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Topologia. —  Proximities and Abstract Spaces. Nota di G e o r g e  
C. G a s t l , p resen ta ta0  dal Socio B . S e g r e .

R iassunto. — Si studiano le connessioni che intercedono fra varie relazioni di prossi
mità in un insieme M e varie topologie generalizzate od estese inerenti adM.

I n t r o d u c t io n .

This paper is concerned with various proxim ity relations and their 
associated set-functions.

A proxim ity space consists of a set M and a b inary  relation P on subsets 
of M such th a t the following conditions are satisfied.

P. I. For all A  C M  , (A , N) € P.
P. 2. If (A , B) e P, then (B , A) e P.
P. 3- If  (A U B , C) e P, then (A , C) € P or (B , C) e P.
P . 4 .  ( M  , {y}) G P iff * =  y.

If in addition P also satisfies
P. 5. If  (A , B) € P, then there exist C , D C M such tha t C u D  =  M 

and (A , C) € P , (B , D) € P

then P is a separated proxim ity.
In regard to abstract spaces, suppose k is a function from 2M into 2M.

Then (M , k) will be called a Fréchet space if g  is expansive, an Appert space
if g  is a closure function, and a Cech space if g  is enlarging and additive.

S paces  from  P r o x im ity  R e l a t io n s .

A  topology on M corresponding to a proxim ity P on M can be obtained 
by defining the set-valued set-function k : 2M-^ 2M by kA  =  {q / ({q} , A) C P}; 
and if P satisfies all five given conditions, then it is well-known th a t k is a 
K uratowski closure function onM  and (M , k) is a completely regular Ti-space. 
The relationships between the conditions on P and the properties of k will 
be studied. F irst the term  ancestral, as applied to b inary  relations among 
sets, is defined.

D e f i n i t i o n  i. Let R be a b inary relation on subsets of M. If (A , B) e R 
and A C C  im ply (C , B) 6 R, then R is left ancestral. If (A , B) e R and
B C C  im ply (A , C) 6 R, then R is right ancestral. If  R has both of these 
properties it is ancestral.

(*) Nella seduta del 19 aprile 1969.
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T h eo rem  i . Let P be a binary relation on subsets of M and define the 
function k : 2m-> 2m by kA  =  {q | ({q} , A) 6 P}.

(a) I f  P is right ancestral then k is isotonic.
(b) I f  P has property P .i then =  N.
(c) I f  P is right ancestral and (fq} , {q}) £ P fo r  each q £ M, then k is enlarg

ing.
(d) I f  P is right ancestral and satisfies'. (C , A  U B) e P implies (C , A) £ P 

or (C , B) € P, then k is additive.
(e) I f  P is ancestral and satisfies'. (A , B) € P implies there exist C , D 

disjoint fo r  which (A , cC) £ P and (CD , B) £ P, and  ({q} , {q}) £ P 
fo r  each ^ e M , then k is idempotent.

Proof', (a) Suppose A  C B and q £ kA. Then {{q} , A) £ P, and if P is 
right ancestral ({q} , B) 6 P, hence q £ kB.

(b) If  q 6 kN, then ({q} , N) e P, so property P. 1 requires that kN  =  N.
(c) Let A  C M  and q £ A. If ({q} , {q}) £ P for each q eM , and P is right 

ancestral, then ({q} , A) e P and hence q 6 kA. This is true for each q € A, 
so A  C kA.

(d) If  P is right ancestral then k is isotonic, so k (A U B) j ) k A \ jk B .  
Then it m ust be shown kA  u  kB D k (A  U B). Let q £ k (A U B). Then 
({q} , A (J B) € P, and if this implies either ({q} , A ) e P  or ({y} , B ) e P  then 
q 6 kA  or q £ kB  whence q £ k A ijk B .

(e) If  P is right ancestral and contains ({y} , {q}) for all q eM , then 
from (c) k is enlarging; i.e., k (kA) D kA  for each A C M .  Then only k2 C k 
is needed. Let q £ k2 A  =  k (,kA ). Then ({^} , kA ) £ P. Suppose q £ kA. 
Then ({q} , A) £ P. By assumption there are sets C and D such that 
C n D  =  N , ({q} , ^C) £ P, and (cD , A) 6 P. If  A n  N, then there is 
some  ̂ € A n  and ({y}- , {s}) £ P, hence (^D , A) £ P which is a contradic
tion. Thus A  C D . Also if s £ kA  n  cD, then (*{/} , A) £ P and then (cD , A) £ P 
which is not true. Hence kA  C D. Since q £ k2 A  , ({y} , kA) £ P, and because 
kA  C D C cC the right ancestral property yields ({q} , cC) £ P which is a 
contradiction. Therefore k2 Ç k, and k is idempotent.

Therefore k is a Kuratowski closure function when P satisfies the pro
perties:

(i) For all A  C M , (A , N) € P
(ii) P is ancestral
(iii) For each q £ M , {{q} , {q}) £ P
(iv) W hen (C , A u B )  e P, then (C , A) 6 P or (C , B) 6 P
(v) W hen (A , B) € P, then there exist C and D disjoint such that

(A , cC) € P and (cD , B) <2 P.

The sym m etry property P. 2 is not necessary, and P. 3 is replaced by the
same property on the right. Also it m ay be true th a t ({^} , {y}) £ P even
when x  ■=)= y.
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Relations on subsets of M which are weaker than  a proxim ity have 
been studied by M attson and Pervin. Pervin [5] has defined w hat he calls 
a quasi-proximity as a relation between subsets of M which has the four 
properties

1) For all A  C M  , (A , N) € P
2) For each q 6 M , ({y} , {y}) 6 P
3) (c  , A u B )  6 P iff (C , A) e P or (C , B) 6 P
4) If  (A , B) € P then there exist two disjoint sets U  and V  such that 

(A , cU) € P and (cV , B) € P.

Clearly a quasi-proxim ity plus the sym m etry condition is a proxim ity, 
not necessarily separated. These conditions used by Pervin are equivalent 
to (i), (iii), (iv), (v), plus the right ancestral property  for P. If  the set-valued 
set-function k  is defined as it has been above, then it is not a Kuratowski 
closure function when P is only a quasi-proxim ity. E. F. Steiner [6] has 
given an exam ple showing this.

In  order to assure th a t k is a Kuratowski closure it is necessary to 
include the one condition which appears in (i)— (v) above and is not required 
of a quasi-proxim ity, and th a t is th a t P is left ancestral. Steiner has added 
the following condition: (A (jB  , C) e P iff (A , C) € P or (B , C) 6 P. Cer
tain ly  this is sufficient when added to the quasi-proxim ity requirem ents to 
m ake k a Kuratowski closure, but it is not necessary because it includes the 
“ right h e re d ita ry ” property  ( A u B  , C) € P => (A , C) G P or (B , C) e P, 
which is not used.

The above results on obtaining the set-function k  by using a relation P 
can be sum m arized in term s of abstract spaces as follows:

T h eo rem  2. Let Y be a relation on the subsets of M and k  : 2M-> 2 M be 
given by kA  =  {q \ ({y} , A) € P}.

(a) (M , k) is an isotonic space i f  P is right ancestral.
(b) (M , k) is a Frêchet space i f  P is right ancestral and i f  ({y} , {y}) 6 P 

fo r  each y 6 M ; i.e.y i f  P is Mattson's generalized quasi-proximity.
(c) (M , k) is an Appert space i f  P has conditions (ii), (iii), and  (v).
(d) (M , k) is a Cech space i f  P has conditions (iii) and  (iv) and is right 

ancestral.

M attson [4] has studied a weaker form of proxim ity, called a generalized 
quasi-proximity. He required tha t P have property (iii) and the right ancestral 
property, hence k for this case is expansive and (M , k) is a Fréchet space. 
By adding the sym m etry requirem ent to the two given for a generalized 
quasi-proxim ity, M attson obtained a generalized proximity for M and proved 
th a t this type of proxim ity is the complement in 2M X 2M of a Wallace separa
tion [7]. O ther sim ilar forms of weaker proxim ity relations have been consider
ed by Leader [2] and Lodato [3}, and these are complements in 2M X 2M of 
weak topological separations [4].
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P roximity R elations from Spaces.

Consider the converse problem of obtaining a binary relation on subsets 
of M from a given set-valued set-function. In  the case of a topological space 
when i  is a K uratowski closure, the separation (A n  kB) u  (kA f\  B) =J= N 
is a fam iliar one, and it suggests the ( ‘ closeness” relation (A -, B) 6 P iff 
( A n ^ B ) u ( M n B )  =4=N. This relation would certainly be sym m etric regard
less of the properties of k. Sim ilarly if (A , B) 6 P provided / ^Au^B=f=N,  
this would be sym m etric by the m anner of definition. A definition which 
does not require sym m etry will be used, so the resulting relation P will not 
have all properties of a proxim ity.

Theorem 3. Assume k : 2M-> 2M and (A , B) e P i ff  A n  kB  =j= N.
(a) P A left ancestral by definition.
(b) I f  k is isotonic, then P is right ancestral,
(c) I f  kN  =  N, then (A , N) 6 P fo r  each A  C M .
(d) I f  k is enlarging, then ({q} , {q}) G P fo r  each q gM .

■'(e) I f  k is additive, then P has the property'. (C , A  U  B) G P implies either 
(C , A) G P or (C , B) G P.

(f) I f  k is ide?npotent, then P has the property', i f  (A , B) G P then there 
exist C , D disjoint such that (A , cC) € P and (cD , B) € P.

Proof', (a) By the definition of P, if (A , B) G P then A n ®  =)= N, hence 
if C Ç A , C n  kB  =f= N and (C , B) G P.

(b) If k is isotonic, then B C C  implies kB  C kC\ hence (A , B) G P 
and B C C  im ply A n ®  4= N and A n ®  =)^N which means (A , C) G P.

(c) If =  N, then A p M  =  N for each A C M  and (A , N) € P.
(d) Suppose k is enlarging. Then q G A implies q G kA  which means 

({q} , A) G P. Thus ({q} , {q}) G P for each q gM .
(e) W hen /£ (A (jB ) — k A \jk B , k is isotonic, hence P is right ancestral 

by (a). Also yé( AuB)  C iA U /èB , whence (C , B U  A) G P implies C n k  
(B u A ) =f= N and consequently either C n ®  N or C n ®  =f= N. This 
means (C , B) G P or else (C , A) G P.

(f) Suppose k  is idem potent and (A , B) € P. Then A n ®  =  N. Choose 
C =  ckB and D =  kB.  Then (A , kB)  G P because A n  k (kB) =  A n ®  =  N. 
Also (ck B , B) '€ P because ck B n ®  =  N. Thus C and D are disjoint and 
(A , cC) =  (A , kB)  £ P and (cl) , B) =  (ckB , B) 6 P. Also in this case 
C U D  =  M.

Defining P in the given way from a function k means tha t an isotonic space 
(M , k) determines an ancestral relation P. A Fréchet space determines a 
generalized quasi-proxim ity (M attson) with the additional left ancestral pro
perty. M attson has proved the function k r A  =  | ({q} , A) G P} correspond
ing to this constructed generalized quasi-prom ixity is equal to the k of he 
Fréchet space. If  (M , k) is an A ppert space then the resulting P has proper
ties (ii), (iii), and (v) given above after Theorem  1. If (M , k) is a topological
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space, then P has all properties (i) through (v) and is a quasi-proxim ity on 
M, but is not necessarily symmetric.

THEOREM 4. Let (M  , k) be a topology and construct a relation P by: 
(A , B) e P provided A f i f f l  =f= N. Then P has properties (i) through (v) given 
above, and the function t obtained from  P by: tA  ~  {q | ({q} , A) € P}, is equal 
to k.

P r o o f From  the results of Theorem  3, P has the given five properties 
when k has the properties of a Kuratowski closure, so k ~  t  m ust be proved. 
Let A C M  and q E tA. Then ({q} , A) 6 P. which means {q}g)kA  =)= N;. i.e., 
q E kA. Thus t C k. If q E k A , then {q}n kA  =|= N, hence ({y} , A) E  P and 
q E tA. Therefore t =  k.

The proof used only the definition of P in term s of k and the definition 
of t in term s of P, and was independent of the properties of k and P. Given 
any extended topology (M , k) the function t obtained in the given way m ust be 
identical with k , hence the construction (M  , k) - > ( M  , P)~>(M , t) always 
produces the same extended topology as th a t given. The same procedures 
when beginning with a proxim ity (M , P) do not always yield the original 
(M , P) however.

Theorem  5. Let P be a relation on subsets of M and define k : 2M-> 2M 
by kA  — {q | ({q} , A) E  P}. Then the relation P / given by (A , B) E P ' provid
ed A n k B  =j=.N, satisfies P C  P i f  P is left ancestral.

Proof. Suppose (A , B) E  P'. Then A fi^ B  =j= N, hence there exists 
some q E A g)kB \ For this q , (fq) , B) E P by the definition of k. Therefore 
if P is left ancestral, (A , B) E P and P ' C P.

If one considers the original relation P and has (A , B) E  P, this does 
not im ply tha t there is some point q E A  for which {{q} , B) E P. If th a t were 
true, then q E kB  and hence (A , B) E  P A. The following example is one in 
which P ĵ= Pb

Exam ple i. Let M be the real line E1 and / the closure function of 
the usual topology. Define the relation P by (A , B) e P iff / AfVB=f=N.  
Then the function k  given by kA  =  {q | ('{q} , A) € P} == {q | q E tA) — tA. 
The new relation P ' is then (A , B) E  P ' provided A f i ^ B  =  A fV B  =\= N. 
Thus P 'C  P and P / ±f= P.

Steiner [6] has proved that, when the original relation P satisfies the 
condition: (A  , B) e P iff (fa] , B) E P for some a E A, the construction pro
duce P ' =  P. The condition he gives is just the condition m entioned prior 
to Exam ple 1 in addition to left ancestral. It is stronger than  the “ left
h e re d ita ry ” condition which was m entioned above as being required for
thp relation P in order to assure that k  is a Kuratowski closure. But it is 
nepessary to assure th a t the procedure (M , P) -> (M , k) (M  , P ') will 
give P ' =  P. Clearly, any Br which is defined using k , as (A , B) € P ' 
iff A n ^ B  4= N, has this property. Therefore when P and P ' are to be the
same, P also has the property. The relation P is called strongly left hereditary
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provided (A , B) £ P implies ({a} , B ) e P  for some a £ A. For each abstract 
space then there is the corresponding proxim ity relation.

T H E O R E M  6. Let ( M  , k) be an extended topology and  P  a relation on 
subsets of M.

(a) (M , k) an isotonic space corresponds to an ancestral and strongly left 
hereditary relation P.

(b) (M , k) a Fréchet space corresponds to an ancestral and strongly left 
hereditary relation P which has condition (iii) as given above following 
Theorem I.

(c) A n  Appert space (M , k) corresponds to an ancestral and strongly left 
hereditary relation P satisfying conditions (iii) and  (v).

(d) A topology (M , k) is equivalent to a quasi-proximity P which is left 
ancestral and strongly left hereditary.

E x a m p le  2. L et P be defined on subsets of M by (A , B ) e P  provided 
A n  B =j= N. Then P is clearly a proxim ity relation and is separated. The 
corresponding function k  is the identity function kA  =  A, so the space (M , k) 
is the discrete topology on M.

EXAMPLE 3. Let (M , k) be a com pact H ausdorff space and let (A , B) £ P 
iff k A n k B  Because k  is a Kuratowski closure function (A , N) € P
for each A C M ,  and ( A u B  , C) e P implies (A , C) e P or (B , C) £ P. P is 
sym m etric since k A n k B  =J= N is symmetric in A and B. The Hausdorff 
property ensures ({.x} , {y}) £ P iff x  =  y. If  (A , B) € P, then k A n k B  =  N. 
Both k A  and kB  are compact because they are closed subsets of a com pact 
space. Thus k A  and kB  are disjoint compact subsets of a H ausdorff space 
and have disjoint neighborhoods. Say kA  C U  open and kB C V  open and 
U f i V  =  N. Let C =  cU and D =  U. Then (A , C) £ P because kA nkC , =  
=  kA  n  cU =  N, and (B , D) € P because kB  n  kD C kB n c V  =  N. Thus 
P. S for a proxim ity is satisfied and (M , P) is a separated proxim ity space. 
The function k A  =  {q | {{q} , A) £ P} =  {q / q £ kA} =  kA.

EXAMPLE 4. Let M — E2, the Euclidean plane, and let k : 2M-> 2M be 
k A  =  the convex hull of A. Define P by: (A , B) £ P iff A n ^ B = p N .  
Clearly k is isotonic, enlarging, idempotent, and £N =  N, hence from Theo
rem  3, P satisfies all of the conditions for a quasi-proxim ity except the right 
hereditary property. A  set C m ay intersect the convex hull of A u B  but 
not intersect either kA  or kB  as k is not additive. P satisfies the two condi
tions for M attson’s generalized quasi-proxim ity. The function k' obtained 
from P is again the convex hull function. Notice th a t the condition given 
by Pervin for quasi-proxim ity which states (A , B) € P implies there exist U 
and V  disjoint such tha t (A , cU) $ P and (cV , B) £ P, is not stronger than  
condition P. 5 given for a proxim ity. The P in this exam ple satisfies the 
former because k  is idem potent, but it does not satisfy P. 5. To illustrate 
this let E 2 be given a Cartesian coordinate system and let A  =  {p± , p 2} 
and B =  {pd} where pi  is the point ( 0 , 1 )  and p 2 is (o ,—  1) while p z is (0 , 0 ) .
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Then clearly kP> — B and A n ^ B  =  N, so (A , B) € P. It is not possible 
to find C and D which satisfy P. 5. Since B should not intersect the convex 
hull of D, at least one of the points p x and p^ m ust lie in cD =  C. This 
would m ean A f ì C  C A f ì ^ C  =j= N contrary to the restriction th a t (A , C) £ P.
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