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SEZIONE I
(Matematica, meccanica, astronomia, geodesia e geofisica)

Matematica. — Tangent flag  bundles and generalized Jacobian 
varieties. Nota I di A u b rey  W illia m  I n g le to n , presentata °  dal 
Socio B. S e g r e .

RIASSUNTO. — Esposizione riassuntiva di proprietà relative a certe sotto varietà di una 
variètà algebrica V, introdotte quali varietà jacobiane generalizzate inerenti a nidi di sistemi 
lineari di ipersuperficie di V, in collegamento alla coomologia delle varietà di bandiere (o 
nidi di faccette tangenti) della V.

I n t r o d u c t io n .

A comprehensive definition of “ Jacobian ” subvarieties of an algebraic 
variety V  will be given, involving a num ber of nests of linear systems of 
prim ais on V and contact conditions expressed in term s of tangent flags 
to V. The definition includes the classical Jacobian in its most general form 
([ ï]  p. 22, [2] d)) and the “ generalized Ja c o b ia n ” of [3] as very special 
cases. I t will be shown the cohomology class of such a “ Jac o b ia n ” can 
be com puted using the structure of the cohomology ring of the tangent 
flag bundle V A of V, and an explicit form ula for the cohomology class will be 
obtained in a com paratively simple case which is still very m uch wider than  
the classical.

The present Note I is devoted to a description of the cohomology rings 
of flag manifolds and tangent flag bundles and in particular to the geom e
trical interpretation of the generators of those rings which appear in the (*)

(*) Nella seduta dell’8 marzo 1969.
(1) References are given at the end of Note II.
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Borel-H irzebruch theory ([4], [5], [6]). The following Note II is concerned 
with subvarieties of V A associated with nests of linear systems on V  and 
their use in com puting Jacobians.

These Notes only contain a sum m ary of the ideas and principal results 
involved and all proofs are omitted. A full account will be published later.

NOTATION. For any elements x 0 of a ring with unity, ah (x0 , • ■ •, x n)
will denote the value of the elem entary sym m etric polynom ial of degree h 
in x 0 , • • - ,x n and is to be interpreted as 1 when h =  o and as zero when 
h <  o or h >  n T- 1 ; ah (x0 , • * •, x n) will denote the value of the complete 
sym m etric polynom ial of degree h in x 0 , • • - , x n and is to be interpreted as 1 
when h =  o and as zero when h <  o.

F la g  M a n ifo l d s  a n d  T a n g e n t  F l a g s .

1.0. A (complex) flag is a nest of projective subspaces

S : S0C Si C • • • C S«_i , dim  S?* =  i,

of com plex projective space Pn (C). The set F  =  F  (n +  1) of all such flags 
(in a given projective space) m ay be regarded in a natural way as an alge
braic variety. I t m ay  also be identified with the space of cosets of the full 
linear group GL (n +  1 , C) modulo the subgroup A (n +  1 , C) of triangular 
matrices. This structure defines a A (n +  1 , C )-bundle E, over F.

For j  — 0 , • • *, n, the natural hom om orphism

Pj : A (n +  I , C) -> GL (y +  i , G)

(restriction to the first j  +  1 rows and columns) determ ines a (y ^ -d im e n 
sional vector bundle over F. Let be the quotient line-bundle
Pj \\pj-1 \  (y =  I , • • *, n) and put Ç0 =  p 0 Then the cohomology ring 
H* (F) =  H* (F , Z) is generated by the first Chern classes =  cx (^-) e H2 (F) 
subject to the relations

'Vh (To ì * ’ ’ y Yn) =  o (h =  I ,• • - , n +  1),

(ï.o .ï) 1 1 (1 -i-T/i • • ' ([6] p. 106).
0

1.1. INCOMPLETE FLAGS. I f  qo , • • -, qm are integers,

0 <  Vo <Çi <  • • • <  Çm =  n, 

a (ç0 , • • •, çm)-ûa.g is a nest of projective subspaces

S : V  c  V  C • • • c  S?OT_ 1 , dim  St . =  qit

of P„ (C). The set W  =  W  (ç0 , ■ ■ ■, qm) of all such flags (for given q0 , ■ ■ - , qm) 
is an algebraic variety; the integers q0 , ■ ■ ■, qm will be called the flag-dimensions 
of W.
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There is a natural projection

* : F ->  W, fibre F ( ?0+ i ) x F ( ? l - ?0)X  • ■ • X F  (qm —  qm_x),

which induces a m onom orphism

7c* : H* (W )-> H* (F).

The image tu* H* (W) consists of those elements of H* (F) which are sym 
m etrical in all the pairs (yy , yy+1) with j  not a flag-dimension of W  ([4] 
p .  2 0 2 ) .

If  y and (unless j  =  o) j  —  1 are flag-dimensions of W  then yy e 7u* H 2 (W) 
and its inverse image in H2 (W) will be denoted by yy (W). If  p  , q  are 
flag-dimensions of W  , p  < qy the inverse images in H 2h (W) of Gh (y^+1, • • •, y )̂, 
(—  0 * ah (y^+i, • • •, Yç) will be denoted by Gh (p , q ; W) , Gh (q , p  ; W) respec
tively. In  view of (1.0.1) we have

K* ah (fl , P ; W) =  ah (ys+x, ■ ■ ■, y„ , Yo , • • •, yp).

(1.0.1) also implies th a t the relations

h

C1 •1 • 0  Qh (P . <1 ; w ) =  2  ai (P >r  ; w ) ° * -i (r  » ^ ; W)
! = 0

hold for any  three flag-dimensions p  } q yr  (irrespective of order).

1.2. T h e  É h re sm a n n  base . The term  index, or more precisely (h-, n)— 
index, will m ean an (h +  i)-tu p le

of distinct integers, o < k { < n  (i — o , • • - , h). For each j  =  1 , • • - , n, let 
Qj(h) be the set of integers q such tha t

(i) j  6 {^0 ,&i , -  • *> ^ } ,
(ii) j  —  I e { i 0 , k x , • • - , .kq},
(iii) k f > j ,
(iv) kq+1 < j  (or q =s= h).

Then, for each q e Qy (k), let dj (q ; k) be the num ber of integers in {o , • • • ,7} 
which are not in {h0 , • • - , kq).

Relative to a fixed flag

E : E0C E XC • • • C En- i

in (C) the Ehresmann subvariety \k ; F] of F  =  F  (n-\- 1) is defined for any 
(h , ^ )-index  k  , o <  h <  n, as consisting of all the flags satisfying the condi
tions

(1.2. i) dim  (S?n  E,_y) >  dj (q ; k) +  q —  j  ( J =  i j -e Q , (*)).
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The cohomology class dual to [k  ; F] will be denoted by [k ; F]* and is independ
ent of E. We observe th a t conditions are imposed only on the flag-components 
w ith dimensions belonging to the set

Q ( * ) =  Û Qy (Ä).
J =  1

The classes \k  ; F]* form  a base for cohomology of F  (cfr. [7], [8]-but 
the integers in an index represent ^d im ensions whereas E hresm ann’s and 
M onk’s symbols use actual dimensions; this modification is essential for the 
developm ent of an analogous notation in connection with nests of linear 
systems in 2.0 infra). The correspondence between indices and Ehresm ann 
varieties is not one-one: clearly, when h >  o , [k ; F] =  [£ 0 , ■ ■ ■, kh- X ; F] if 
(and only if) h € Q (k). Each Ehresm ann variety  can be represented by a 
unique (n , 7z)-index (perm utation— as in [8]); alternatively (and more appro
priately in § 2) by  a unique proper index, i.e. k e Q ( k )  (or k  — (o)).

For an incomplete-flag m anifold W  =  W  (g0 , • ■ •, qm), it is clear tha t 
\k ; F]* e it* H*'(W ) if and only if Q (k) C {qü Çm_xj- The inverse image 
in H* (W) will then be denoted by [A ; W]* ; the set of all such cohomology 
classes forms a base fo H* (W) [7].

I f  q is a flag-dimension of W  and in particu lar if W  =  F, we write, for 
r  =  o , q I and s =  o ■ - , n  — q,

(1.2.2) o r>s( q ; W ) =  [ o , i  , . . - , q  —  r , q  —  r  +  s +  I , • • •, q +  j  ; W]*

This is an elem ent of H 2''-r(W); it is the unit elem ent if r  or i  is zero, other- 
wise it corresponds to the single condition

dim  (Sqn  En_ç+r- s-i) > r  —  i .

I t will also be necessary sometimes to regard (ùr}S( ç ; W)  as defined and equal 
to zero for values of r  or outside the ranges stated. F inally we write

C1 *2*3) ^  (q ; W) =  colsl (g ; w).

1.3. D u a l it y . Let

v • GL (% -f- I , C) -> GL (n i , C)

be the autom orphism  defined by

tA = J A - itJ,

where J is the (n +  i ) X ( n  +  i) m atrix

L
0 *

i

0
1

and T denotes transposition.
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The subgroup A ( n  +  1 , C) is stable under t  and so there is an induced
m ap

: F  (n +  1) -+ F (n +  1), 

and t |  =  I. We call t f  the duality map. If

w  =  w (?o and W  =  W  (» —  qm_x —  1 , • • •, n —  çQ — 1 , n),

there is also an induced duality  m ap

TW : W~> W

such tha t the diagram
F —
I U

TUj

I
W ----

F
Tf

Y

w

com m utes.
It is readily  verified that

T* E =  E“ 1

so th a t

TF Yy =  —  Y,.
and

W) =  (—  1 /  T* CTÄ(w— ÿ — I , — I ; W)

for any two flag-dimensions p  , q of W.
The effect on Ehresm ann classes is

\ h r - - , k h \ W]* -  t*, [n — kk r -- ,n — k0 ; W]*

whenever Q (k)C {qQ , • • •, ^ _ x}. In  particular, if q is a flag-dimension of W, 

«r,, (ff ; W) =  co,,r (Vz —  q - I ; W).

14 . Using M onk’s intersection formula ([8] Theorem  3 and cfr. 2.4 
infra) for

and the relations

® G? ; F) =  —  (yo +  • • ■ +  y,)

([8] (i3-5)> [3] (2.4.2)) it is possible in principle to express any polynomial 
in the y,- as a linear combination of Ehresm ann classes and conversely to 
express any  Ehresm ann class as a polynomial in the yy- No explicit general
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formulae appear to be known. However, it is possible to prove indirectly 
that

(M-O ■■a* (3  > n ! F) =  (g ; F)

and dually

(i -4- i') Gk O , q ; F) =  (— I)h ohyi (ç ; F),

from  which it follows using (1.1.1) tha t

h

(J>, q ; F) =  2  (—  O'- ; F ) « 1 , ^  (j> ; F).
r = 0

(Each product on the right is in fact an Ehresm ann class if o <  ^ <  y — p  
or if p  >  q +  1).

If  k  =  (k0 , • • •, kf) where k0 < k\ <  • • • <  kq , then Q (k) =  {q} and so 
\k ; F]* e 7T* H* (O) where Q is the Grassm annian W  (g , n). We can then 
express [k ; F]* as a polynomial in y0 , • • •, y? using the formula

WV 1  *

( 1 .4 .2 ) <ùkx ^ x - 1 *  *

Rq 713 13

where <Mh denotes Q>i,h(g’, Û), ([9] p- 358, w ith k{ replacing n — Hence,  
using (1.4.1),

(I-4 -3) [ * ;F ] * =
aks ■ ■ ■ % -

where ah denotes ah (y?+1, • • •, y„) =  (—  i f  <sh (y0 , • • •, y?). In  particular

^4—1 * ' * Gs—r+l

^ r , s  i f f  } P ) °V}-1 &s * * ’ ®s—r-\-2 j
e* <S>
G s + r — 1 &s-{-r— 2 ' * ' & s

or dually

(—  i)r'<ar,,(ÿ4F) =
Gr ' * ' ÖV—3+1

GV+j—1 *

where ah denotes ah (y0 , • • • ,  y9).
We shall be especially interested in the case r  =  q; the last determ inant 

can then be simplified to give

(I-4-4). ;(“  i)?" %,/(?.; F )= (y0yi- • •y?), . ^( — =  ®/Yo>- • -, y?) (say).
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1.5. T a n g e n t  f l a g  b u n d le s .  Let V be a non-singular algebraic variety 
of dimension d , which to begin with we suppose to be im bedded in P w (C). 
A  tangent flag  to V is a (o , 1 , • • •, d  , ?z)-flag S with S0 e V  and the tangent \d] 
to V  at S0. The set of all such flags is an algebraic variety, the tangent 

flag  bundle V A of V. There is a natural injection

0 : V A-> W  =  W  (o , I

and a natural projection

p : V A -> V, ' fibre F(d)  

which induces a m onom orphism

p* : H* (V) -> H* (VA).

II* (VA) is generated  by p* H* (V) and elements 8 , ,  • • - , 6 H 2 (VA), subject
to the relations

=  (— 'I)* P* ch (V) (h =  I , - • •, d) 

where ch (V) is the ^ th  Chern class of V; i.e.

(1-5-0 n ( i — * / ) =  P*(I ; ^ i ( V ) + .......i- i (V }) •- p* r (V)
y=i

(cfr. [6] 4.2, 13.3, but we are using generators with the opposite sign to 
simplify later calculations). For our purposes the §,- m ay be identified by

8y = e * ( T0( w ) - Ty(W))

=  0* (*> ( / ;  W) — co (y — ! ; W) — co(o; W))

(cfr. [6] Satz 13.1.1 and [3] 3.5).
The incomplete tangent: flag bundle T '=  T  (qx > • • - , qm ; V) , 1 <  qx <  • • •

• • • <  qm =  d, is the variety of all tangent (o , qx , • • • , qm , ^)-flags to V. The 
integers qi , • • - , qm will be called the flag-dimensions of T. There is a natural 
injection

T -> W (o  ,.ql ; • •• , qm , n),

a natural projection

T - V ,  fibre W  I , ■ ■ ■ ,q m — i),

and a natural projection

*  : yA — T  , fibre F  (yj) X F  (y<> — q\) X • • • X F —

which induces a m onom orphism

Tr* : H* (T) -> H* (VA).

The image re* H* (T) consists of those elements of H* (VA) which are sym m e
trical in all the pairs (&y , 8y+x) with j  not a flag dimension on T.


