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RENDICONTI
DELLE SEDUTE

DELLA ACCADEMIA NAZIONALE DEI LINCEI

Classe di Scienze fisiche, matematiche e naturali

S e d u t a  d e l l ’8  m a r z o  1 9 6 9  

P r e s i e d e  i l  P r e s i d e n t e  B e n i a m in o  S e g r e

SEZIONE I
(Matematica, meccanica, astronomia, geodesia e geofisica)

Analisi funzionale. — O n  a  c l a s s  o f  o p e r a t o r s . N ota c I ì G h e o r g h e  

C o n s t a n t i n ,  presen ta ta  C) dal Socio G. S a n s o n e .

RIASSUNTO. —  In questa nota si considerano degli operatori lineari e limitati per i quali 
H m J — ] H m =  iCm ,C m >  o , m  €N . Si dimostra che s’esiste un operatore lineare S con

o Gel  (W (S)) e se i) ST^ =  T*^S, 2) se 1 + - = - + • • •  +  H= 0 Per  ̂ , P- € c (T), allora
T è autoaggiunto.  ̂ ^

1. A  bounded linear operator T  defined on a H ilbert space 2i is said 
to .b e  hyponorm al if for every x  6 X  , ||T* x\\ <  ||Ta:J , or equivalently if 
T* T  —  TT* >  O. The notion of hyponorm ality was introduced in [2] through 
under another name. In  [6], [3] was introduced a new class of operators 
generalizing hyponorm al operators.

In  this Note we give some properties for a new class of operators which 
was introduced in [5] by following

D e f i n i t io n . - - ^  operator T  is said to be hyponormal of order m i f

H mJ —  JH m =  iCm , T  =  H +  *J

where Cm is a positive operator fo r  some non-negative integer m.

2. The num erical range of an operator T  is the set

W  (T) =  {(T r , x) : x e  X  , \\x\\ =  1} .

It is i well-known th a t W  (T) is convex and its closure (cl (W  (T)) contains 
the spectrum  er (T) of T.

(*) Nella seduta dell’8 febbraio 1969.
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LEMMA i . — I f  T is a hyponormal operator of order m such that g  (T) is 
a set of real numbers, then T  is self-adjoint.

Proof. It is known that [5, Theorem  5 •1 ]- if T  =  H -j~ i j  is hyponorm al 
of order m then

a (H) C Prx ( g  (T))

<7 (J) Ç Pry (a (T)).

Hence g (J) =  {0} and it follows tha t J =  O.

THEOREM i .—Let T  be a hyponormal operator of order m. I f  fo r arbitrary 
operator S for which o € cl (W (S)), ST =  T* S then T  is self-adjoint.

Proof.— From  T heorem  1 [8] we conclude tha t the spectrum  of T is 
real and Lem m a 1 implies tha t T  is a self-adjoint operator.

We recall th a t a un itary  operator U  is cram ped if g (U) is contained 
on an arc of the un it circle with central angle less than  tc.

COROLLARY.— I f  T  is a hyponormal operator of order m which is unitarily 
equivalent to its adjoint by a cramped unitary operator U, then T  is self- 
adjoint.

The proof follows from the fact tha t cl (W  (U)) is the convex hull of the 
spectrum  of U  and oGcl.ÇW (XJ)).

T h e o r e m  2 .—-If T  is a hyponormal operator of order m, S is an arbitrary 
operator for which o & cl (W (S)) and

1) ST* =  T**S

2 ) if X , (x e  CT (T) , I +  -=- -j- IA j +  • • • +  =1= °  then T  is self-
adjoint.

Proof.—Since T  =  H +  i j  is hyponorm al of order m  it follows that 
T m =  H m — i J is hyponorm al. We prove th a t g  (T m) is real.

Suppose the contrary  and let a +  ib — X0 e g (Tm) w ith b =j= o. Since
g (J) =  Pry (g (T w)) [6, Theorem  1] we have th a t b e g (J) and since 
g (J) Ç Pry (g (T)) , g (H) C Prx (g (T)), [5, Theorem  5.1] then there exists 
a1 e g (H) such that

( H — a1 l ) x n-> o , ( j — bl )xn -+o  , | ^ | = i

which implies tha t

(T — (ax +  ib) l ) x n->o
and

(T* —  (ax — ib) I) xn o.

Therefore if \ x ~  ax +  ib we have
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and since o € cl (W (S)), by 1) we obtain

ST* S _1 —  X{ SS” 1 -► o

or

If  we put

Tp S 1 x n —  Xi S 1 x n -> o.

S ' 1 ^ «  = y n
it follows

(T*“ 1 +  • • • +  x r 1) (T —  A,) y „ ^ o  

and from  2) we have

(T — "Xi l ) y „  -> o.

From  the identity

(Al —  A,) (x„ , y „) =  <(Xi —  T) x n , +  <(T — Xi) x n , J /K)

=  <(Xx -  T) , y ^  +  (xH , (T* -  XO ^ K> o

we obtain

< * *  , jV « >

or

S A
which represents a contradiction. Hence cr (J) =  {0} and thus T  is self- 
adjoint.

We recall th a t a Riesz operator is an operator T  which has the property  
th a t its spectrum  consists of an at most denum erable sequence ( fn) of eigen
values f= o, and of zero, which is the limit of (kn), when th a t sequence is 
infinite; furtherm ore, for each n , is the direct sum of a finite dim ensional 
subspace and a closed subspace Fn, such th a t both are stable under T, 
\  I T  is nilpotent in N w (which contains the eigenspace En corresponding 
to 1J), and \ n I —  T  is an autom orphism  of Fn .

Proposition i .— I f  T  =  H +  z’J is a Riesz operator and hyponormal 
of order m then

H m J =  JH ".

Proof.— Since the operator T m =  H m — i j  is hyponorm al and [5, T heo
rem  5.1], g (J) C Fry (er (T)), it follows tha t a (J) has at most one limit point 
and sim ilarly for <7 (H w), we conclude th a t the operator T m is hyponorm al 
with a single limit point in its spectrum . Therefore we obtain th a t T m is 
norm al and the proposition is proved.
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3. In  this section we give an application of a result which appears in [8].

P r o p o sit io n  2 .—Let A  and  B a self-adjoint operators; i f  A. is positive 
and has an inverse, then the product AB is a spectral operator of scalar type, 
with real spectrum.

Proof.— Since A  is an invertible and positive operator, (which is the 
sam e as the fact th a t there is an a >  o such th a t (Tx , x ) >  a (x , x) for 
any  x  e X) we have th a t o € cl (W (A)).

But

AB =  A BAA“ 1

and therefore AB is sim ilar to their adjoint. By Theorem  2 [8] AB is sim ilar 
to a self-adjoint operator. Then AB is scalar with real spectrum.
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