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Matematica. — On the product probability fo r  an arbitrary 
fa m ily  o f spaces. N ota di O svaldo B o rg hi ed E z io  M a r c h i , pre­
sentata (#) dal Socio B. S e g r e .

R iassu n to . — Alcune idee introdotte da C. Ionescu Tulcea [5] sulle probabilità negli 
spazi prodotti vengono qui utilizzate nella teoria generale dei giochi.

T he infinite gam es given in a extensive form introduced by D. Gale 
and F. M. Stew art in [2], are based on the tree structure for the description 
of the internal states. A further approach by R. A um ann [1] m akes no use 
of the ra ther cumbersome tree model. Indeed, the most natural w ay in which 
such evolution processes appear is concerned with bundle of paths of states. 
Then, one should deal w ith an overlapping of arb itra ry  families of p roba­
bility spaces when m ixed behaviour is presented. These suggest the idea 
of a connection with the treatm ent of probabilities in product spaces in the 
general sense considered by C. Ionescu Tulcea in [5]. Some results in this 
direction are presented here.

L et {(E,-, &*) ; i 6 I)} be any non-em pty family of non-em pty m easur­
able spaces. E denotes the union of all the E,-. Following J. Neveu [4] we 
can construct the class oB =  { B C E  : B n E *  6 &,• for all i 6 I }, which is a 
cr-field included in the class & (E) of all the subsets of E. M oreover, the 
condition d,- n  Ey C d y for all i , j  e I is equivalent to E* e cB and SBfi E 2- == d,- 
for all i e l .  From  now on, we assume it. For example, an a rb itra ry  fam ily 
of Borei sets in a Euclidean space endowed with the Borei cr-field, having 
the induced cr-field.

Let {(E^, d ^ ,  P^) ; z‘i € Ii} be an arb itrary  family of probability  spaces 
and let ( I i , ch , Qi) be a further probability space. For all i±e l i , P21 denotes 
a transition probability  defined on E,*1X d 2, where (E2 , d2) is a new m easur­
able space. Given the m apping R which assigns P 2 (* i ,A 2) to the point 
(z"i, x i , A 2) e § x  A2 where § is the graph {(z'i, xi) e Ii x  Ei : xE. (xi) =  1} 
where here x is the indicator. If  S indicates the function th a t to each h  e Ii 
determines the value P,-x(Bi n  E ?l), then we have:

Theorem. I f  a): R is (^iXéBi )C\ ^-measurable fo r  al l .AzZ&z,  where 
§ 6 eh X cJ$i, and b)\ S is Hi—measurable f  or all Bi€ gBi, then there exists a unique 
probability P on gBi X d2 such that fo r  all measurable rectangles'.

(*) Nella seduta del io  maggio 1969.
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Proof : Consider for any i\ € Ii the extended a-field u  $ (E i—E t-J
and the probability  P^Ä,-,) =  for all Ä . - e d , - .  For all the
m easurable rectangle B iX A 2 in the product a-field dh X £12, we have for 
all ii e Ii, the following relation

where P ^  is the restriction of P7l to the cr-field $1, and R equals R  on § 
and R is zero outside §.

T he condition a) implies R is X ^ -m e a su ra b le . Note th a t the m app­
ing R  (z’i, •, A2) is ^ -m e a s u ra b le  for all i± e Ii, and for all A 2 e d 2.

T he expression (i)  determ ines an extension which is a transition proba­
bility on I iX ($ iX  &2), since P.i^ÇBi) is cfi-measurable for all Bi € cBx implies 
th a t P-(B i XA2) is a function % -m easurable for all the rectangles in c6i X$2.

I f  we construct the m onotone class 9R of all the C GeBiX&2 such tha t 
the function P* (C) is ^ -m easu rab le  and since it contains the generated 
field by  the class of all the m easurable rectangles, then the function P*(C) 
results ch-m easurable for all C ec8iX & 2 (q.e.d.).

Conversely, the following proposition arises immediately. L et (Ex , & i , Px) 
be a probability  space and { (E4 , €L£ ; i2 e I2} and arb itra ry  fam ily of 
m easurable spaces and finally (I2 , h  , Q2) a further probability  space. M oreo­
ver, for 22 € I2 , denotes a transition probability on Ei X . T  indicates 
the function which assigns the value (xi , B2 fi E J  to the point 
(H , , B2) € I2 X E i X •

P r o p o s i t i o n :  I f  a')\ T  is $ 2 X & i-measurable fo r  all B 2 6 dt2, then there 
exists a unique probability P  on X $ 2  such that fo r  all measurable rectangles'.

Given an arb itra ry  fam ily of probability spaces indexed by Ix as in 
the first case and an arb itra ry  family of m easurable spaces endowed by I2 as 
in the proposition, one considers the transition probability  P£ defined on 
E 2l X d 2-2 where ix is an element of the probability  space (Ix , $1, Qi) and z2 
is a point belonging to (I2 , $2), and finally Q\ is a further transition proba­
bility on IiX#2. Define the m apping U  such th a t to the element
(z’l , x i , i2 , B2) € §i X I2 X cB2 assigns the value P^1 ( x i , B2 O E,-a) .

COROLLARY. I f  the condition b) of the theorem is valid and i f  an): the fu n c­
tion U  is [(cfiXeBi)n§i] X$2-measurable fo r  all B2 e cB2, where §1 G gJiXgBi, then 
there exists a unique probability P on $1X ^2 such that fo r  all measurable 
rectangles'.

(i) P‘‘ (Bi X A2) =  f  dP,- ,3.00 R (*i, X!, A2) =  j dPh (xi) R ( * 1 , x i , A2)
BiDE/,

P (Bl X B2) =  J dQi (n) J Q\ ( i l , dii) J  dPjj (x{) P‘| ( x i , B2 n  E,-J .
B* nE,^
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Proof: In  fact the following expression

P2 ( x i , e2) = J Q-2 ( h , d,-> Pi; (X!, b2 n e,-,)
i

which holds true for all (t± , xf) E §1 and all B2 € $2,, dehne a transition 
probability on E^X $2 for all i\ 6 Ii. Then, the m apping P2 (• , B2) is 
(ih x ©Bi) D ^ -m easu rab le  for all B2 e $2 (q.e.d.).

We will now generalize the previous results. Let {(E^ , d^) ; it e l t ; te  N} 
be a sequence of arb itra ry  families of m easurable spaces. For any t e  N, (b  ,

(O t
is a m easurable space, Vi t indicates a transition probability on n E x a , ; , .

j  0t
where cùt ~  (io , • • •, if); and Q°f+1* is a transition probability on I/Xcb+i

y = Q
M oreover, for any z'o^Io, P*0 is a probability and Qo a probability  on $0.

t  - 1

Given the function U  which assigns to each point (co, , y t_ x , B,) € §. x  I, X eB,
> = °

the value P“'" 1(y ^ , B, n  E,v), where =  . (*o , - •• ,  then if Q

denotes the probability on ( I — n b  , 3 =  J J  obtained from the O/+1*
V c > o  • t  >  0 /  "

whose restriction to n * j  is Qt by using the known theorem  due to 
J<t

C. Ionescu Tulcea [5] we have the following general result:

THEOREM. I f  the condition b) of the first theorem is satisfied, i f  a):
v * -i /—I \ * 1

n l l S y\ j '=0  j  = 0  /  7 = 0
fo r  all t >  I, function  U  zk X %f-measurable,

fo r  all B, e eB,, where %j € X cBy fo r  j  =  o , • • •, t — 1. Then there exists
a unique probability P on ® =  n  eBt , such that

I > 0

P (B ) = ■ /  dQ(co) • P(o(B)
I

fo r  all B G cB, where P t0, with co e I is the unique probability on cB such that the
restriction to n cBy coincides with P 0̂ . This probability takes the following

j  < '
expression on the measurable rectangles'.

B«DE: BxplE,

furthermore p i n *
j<t

'H B/-lOE^

7 -  E

B< nE,

P, and
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Proof : For any f > i ,  the condition a) implies th a t for all C * 1 1 % ,
j<t

the m apping cùt -> P tó (C) is ch-measurable.
j< t

In  order to prove it, one can take the recurrence formula

n bjj< t
-  dP (

n  b. n
j< t J j< t

» M % i )
n

t-

E.

and by induction, the validity for the m easurable rectangles holds. Then, 
this is true for all C e n%.

j<t
Given co e l ,  in a sim ilar way like in the case just m entioned for Q, a 

unique probability  on cBy n  , where co =  (/0 , • • • , it , • • •), can be 
obtained. Since *

n% = IX  %  n  (E, — E,- )
t

u n % n  E,-

there exists a unique probability Pw on gB such th a t Pœ i n % - p «
j<t

The a-field generated by the Boolean algebra U n cBy coincides with cB.
n j <~n

Hence, P. (B) is ^-m easurable for all B 6 cB.
T he unicity is simple.
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