
ATTI ACCADEMIA NAZIONALE DEI LINCEI

CLASSE SCIENZE FISICHE MATEMATICHE NATURALI

RENDICONTI

Alessio U. Klimyk

Decomposition of representations with highest
weight of semisimple Lie algebra into representations
of regular subalgebra

Atti della Accademia Nazionale dei Lincei. Classe di Scienze Fisiche,
Matematiche e Naturali. Rendiconti, Serie 8, Vol. 46 (1969), n.2, p. 144–148.
Accademia Nazionale dei Lincei

<http://www.bdim.eu/item?id=RLINA_1969_8_46_2_144_0>

L’utilizzo e la stampa di questo documento digitale è consentito liberamente per motivi di
ricerca e studio. Non è consentito l’utilizzo dello stesso per motivi commerciali. Tutte le
copie di questo documento devono riportare questo avvertimento.

Articolo digitalizzato nel quadro del programma
bdim (Biblioteca Digitale Italiana di Matematica)

SIMAI & UMI
http://www.bdim.eu/

http://www.bdim.eu/item?id=RLINA_1969_8_46_2_144_0
http://www.bdim.eu/


144 Lincei -  Rend. Se. fis. mat. e nat. -  Vol. XLVI -  febbraio 1969 [64]

Algebra. —■ Décomposition of representations with highest weight 
of semisimple L ie  algebra into representations of regular subalgebra. 
N ota di A l e s s i o  U. K l i m y k , presentata °  dal Socio G . W a t a g h i n .

RIASSUNTO. — La decomposizione di una rappresentazione di peso massimo di un’al­
gebra di Lie semisemplice, è dedotta per il caso in cui questa rappresentazione è ristretta 
a rappresentazioni irriducibili della rispettiva algebra (subalgebra) regolare. Il caso di rap­
presentazioni con numero finito di dimensioni è anche esaminato.

Some physical considerations lead to the questions: w hat is the decom­
position of a given irreducible representation o f an algebra (group) when 
restricted to irreducible representations of a subalgebra (subgroup). Here 
we deal with such a problem.

§ I. Let G be a complex semisimple Lie algebra of rank  /. I t is well 
known th a t the algebra G is generated by elements hi , , f i  , i =  i , 2 , • • • , /
where h{ are a basis for the C artan subalgebra G° of G, the elements belong 
to the root spaces G * of G corresponding to the simple roots oq , i =  1 , 2 , • • •, /, 
the element belong to the root spaces G ~a\  O perators of a representation 
of G corresponding to elements h£ , will be denoted by

By a representation with highest weight (or with highest vector) we mean 
one which satisfies the following conditions:

(0 a space V of a representation has such a vector x  th a t H x ~  A  (k) x  
for all h e G°,

(« )  E;X =  o  , i  =  I , 2 ,• • - , /,
(in )  a space V  is generated by the collection of vectors x  , Fq F* • • •

• * * F v *  , ij =  I , 2 , • • •, /  ; r  =  1 , 2 , • • •

A  linear function A (h) is called the highest weight of the representation.
For example, a finite-dimensional representation of G is a representa­

tion with highest weight.
It is proved [1] th a t a one-to-one correspondence exists between the 

non-equivalent irreducible representations with highest weights of the al­
gebra G and the complex linear functions with dom ain G°, which are 
highest weights. Thus a complex linear function (a highest weight) uniquely 
characterizes a class of equivalent irreducible representations. The irreduc­
ible representation with highest weight A (Ji) will be denoted by D A.

If  the highest weight A Œ\ satisfies the condition th a t 2. ̂  is a
(a* >

non-negative integer for every simple root oq , i =  1 , 2 , • • •, /, then the 
representation D A is finite-dimensional.

(*) Nella seduta dell’8 febbraio 1969,
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Everywhere in the following we shall consider only irreducible repre- 
sentations with highest weights A (k) for which -2 Â ’ are the integers 
(but not only non-negative) for all simple roots a,-. Form ulas were proved 
for the characters and weight multiplicities of such irreducible representa­
tions [2-4]. By a character x of a weight representation d) we m ean a formal 
sum

( 0  x  =  E « M é’ (M )>M

where the sum m ation is over all weights of a representation, nM is the 
m ultiplicity of the w eight M, and e (M) are formal exponents w ith m ultipli­
cation operator

(2) e (M ') e (M ") =  e (M ' +  M ").

A  character of a representation with highest weight is an element of the 
associative algebra U  consisting of elements ß =  HaM e (M), for which the 
following condition is satisfied: for every ß linear function M ß exists such

i
th a t aM„ m ay be different from  O if and only if M " — Mß —  ^  where

wii are non-negative integers. The algebra U  is a com m utative dom ain of 
integrity. Therefore, the operations we do over the characters are justified. 

A  character of the representation D A can be written

v  53 (det S) e (S (A +  R))
/ 0 \    . A a    S

XA “  T  S  (det S) e (SR) ’
S e w

where W  is the W eyl group of G and sum m ation in the num erator is made 
over all S , S e W, which satisfy the condition (8) in [2]. If  division is fulfill­
ed according to (2) we have the character in the form (1). A  element X A of 
the associative algebra U  is called a characteristic of the representation D A.

The following two problems are of interest for physics: decomposition 
of a tensor product of irreducible representations into irreducible representa­
tions and decomposition of a representation of a semisimple Lie algebra G into 
irreducible representations of a semisimple subalgebra G ' (restriction of a 
representation of an algebra into a subalgebra). S tudying these problems 
we can use the characters of the representations. Some m ethods of such a 
decomposition are contained in [5]. Here we study the decomposition of the 
irreducible representations of the algebra G into irreducible representations 
of a regular subalgebra. A  subalgebra G ; of G is regular if it is semisimple 
and the root system  of G' is a part of the root system  of G. 1

(1) The representation is weight one if the representation space has a basis consisting 
of eigenvectors of operators
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§ 2. Let <Pi , <P2 > * * ■* j ?n be all the positive roots of the algebra G. 
Let the roots be num bered so tha t 9i , 92 > • * * > 9n - n >  are the roots of the alge­
bra G which do not belong to G ' and 9„_w/+i , • • •, cpn are all the positive roots 
of the subalgebra G '. Let us restrict the representation D A of G onto G'. 
The restricted representation is decomposed into a sum  of irreducible repre­
sentations of G '

D a — 2  Pa (X) DJ,,x
where DJ, are irreducible representations of G ' with highest weights X, pA (X) 
are the m ultiplicities of irreducible representations DJ, in the representation 
D a . For the characters of representations we have th a t

Za =  X  Pa 0 )  A  •
X-

Here in the character xA =  'Enu  e (M) the linear functions M Qi) m ust be 
considered only with dom ain G °, where G ° is the C artan  subalgebra of G'. 
According to (3) relation (4) can be written

XA _  v* rw
Q — y  Pa X Q' ’

where X'x and Q' are for G ' the same as X A and Q are for G. The deno­
m inators of (5) can be represented in the form

(6) Q =  (de. S) « (SR) _  ( t  (JB.) _  < ( -  Ä ))  =

n

=  * ( R ) I I ( i - * ( — ?*)).
k - 1

(7) Q' = e (ro n  a
k = n  — nfJr l

If  we m ultiply relation (5) with Q ' and apply (6) and (7), we get

XA
n — n1

« (R — R') n  ( I — « (-? * ) )
k = l

(8) =  X p A (X )X i,.

E very  term  (i —-e  (— 9^)) 1 is an element of the associative algebra U and 

(1 e ( 9,0) 1 =  I +  e (—■ 9O +  —  2 9*) +  * * *

One obtains tha t
n —  n' 0 0 0 0  00 / n —  n’

(9) n  C1 — * (— <Pi)r1 = 2  2--- .2 e \ —  2 4 ?*)-
*1=0 i2= ~k = i k = i

(2) It must be remarked that the obtained sum can be semidirect, that is, the restricted 
representation can be reducible but not completely reducible.
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U sing (9) and form ula for X a now relation (8) can be written

(IO) X  PA (X) x* =

OO 00 00 /  n —  n' \

=  2 (d e tS ) 2  X  ' ' ' . 2  J S ( Ä  +  R) +  R ' - R - X  4  ? A
S / j = 0  ^2=0 —w'= 0 V * =  1 /

In  relation (io) all linear functions m ust be considered only with dom ain G °. 
In  order to emphasize this we wrote (io) with bars over the corresponding 
functions.

The right hand side of (io) allows to find the characteristics X*,. Once 
the characteristics are found, we shall know the corresponding irreducible 
representations. In  the case of finite-dimensional representations

X i =  X  (det S') « (S'(X +  R'))-
S' e  W'

and there is only a single exponent, nam ely e (X +  R '), for which the corres­
ponding linear function X -f- R ' is dom inant. Hence if the representation D a 
is finite-dimensional, it is not necessary to find all the sum  on the right hand 
side of (io). I t is sufficient to find only the sum m ands for which the correspond­
ing linear functions are dom inant. In  the case of a infinite-dimensional rep­
resentation D a it is necessary to know all the sum.

In  fact the finding of the sum  on the right hand side of (io) is a geome­
trical operation <3>. The linear functions with dom ain G ° are considered 
as points of a coordinate space [6]. The right hand side of (io) is found in 
the following m anner. We successively add the vector —  to the point 
S ( A -f- R) +  R ' -— R. The obtained collection of points lies on a single
straight line. These points are successively shifted by the vector — <p2 > and 
we obtain a lattice in the plane. This lattice is successively shifted by  the 
vector — 93 . If  the vector — 93 lies on the plane of vectors — 9^, an(i — 92 
we have the superposition of lattices. The superposition increases the m ulti­
plicities of points. We m ust do such a geometrical operation with the roots 
— 94 , —  9 5 , • • •, —  9 n-„r. One m ust rem em ber th a t if under a shift the 
points coincide, their multiplicities are added. The obtained lattice is a 
geom etrical representation of the sum

2  2
,/=0

S (A  +  R) +  R '. R - X
k = l

n

In  order to obtain a geom etrical representation of the whole the right hand 
side of (10) we m ust m ultiply the multiplicities of the points in the lattice 
by det S, find such a lattice for every S satisfying the condition (8) in [2] 
and add the m ultiplicities of coinciding points of all the lattices.

(3) A similar geometrical situation can be found in [6, 7]. For the detailed presen­
tation of the finding of such a sum we refer the reader to these articles.
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§ 3. U sing form ula (10) we prove the relation for pA (X). We represent 
a m ultiplicity pA (X) as a sum  of term s P (A+> (p). The collection of all the 
positive roots of the subalgebra G ', th a t is, the collection of the roots 
<Pn-n’+1 , • • • ) <P„ is denoted by A+ • P(A+) (p) equals the num ber of ways in 
which the linear function p with dom ain G'° can be partitioned into a sum 
of positive roots <Pi, <p2 , • ■ •, on the algebra G which do not belong
to A'+ . U sing the term  P (A+> (p) the form ula (10) can be written as

(I 0  X  PA (X) x !  =  2  (det S) £  P(A+) (p) e (S (A +  R) +  R ' _  R _  p ) ,
X, S JA

where the second sum  of the right hand side is m ade over all the linear fune-
n — n1

tions p, which can be represented as ^  4  Vk > H >  °  , k  =  I , 2 , • • •, n __ri.
i=1

Suppose th a t the representation D A is finite-dimensional. The formula ( n )  
then is

X  PA (X) X  (det S ') e (S' (X +  R ')) =  
i  S' e w'

X  (det S) X  P(A’+> (P) « (S- (Â +  R) +  R ' —  R  —  p).
S c  W ja

Let us consider the coefficients under fixed e (X +  R ') where X is dom inant. 
I t is easy to see th a t the left hand side has only a single term  with 
fixed e (X -j- R ') and we obtain

Pa (X) =  X  (det S) P (A'+> « ( S ( A + R ) - f  R ' - R  —  X).
sew

I t is a form ula for (X) for the case of a finite-dimensional representation 
D a . A form ula for pa(X) in the case of the restriction of a finite-dim en­
sional representation of a semisimple Lie algebra onto a regular subalgebra of 
m axim al rank  was proved by M andelzweig [8].
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