I .24) w  ( t , x) — 9i ( t , a;) +  j  J Ki ^  ; cr, 7]) (cr , 73) dv] der +  ^° (  ̂, r).
R

Clearly, the function w ( t , x) is square integrabile on R. Put

(11.25) W ( t , x) =  - X -  IJ G ( t , x  ; x , Z)w  (x , £) d£ dx,
R

where G ( / ,  r  ; t , £) is the G reen’s function for the dom ain R. Hence we 
have

(11.26) « W ( / , * ) | aR =  o and V2 W  ( t , x) =  w  ( t , x),

where V2 is the Laplace operator in ( t , x)  Applying G reen’s

form ula to the first term  of (11.23), and m aking use of the Eqs. ( I I .21), 
(11.25) and (11.26), we obtain

(II.27) j j  { W ( t , x )  —  y?v<>

Clearly the function

( t , x ) } V2 Q ( t , x) dx  dt  =  o.

( I I -28) 4* (/ i X) — W  (/ , X)   |JL° v° ( t , x)

is square integrable on R. We now choose the function Q ( t , x) as follows

(11-29) Q ( t , x) = I
2 7T f J ^ ( x , ? ) G ( / , ^

R

t , S) dx,

which satisfies the boundary condition (I I .21). F urther we have V2 Q ( t , x) =  
=  <p ( t , x), which, on account of Eqs. ( I I .27), ( I I .28), yields

R

(II.30) { w  ( t , x)  —  (JL° v° ( t , x)  }2 dx dt =  o.
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Thus, W ( t , x )  —  fi.0 v° ( t , x)  vanishes almost everywhere in R.

(11,30 =  a.e.

Since W  ( t , x)  is twice differentiable, almost everywhere in R, the function 
v° ( t , x)  is also twice differentiable almost everywhere in R. Further, m aking 
use of Eqs. ( I I .24) and (I I .25), we find

(11-32) ft0 V2 »0 ( t , x ) —  v° ( t , x )  =

=  <Pi O', x)  +  K j ( t , *  ; a , tj) v° (a , tj) dvj d c ,
R

which is the Euler-Lagrange equation associated with the functional F(z/).
Note that, by virtue of Eq. ( I I .32), V2 v° ( t , x )  is square integrable on R, 

which implies the absolute continuity of the partial derivatives ^  ^

and ---- ——  on R. Since the function v° ( t , x)  is continuously differentiable
on R, again by Eq. ( I I .32), V2 v° ( t , x)  is absolutely continuous on R.

W e now establish the equalities (II. 14). For this purpose consider Eq. 
( I I .18) and pass to the limit as n  00. Then, by virtue of Eqs. ( I I .5), 
( I I .8) and (II. 13), we obtain

(11-33) \w  (*■>x ) Q >x ) —  g  ( t > x) -gQ g/ x) +  

+  h ( t , x)  —  ^  ^  I dx  dt =  o,

where Q ( t , x) is an arb itra ry  function satisfying thè boundary condition 
(II.21) and twice continuously differentiable in R, and w  ( t , x) is given by 
Eq. ( I I ,24). Further, integrating by parts in (II.23) and observing th a t ( t , x) 
satisfies the boundary conditions (1.3), we find

(IE34) j j  \ w ( t ,  x)  Q ( t , x )  —  [X° ~ Q gI ’X) +

+
dv° (t , x) 3Q { t , x)

dx dx  d t  =  o,

or, subtracting (11.33) from (11.34),

(11.35)
dz>° ( t , x )

dt -g  O', x)
3Q { t , x ) 

dt +

+

Now, taking into account the arbitrariness of the function Q ( t , x), we easily 
establish Eqs. (II. 14). Hence v° ( t , x) is admissible. Since it also minimizes 
the functional J(v) on the set V, it is optimal as asserted.
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III. U niqueness of the  Optimal Controls.

So far we have only established the existence of an optimal control. 
We have also shown tha t an optimal control satisfies the integro-differ enti al 
equation (I I .32), where £i0 (>  o) is the m inimal value of the functional ](v) 
in the space V. The uniqueness of the optimal controls is closely connected 
with the uniqueness of the solutions of Eq. ( I I .32) subject to the conditions 
(1.3) and (1.4). We now investigate briefly this problem.

In the previous section we constructed the solution v° ( t , x) of Eq. ( I I .32) 
which satisfies the conditions (1.3) and (1.4). Suppose that Eq. ( I I .32) has 
another solution, say v1 ( t , x) which satisfies the same conditions. Consider 
the function

(HI- 0  v ( t , x) — z>° ( t , x ) — v1 ( t , x).

Clearly we have

/TTT . ( v (o , x) =  V (n , x) =  o for o <  x  <  tc,
(111.2) <

( v ( t , o) =  (t) , v ( t , re) =  4̂2 00 for o <  t <  tu,
where

(111.3) (t ) =  V° ( t  , o )  V1 ( t  , o ) , ( /  , x )  =  V° (t  , 7r)  V1 ( t  , tu),

(°) =  +1 fa) =  +2 (°) =  +2 fa) =  O.

The function v ( t , x)  satisfies the following homogeneous equation

(III.4 ) [x0 V2 v ( t , x) —  v ( t , x ) f f K x ( t , x  ; <7

R

7]) V (<7 , 7]) d 7) d (7

for (t , x )  e R. First we consider the case (*) =  (/) == o. In this case
the function 'v (t y x)  is the solution of the following homogeneous Fredholm  
integral equation:

( in . s )

where

(X° V ( t  , X)  =  ~ Gi (t ,
R

Ç) z; (t , £) d^ d r

(111 *6) Gr (G r  ; t  , £) — G (/, x  ; t  , £) +  J J  G (/, r  ; a , tj) K (a , 7] ; t  , £) d7] da,
R

and G ( / , r  ,* T,Ç)  is the Green’s function of the domain R. According to 
Fredholm ’s theorem, we have two possibilities: rupi0 is a regular value or an 
eigenvalue of the kernel Gĵ  ( t , x  ; t  , £). In  the first case v ( t , x) ~  o is the 
only solution,, and consequently, v1 ( t , x) == z/° ( / ,  T), i.e., the optimal control 
is unique. Tf 7T[x° is an eigenvalue of the kernel Gi ( /, x  ; t  , £), then there 
exists at least one non-trivial solution of the integral equation (111.5), in 
which case the uniqueness of the optimal controls is no longer valid.
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We now consider the general case where (t) ^  o and/or <jj2 (0  ^  0 : 
Let v * ( t , x) be the solution of the Laplace equation V2 v (t , x ) - = o  

satisfying the boundary conditions ( I I I .2). Then, putting v (/, x) =  v* (/, x)  +  
+  v** ( t , x), we obtain the following non-homogeneous Fredholm  integral 
equation for v** ( t , x):

( I I I .7) JA° »** ( t , x ) = g * ( t , x ) + X j j  Gi ( t , X ; T , I) v** ( t  , I) di; d-r,
R

where Gx ( t , x  ; t  , £) is defined by (111.6), and

(II 1*8) g* ( t , x) =  J J G (G * ; t  , I) ^ ( t  , Ç) d? dT.
 ̂R

If  g* ( t , x) =  o and if rupi0 is a regular value of the kernel Gt ( t , x  ; t  , £) 
then the uniqueness of the optimal control is assured by the Fredholm  theory.
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