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Analisi matematica. — A  Cauchy problem for an integro—differential 
equation of parabolic type with a delayed a r g u m e n t Nota di M eh m et 
N am ik  O g u z tö r e l i  (**}, presentata (***} al Socio M. P ico n e .

Riassunto. — In un precedente lavoro [1] noi investigammo un problem a di Fourier 
della prim a specie per una equazione integro-differenziale di tipo parabolico ad argom ento 
ritardato. N ella presente N ota consideriamo un problem a di Cauchy per la stessa equazione.

i. Formulation of the Cauchy Problem.

Let D be a dom ain in E w, bounded by a smooth surface 3D satisfying 
the conditions of Liapunov. Let t0 be a fixed time instant, the initial instant, 
and hi (i =  o , 1 , • • - , m)  be certain given num bers such that

(I . I)  o =  h0 < h x < •  • • < h m.

Let t \  be a given num ber, such th a t to <  h  <  00, and define the intervals

( r - 2 )  I o  =  I / o  h-m > to] ,  H  =  (lo 1 li]  I H  =  [to —  1 li] ■

Let C*’2 (k — o  , I , 2) be the B anach spaces of real valued functions 
u ( t  , x )  continuously differentiable in t  and twice continuously differentiable 
in ;r for (/ , x )  6 l k X D with norms

(i-3)
I! (1,2)

U  $ ■ sup ;
(t,x) e i^xd *

du du . d2 U
dt > dxi ’ dX; dXj

, k  = O , i , 2)

where 1) is the closure of D.
Further, let be the Banach space of all real valued functions u ( t , x) 

continuous on I^X D  with the norm

(14) \u\k =  sup I u
(t,x) ei^xD

(k =  O , 1 , 2 ) .

W e define the operators A  and B form Ci into C2 by the equations

(ï-S) A  (u ) ( t , x )  =  ^  ai ( I , x) u  (I — h { , x)  +  / K ( t , t  , x ) u  (t-, x ) dv
i =0

(*) This wbrk has been supported by the N ational Research Council of Canada, G rant 
NRC~-A4345 through the U niversity of A lberta.

(**) D epartm ent of M athematics, U niversity  of A lberta, Edm onton 7, A lberta, Canada. 
(***) Nella seduta del 12 giugno 1969.
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and

(i .6) B (u) ( t , x )  =  A* u  ( t , x )  +  P* u ( t , x)  +  I  H (t , x  f rj)u (t  ,ri) dV^ ,

D

where dV^ is the volume element at rj e D and

JL o0 * «
(*•?) . p * =  I X v , * ) ~ ,J=l dXj j =1

where

» #) and bj(t  )%), t =  o , i , • - •, m  and j  =  1 , • • •, are given 
functions belonging to CÌ’2;

K  ( / ,  t  , at) is a given function continuously differentiable in t  and t ,  
and twice continuously differentiable in x  for ( t , t  , x )  £ Ix X I] X D;

H ( t , x , y )  is a given function continuously differentiable in t  and twice 
continuously differentiable in x  and y  for ( t , x  , y )  e I x x D  XD.

Now, consider the following linear functional differential equation:

(î-8) f u  ( t , x )  =  (A +  B) (u) ( t , x )  +  f ( t  , x )

for (t  , x )  e IxXD,  where f ( t , x )  is a given function belonging to C1’2.
In  this paper we investigate the following Cauchy problem:

F in d  a so lu tio n  o f  E q .  (1 .8 ) f o r  ( t i x ) e l 1 x D  sub ject to the in i t ia l  
c o n d itio n

C1 *9) u ( t , x )  =  <?( t , x )  for ( t , x ) e  I0xD,

w here  9 ( t , x )  is  a g iv e n  fu n c t io n  belonging to the space  Co’2.
W e show th a t this problem  is well-posed. We construct the solution, 

and give representation form ula for the solution.

2. Existence of a Solution.

l e t  T ( t  , x  ; t , %) be a fundam ental solution of the equation L u  — o, 
where

(*-■) L =

Let us write Eq. (1.8) in the form

(2.2) L (u) ( t , x )  = f ( t , x )  + g ( t ,  x  , u)

for ( i ,  x )  € I xx D ,  where

(2-3) g  ( t , x  , u) =  A  (u)  (if, x )  +  J  H ( t , x  , 7]) u  ( t , y\) d V ,,.
D
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Hence, the solution u  ( t , x)  of our Cauchy problem  statisfies the following 
linear integro-difference equation

for ( t yx ) e  IxXD.  Thus, the solution of the Cauchy problem  is equivalent 
to the solution of the integro-difference equation (2.4) subject to the initial 
condition (1.9).

Following the m ain lines, with certain natural modifications, of the proof 
in [1] for the existence of a solution of the Fourier problem  of the first kind, 
we can easily show the existence of a solution of the Cauchy problem  form u­
lated above.

T he uniqueness of the solution can be established by the help of a theo­
rem  due to H. T anabe [3]— [5].

3. C onstru c tio n  of th e  S o lu tion . A  R epresen ta tio n  Form ula.

W e now seek a solution to the Cauchy problem  ( i .8) - ( i .9) in the follow­
ing form:

D

(3-0 M (t  , X)  = L i ( t , x  ; t  , £ ) /  ( t  , I) dV5 dx
D

h D

where the kernels L i and L 2 are to be determined. By certain simple m ani­
pulations sim ilar to those m ade in [1], we see that the function L i satisfies 
the integro-differential equation,

T

for Iq <i t <  î/ <  ti and x  , \  e D, and the initial condition

for t  <  t ,  

for t  =  t :
(3-3)
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and the function L 2 ( t , x  ; t  , Ç) satisfies the integro-differential equation

(3 4 ) ( L _ ( A  +  B ) ) l 2 =  o

for ( t , x ) e l i X D ,  and the initial condition

(3.5) L2 (/ , x  ; t  , I) =  § (t — t) — £)

for (/ , r )  € Io X D , ( t  , Ç) 6 IoXD,  where § (t) and § (x) are D irac’s func­
tions. Thus, construction of the solution of our Cauchy problem  is reduced 
to the construction of the  kernel functions Li and L 2 .

W e now extend the definition of the fundam ental solution T ( t , x  ; t  , £), 
by setting

(3.6) T ( t , x  ; t  , Ç) =  o for / <  t  and ;r , Ç e D.

T hen we search a solution of Eq. (3.2) in the following form:

T ( t , x  ; cr , 7]) (!]_ (a , 7j) dV-rç der,
T E)

where p i ( / ,  V) is a function continuous on I i XD,  except, perhaps for 
t  =  t  +  hi (i =  I , • • •, m)  and x  =  £, which will be determ ined below: We 
assume that

(3-7) L i ( t , *  ; t  , £) =  T ( t , *  ; t  , £) +  j  J

(3-8) p i , #) — o for t <  t  and # € D.

Clearly, the function L i ( t , x  ; t  , £) defined by Eq. (3.7) satisfies the initial 
condition (3.3). To determ ine the pi so that the function L i (£, x  ; t  , given 
by Eq. (3.7) will satisfy Eq. (3.2) for t0 <  t  <  / <  , # e D , x  4= 5 , £ e D,
we substitute it into Eq. (3.2). Applying the D irichlet’s fòrmula we find the 
following singular V olterra equation of the second kind:

(3-9)

where

Pa (t > x ) =  S (t , x ;-t ,Ç) + J j  S ( t , x  ; a , yj) p x (a , yj) dV^ da ,

(3-IO) S (* , *  ; a , yj) =  J H (* , * ; Ç) F ( t , Ç ; a , yj) dVt +
D

/ m
+  / K (/ , 0 , #) T (0 , #  ; a , y]) d 0 +  ^  ( t , at) T (/ — ^  , x  ; a , yj) .

J i = l

A pparently , the function S ( t , x  ; t  , £) has certain weak singularities occur- 
ing at # =  and t  — t +  hi (i =  1 , • • - , m), otherwise it is smooth. To
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solve the integral equation (3.9) we can use the m ethod of successive appro­
ximations. Thus, we have

t

R i if  , x  ; a , 7)) S ( a , 7) ; T , £) dV,, da,
x D

where Ri is the resolvent of the kernel S. Clearly, Eqs. (3.7) and (3.11) 
uniquely determ ine the kernel L i ( t , x  ; t , £).

We now seek a solution of Eq. (3.4) in the following form:

(3 .1 1) £1 Oc X) =  S  ( t , *  ; T , I)  +

/ 8 (t —  t )  § (x —  Ç) for / ,  t  e I0 and x  , E, e D,

(3.12) L2 (/, #  ; t  , £) =  I f  f  __ . ' _
) I I r ( / , ^ ; c r , 7 ] ) ^ 2 (c7,7])dVridc7 for (* ,* )è IiX .D ,
( h D

where jl2 ( / ,  x)  is a function continuous on I i XD,  except perhaps at
and #  = ' Clearly, the function L2 (V , #  ; t  , £) 

defined by Eq. (3.12) satisfies the initial condition (3.5) by virtue of Eq. (3.6).
To determ ine the function £ ( * , # )  so that the function L2 ( t , x  ; t  , £) 

given by (3.12) will satisfy Eq. (3.4) for ( t \ x ) e I i X D  for each ( t  , £) 6 I0XD,  
we substitute it into Eq. .(3.4). W e then obtain the following singular 
V olterra integral equation of the second kind:

(3.13) £2 0C * ) - E ( * , ; r ; T , Q + J  J S  (/ , * • a , yj) jl2 (a , yj) dV,  da,

for ( t , x) E li  X D, where

/ m

V !  cti ( t , x) 8 (t —  —  t )  8 ( #  —  £ )

( 3 . 1 4 )  E  ( i f , a r  ; t  , ^ )  =  '

and

(3-15)

for t0 < t  < t 0 '+ h\ ,

m

2  (f » x ) ^ (t —  h  —  t)  8 (# —  £)

for if0 +  hk- x < t  < t0 +  hk , 

o t0 +  hm <  z* <  t i ,

S* ( / ,  *  ; a , 4) =  H ( t ,  x  , Q Y ( t , X. ; a , tj) dVt +

H~ J  K (7 , 0 , x)  T (6 , x  ; cr, Yj) d0 +  F  (t ? x  ; cr, yj)
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with

(3- i6)

I &ì (t y  X  ̂T (t  h{ y  X J (7 j 4)
I i=1

for t0 +  hm <  t  <  t i ,

for (cr, Y)) e I i X D  , a: 6 D. I t  is obvious that the functions Ê and F  possess 
only weak singularities at t  =  c +  t0 +  h{ (i =  1 , • • - , m )  and A  =  Ç.

H ere again we can use the m ethod of successive approxim ations to solve 
the singular integral equation (3.13). The solution is of the form

(3-17) Ç.2( t , x )  =  E ( t , x ; T , l )  +
t

+  J  J  K-2 ( t , ; a , yj)  Ê (a , Y) ; t  , £) dV,, der
t„ D

where is the resolvent of the kernel S2 .
Clearly, Eqs. (3.12) and (3.17) uniquely determ ine the kernel L2 ( t , x  ; t ,

• o for to <Z t  <C to d- h \ ,

k-i
2  ai (t ,x )  T (t —  hi , x  ; a  , yj)
*=1

F  ( t , x  ; a , Y]) =  I for t0 +  hk- X <  t <  t0 f f h k ,

B ib l io g r a p h y .
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