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Analisi matematica. — 4 Cawucly problem for an integro—differential
equation of parabolic type with a delayed argument®. Nota di MEEMET
Namik OGuzrorer: 7, presentata @ al Socio M. PiconE.

RIASSUNTO. — In un precedente lavoro [1] noi investigammo un problema di Fourier
della prima specie per una equazione integro—differenziale di tipo parabolico ad argomento
ritardato. Nella presente Nota consideriamo un problema di Cauchy per la stessa equazione,

1. FORMULATION OF THE CAUCHY PROBLEM.

Let D be a domain in E®, bounded by a smooth surface 3D satisfying
the conditions of Liapunov. Let #, be a fixed time instant, the initial instant,
and %;(z =0,1,---,m) be certain given numbers such that

(1.1) o=ty <hy <---<h,.
Let #1 be a given number, such that #) <# < oo, and define the intervals
(I'2> IOZ [Zo'—hm)h)]’:[l :<l‘0)l‘l])12: [ZO__/Zm;lLl]-

Let C}? (=o0,1,2) be the Banach spaces of real valued functions
u (¢, x) continuously differentiable in # and twice continuously differentiable
in x for (z,x) €I, X D with norms

du
o

du

(1.3) | uff;el’g) = sup | ||, —
%

(t,x)GIéXE(

) bl

[ 2u |

1<i,j<n,k=0,1,2)

where 1) is the closure of D.
Further, let C? be the Banach space of all real valued functions # (¢, x)
continuous on I, XD with the norm

(1.4) Julp = sup |2 |, (=o0, 1,2)

(¢t,%) €I,xD

We define the operators A and B form Ci’z into Cg by the equations

(1.5) A () (z,x) :;ai(t,x)%(z‘hﬁi,x) —i—/K(z‘,T,x}%(T,x) d~

(*) This wbrk has been supported by the National Research Council of Canada, Grant
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20 Lincei — Rend. Sc. fis. mat. ¢ nat. — Vol. XLVII - Ferie 1969 [20]

and

(1.6) B(u)(t,x)zAxu(z‘,x)—l—qu(z‘,x)—{—/.H(z‘,x,n)%(z‘,v;)d\/'n,

where dV, is the volume element at €D and

7

22 “ 3
(1.7) Ax*j:l_aét—j , Px_j;é”<t’x> Tl
where
a;(¢,x) and 6;(¢,x), i=o0,1,---,m and j=1,--, 7, are given

functions belonging to cry

Kz, 7,x) is a given function continuously differentiable in # and =,
and twice continuously differentiable in x for (¢, =, x) € I; X I; x D;

H(z,x,y) is a given function continuously differentiable in # and twice
continuously differentiable in x and y for (#,x,y) € ;XD XxD.

Now, consider the following linear functional differential equation:
0
(1.8) 1) =A+B) @) #,x)+ /(%)

for (¢, x) € Iy XD, where f(¢,x) is a given function belonging to Ci’%.
In this paper we investigate the following Cauchy problem:
Find a solution of Eg. (1.8) for (¢t,x)€1,XD subject to the initial
condition
(1.9) u(t,x)=¢#,x) for (¢,x)€IyxD,
where @ (¢, %) is a given function belonging to the space Cy*°.

We show that this problem is well-posed. We construct the solution,
and give representation formula for the solution.

2. EXISTENCE OF A SOLUTION.

Let P(,x;7,8) be a fundamental solution of the equation Lz = o,
where

2
(2.1) L=——A,—P,.

Let us write Eq. (1.8) in the form
(2.2) L@, 2)=f0¢,x)+g(t,x,n)

for (¢,x) €I, XD, where

(2.3) g, x,u)=A @) (¢,x) —1—]H(t,x,7])%(z‘,v)) dv,.
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Hence, the solution # (¢, ) of our Cauchy problem statisfies the following
linear integro-difference equation

(2.4) %(Z,x)=fl“(z‘,x;'r,i)<p(z‘0,2)dv§—|—

D

+f}rr(t,x;T,E)g(’r,a,u(’r,i))dv&d'r
D

for (¢,x) € I; XD. Thus, the solution of the Cauchy problem is equivalent
to the solution of the integro-difference equation (2.4) subject to the initial
condition (1.9).

Following the main lines, with certain natural modifications, of the proof
in [1] for the existence of a solution of the Fourier problem of the first kind,
we can easily show the existence of a solution of the Cauchy problem formu-
lated above.

The uniqueness of the solution can be established by the help of a theo-
rem due to H. Tanabe [3]-[5].

3. CONSTRUCTION OF THE SOLUTION. A REPRESENTATION FORMULA.

We now seek a solution to the Cauchy problem (1.8)—(1.9) in the follow-
ing form:

(3.1) u(z,x):ffil(z,x;T,z)f(T,a)dngT

+/'J’ﬁzc,x;T,a><p<r,z>dvgdv

i, D

where the kernels il and L, are to be determined. By certain simple mani-
pulations similar to those made in [1], we see that the function L, satisfies
the integro-differential equation,

(3.2) iL}"T’”.ﬁ Ea(z‘ DT —h, w57, 8) +
—{—fK(t,c,x)il(G,x;'r,i)dc—l—B(iﬁ(z‘,x;r,ﬁ)

for ty <t <t<# and x,% €D, and the initial condition

for # <7,

o So
3-3) Ll(t’x;T’éZ):e 3 (x —E&) for 2=



22 Lincei ~ Rend. Sc. fis. mat. ¢ nat. — Vol. XLVII — Ferie 1969 [22]

and the function L (¢,x;7,&) satisfies the integro-differential equation
o >

(3-4) (o —@+B)le=o

for (¢,x) € 1 XD, and the initial condition

(3-5) Lo(t,257,8=30—7)3@x—E)

for (¢,x)€loxD, (1,8 €loxD, where 8(#) and & (x) are Dirac’s func-
tions. Thus, construction of the solution of our Cauchy problem is reduced
to the construction of the kernel functions L; and L.

We now extend the definition of the fundamental solution I' (#,x; 7, &),
by setting

(3.6) F,x;=,5)=o0 for z <~ and x,£€D.

Then we search a solution of Eq. (3.2) in the following form:
t ~
3-7) il(z‘,x;’c,i)z F(z‘,x;f,i)—{—fj '(t,2;0,7%) 1 (c,n)dV, do,
Tt D

where (i, (#,x) is a function continuous on I; XD, except, perhaps for
t=v4nGE=1,--,m) and x = £, which will be determined below: We
assume that

(3.8) g1(¢2,x)=0 for t<t and xe€D.

Clearly, the function Ia (¢,x;7,t) defined by Eq. (3.7) satisfies the initial
condition (3.3). To determine the {i; so that the function I, (¢,x;7,8) given
by Eq. (3.7) will satisfy Eq. (3.2) for <t <t<# ,x€D,x==£,E€D,
we substitute it into Eq. (3.2). Applying the Dirichlet’s formula we find the
following singular Volterra equation of the second kind:

¢

(3.9) ﬁ1<z,x>=§<f,x;r,a>+jjsi(x,x;c,mamc,mdvndc,
t D
where

(3:10) g(t,x;c,n):fH(l,x;C)F(z‘,C;G,V])th—I—
D

¢

+/K(f,e,x>1“(e,x;s,n>de+Ea,-(;,x>r<z—/z,-,x;c,y,>.
J i=1

o
G

Apparently, the function S (¢, ; 7, ) has certain weak singularities occur-
ing at x=2E&, and t=~v+ 4 (=1, .-, m), otherwise it is smooth. To
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solve the integral equation (3.9) we can use the method of successive appro-
ximations. Thus, we have

1
(3.11) ﬁ.l(z‘,x)=§(z‘,x;¢,i)—l—ffil(t,x;c,v])§(c,v;;’r,£)dvndc,

where Ri is the resolvent of the kernel S. Clearly, Egs. (3.7) and (3.11)
uniquely determine the kernel I (#,x;2,8).
We now seek a solution of Eq. (3 4.) in the following form:

gS(z‘———ﬂc)S(x——E) for £,7€ly and x,%€D,

¢
f{l’(z‘,x;G,V})ﬁz(c,n)andc; for (¢,x)€lixD,

5 D

(3-12) iz(l‘,x;*r,&):.(

where py (¢£,%) is a function continuous on I1 XD, except perhaps at
=t+7n, ¢+ 4k, and x =&  Clearly, the function s (z,z;7,8)
defined by Eq. (3.12) satisfies the initial condition (3.5) by v1rtue of Eq. (3. 6)
To determine the function [ (¢, %) so that the function Ls #,x;7,8)
given by (3.12) will satisfy Eq. (3.4) for (¢, x) € 1 XD for each (7, &) € IOXD
we substitute it into Eq. (3.4). We then obtain the following singular
Volterra integral equation of the second kind:

(3'13) QZQ”L’):EU:x;T’@+Jf§*(t:x\;G)”))E‘Z'Z(G"mdvndc’

for (¢,x) €11 XD, where

/ m

2 (2, D)8l — ) 8 (x—E)

for ¢, <¢ <z‘0—}—hl,

. E¢,z;7,6=( &
(3.14) ¢ xim, 8 Yalt,)d—h—73E—5
for to -+ %11 <t <to+ 4,
e to+ A, <t<t,
and
(3.15) §*(t,x;c,v;)=/H(z,x,C)F(t,C;c,n)th—l—
D

t
~{—JK(Z,6,x)I‘(0,x;c,n)d0—|—F(ﬁ,x;c,n)
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with
o for 2y <t<ity+ My,
k—1 .
za,-(t,x)l"(z‘—ﬁi,x;c,n)
i=1

(3.16) Ft,x;0,0)={ for ty+lu_y <t<tyth,

Ea,-(t,x)I’(z‘—}z,-,x;c,v))
i=1
for f()—l'hm <t <f1,

|
1

for (o,m)€lixD,x€D. It is obvious that the functions E and F possess
only weak singularities at z = ¢ 4- #, + /4; =1, -,m) and x = E.

Here again we can use the method of successive approximations to solve
the singular integral equation (3.13). The solution is of the form

(3-17) b2, ) =E(t,2;7,8 +

t
—}—fff{;(z‘,xgo,v;)ﬁ(c,n;T,E)andcr
P

where Rj is the resolvent of the kernel 5;
Clearly, Egs. (3.12) and (3.17) uniquely determine the kernel Ly #,x;7,8).
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